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1 IFF Namespace

Namespace Prefix
Technical: iff
Recommended: iff

The terminology of the IFF namespace, a small-sized namespace at the very
top of the IFF architecture, is listed in Table 1. This consists of only 19 terms.
There is a collection of all IFF things. IFF things fall into four basic collections:
there is a collection set of IFF sets, there is a collection pred of IFF predicates,
there is a collection ftn of (unary) IFF functions, and there is a collection rel of
(binary) IFF relations. All four basic collections are distinct; an IFF predicate
is not an IFF set, an IFF function is neither an IFF set nor an IFF predicate,
and an IFF relation is neither an IFF set, an IFF predicate nor an IFF func-
tion; that is, these collections are pairwise disjoint. Some of the components of
these four basic collections are also introduced here. There is a genus map from
predicates to sets, there are source and target maps from functions to sets, and
there is a domain or zeroth map and a codomain or first map from relations to
sets. There is also a binary intersection operation on sets. Things of the same
nature may be related. There is a subset partial order on IFF sets, there is a
delimitation partial order on IFF predicates, there are restriction and optimal-
restriction partial orders on IFF functions, and there is an abridgment partial
order on IFF relations. The five endorelations subset, delimitation, restriction,
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Figure 1: Metastack Structural Framework

optimal-restriction and abridgment (and the binary intersection operation) are
important for building the vertical aspect (establishing the preservation prop-
erties) of the metastack structural framework illustrated in Figure 1. Finally,
there are three elements used for indexing: ‘0’, ‘1’ and ‘2’.

Like other parts of the IFF metashell, the IFF namespace is closely related
to the IFF grammar (see the document entitled “The IFF Syntax”), which spec-
ifies the correct form for IFF expressions. The IFF grammar can be used for
type correctness in set membership, predicate invocation, function application
and relation invocation: an error should be signaled, (1) if a set or predicate
symbol is being used as a function (in a term) or a relation (in a relational
expression), (2) if a function symbol is being used as a set or predicate (in a
declaration), a set component for functions and relations or as a relation (in
a relational expression), and (3) if a relation symbol is being used as a set or
predicate (in a declaration), a set component for functions and relations or as a
function (in a term). As is explained below, the IFF grammar can and should
be used to check for well-formed-ness of set membership, predicate invocation,
function application and relation invocation: set membership, predicate invo-
cation, function application and relation invocation are all represented in prefix
notation.

1.1 IFF Things

Things exist. There is a set of all IFF things. Any IFF set, IFF predicate,
(unary) IFF function or (binary) IFF relation is an IFF thing. But there can
be no two of these.

(forall (?x (thing ?x))

(and (not (and (set ?x) (function ?x)))

(not (and (set ?x) (predicate ?x)))

(not (and (set ?x) (relation ?x)))

(not (and (predicate ?x) (function ?x)))
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(not (and (predicate ?x) (relation ?x)))

(not (and (function ?x) (relation ?x)))))

We assert the existence of (at least) three distinct canoncial objects (things): 0,
1 and 2. These are used for indexing.

(thing 0) (thing 1) (thing 2)

(not (= 0 1)) (not (= 0 2)) (not (= 1 2))

1.2 IFF Sets

There is a set of all IFF sets. The symbol ‘set’ is used to declare an IFF set.
Any IFF set is an IFF thing. Any element of an IFF set is an IFF thing.

(forall (?X (set ?X)) (thing ?X))

(forall (?X (set ?X) ?x (?X ?x)) (thing ?x))

If the symbols ‘X’ and ‘x’ represent the two IFF things X and x, then

(set X)

declares X to be an IFF set, and

(X x)

expresses the statement that “x ∈ X”. However, the following nullary, binary,
ternary and higher arity expressions are ill-formed

(X)

(X x0 x1)

(X x0 x1 x2)

...

For any pair of IFF sets X0 and X1, there is a binary intersection IFF set de-
fined by X0∩X1 = {y | y ∈ X0 and y ∈ X1}. The symbol ‘binary-intersection’
is used to express application of the binary intersection (total, functional) op-
eration, which takes a pair of IFF sets and returns an IFF set.

(forall (?X0 (thing ?X0) ?X1 (thing ?X1) ?Y (thing ?Y)

(= ?Y (binary-intersection [?X0 ?X1])))

(and (set ?X0) (set ?X1) (set ?Y)))

(forall (?X0 (set ?X0) ?X1 (set ?X1))
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(and (exists (?Y (set ?Y))

(= (binary-intersection [?X0 ?X1]) ?Y))

(forall (?Y0 (set ?Y0) ?Y1 (set ?Y1)

(= (binary-intersection [?X0 ?X1]) ?Y0)

(= (binary-intersection [?X0 ?X1]) ?Y1))

(= ?Y0 ?Y1))))

(forall (?X0 (set ?X0) ?X1 (set ?X1))

(and (subset (binary-intersection [?X0 ?X1]) ?X0)

(subset (binary-intersection [?X0 ?X1]) ?X1)))

(forall (?X0 (set ?X0) ?X1 (set ?X1) ?x (?X0 ?x) (?X1 ?x))

((binary-intersection [?X0 ?X1]) ?x))

There is a binary subset endorelation ⊆ between pairs of IFF sets. Pointwise,
the subset relationship X ⊆ Y holds when

• all elements of the smaller set x ∈ X
are elements of the larger set x ∈ Y .

The subset endorelation on IFF sets is a partial order (reflexive, antisymmetric
and transitive), since identities are inclusions and inclusions are close under com-
position. The symbol ‘subset’ is used to assert the subset relationship between
pairs of IFF sets.

(forall (?X (thing ?X) ?Y (thing ?Y) (subset ?X ?Y))

(and (set ?X) (set ?Y)))

(forall (?X (set ?X) ?Y (set ?Y))

(<=> (subset ?X ?Y)

(forall (?x (?X ?x)) (?Y ?x))))

(forall (?X (set ?X))

(subset ?X ?X))

(forall (?X (set ?X) ?Y (set ?Y))

(=> (and (subset ?X ?Y) (subset ?Y ?X))

(= ?X ?Y)))

(forall (?X (set ?X) ?Y (set ?Y) ?Z (set ?Z))

(=> (and (subset ?X ?Y) (subset ?Y ?Z))

(subset ?X ?Z)))

1.3 IFF Predicates

There is a set of all IFF predicates. Predicates are also called “parts”. The
symbol ‘predicate’ is used to declare an IFF predicate. Any IFF predicate is
an IFF thing.

(forall (?p (predicate ?p)) (thing ?p))

A part (predicate) of a set X is an injection p : |p| ↪→ X. Each IFF predicate
p has a unique genus IFF set X. The predicate notation p : X shows an IFF
predicate p with genus IFF set X. The notation γ(p) = gen(p) = X is also used
to assert the genus. The symbol ‘genus’ is used to express application of the
genus (total, functional) operation, which takes an IFF predicate and returns
an IFF set.

(forall (?p (thing ?p) ?X (thing ?X) (= ?X (genus ?p)))

(and (predicate ?p) (set ?X)))

(forall (?p (predicate ?p))
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(and (exists (?X (set ?X))

(= (genus ?p) ?X))

(forall (?X0 (set ?X0) ?X1 (set ?X1)

(= (genus ?p) ?X0) (= (genus ?p) ?X1))

(= ?X0 ?X1))))

If the symbols ‘p’ and ‘X’ represent the two IFF things p and X, then

(predicate p)

(set X) (= (genus p) X)

makes the declaration “p : X” (or “γ(r) = X”), and

(X x)

(p x)

expresses the statement that “p(x)”. Hence, ‘(p x)’ is a well-formed formula,
which follows the prescription: all IFF predicates are unnary. However, the
following nullary, binary, ternary and higher arity expressions are iff-formed

(p)

(p x0 x1)

(p x0 x1 x2)

...

There is a binary delimitation endorelation ≤ between pairs of IFF predicates.
One IFF predicate p : X is a delimitation of another IFF predicate q : Y , p ≤ q,
when the genus IFF set of p is a subset of the genus IFF set of q, X ⊆ Y , and
pointwise

• the two predicates are equivalent p(x) iff q(x)
on all p-genus elements x ∈ X.

From one point of view, delimitation defines the smaller predicate; that is, if
we assume that the definition of the larger predicate is given (in some other
axiomatization), then asserting the delimitation relationship effectively defines
the smaller predicate. This is the point of view taken when we use (only) delim-
itation to define a particular predicate at one metalevel in terms of the similar
predicate at the next higher metalevel. The delimitation endorelation is a par-
tial order (reflexive, antisymmetric and transitive). The symbol ‘delimitation’
is used to assert the delimitation relationship between pairs of IFF predicates.

(forall (?p (thing ?p) ?q (thing ?q) (delimitation ?p ?q))

(and (predicate ?p) (predicate ?q)))

(forall (?p (predicate ?p) ?q (predicate ?q))

(<=> (delimitation ?p ?q)

(and (subset (genus ?p) (genus ?q))

(forall (?x ((genus ?p) ?x))

(<=> (?p ?x) (?q ?x))))))

(forall (?p (predicate ?p))

(delimitation ?p ?p))

(forall (?p (predicate ?p) ?q (predicate ?q))

(=> (and (delimitation ?p ?q) (delimitation ?q ?p))

(= ?p ?q)))

(forall (?p (predicate ?p) ?q (predicate ?q) ?r (predicate ?r))

(=> (and (delimitation ?p ?q) (delimitation ?q ?r))

(delimitation ?p ?r)))
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1.4 IFF Functions

There is a set of all IFF functions. The symbol ‘function’ is used to declare an
IFF function. Any IFF function is an IFF thing.

(forall (?f (function ?f)) (thing ?f))

Each IFF function has a unique source IFF set and a unique target IFF set.
The function notation f : X → Y shows an IFF function f with source IFF set
X and target IFF set Y . The notation ∂0(f) = X and ∂1(f) = Y is also used
to assert the source and target. The symbols ‘source’ and ‘target’ are used
to express application of the source and target (total, functional) operations,
which take an IFF function and return an IFF set.

(forall (?f (thing ?f) ?X (thing ?X) (= ?X (source ?f)))

(and (function ?f) (set ?X)))

(forall (?f (function ?f))

(and (exists (?X (set ?X))

(= (source ?f) ?X))

(forall (?X0 (set ?X0) ?X1 (set ?X1)

(= (source ?f) ?X0) (= (source ?f) ?X1))

(= ?X0 ?X1))))

(forall (?f (thing ?f) ?Y (thing ?Y) (= ?Y (target ?f)))

(and (function ?f) (set ?Y)))

(forall (?f (function ?f))

(and (exists (?Y (set ?Y))

(= (target ?f) ?Y))

(forall (?Y0 (set ?Y0) ?Y1 (set ?Y1)

(= (target ?f) ?Y0) (= (target ?f) ?Y1))

(= ?Y0 ?Y1))))

Any IFF function is required to be total (defined on all source elements) and
functional (have only one value).

Note 1 This axiom uses quantification over variables in function position.

(forall (?f (function ?f))

(forall (?x ((source ?f) ?x))

(and (exists (?y ((target ?f) ?y))

(= (?f ?x) ?y))

(forall (?y0 ((target ?f) ?y0) ?y1 ((target ?f) ?y1)

(= (?f ?x) ?y0) (= (?f ?x) ?y1))

(= ?y0 ?y1)))))

If the symbols ‘f’, ‘X’ and ‘Y’ represent the three IFF things f , X and Y , then

(function f)

(set X) (= (source f) X)

(set Y) (= (target f) Y)

makes the declaration “f : X → Y ” (or “∂0(f) = X” and “∂1(f) = Y ”), and

(X x) (X y)

(= y (f x))

expresses the equality statement that “y = f(x)”. Hence, ‘(f x)’ is a well-
formed term, which follows the prescription: all IFF functions are unary. How-
ever, the following nullary, binary, ternary and higher arity expressions are
iff-formed
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(= y (f))

(= y (f x0 x1))

(= y (f x0 x1 x2))

...

The IFF tuple notation can be used to express n-ary functions

(= y (f [x0 x1 ...]))

There is a binary restriction relationship v between pairs of IFF functions
that are linked by source and target inclusions. One (smaller) IFF function
f1 : X1 → Y1 is a restriction of another (larger) IFF function f2 : X2 → Y2,
f1 v f2, when (1) the source (target) of f1 is a subset of the source (target)
of f2, X1 ⊆ X2 and Y1 ⊆ Y2, and (2) the functions agree (on source elements
of X1), f1(x1) = f2(x1) for all elements x1 ∈ X1. This implies that the source
type set of f1 is a subset of the inverse image of the target type set of f1 along
f2: X1 ⊆ f−1

2 (Y1). From one point of view, restriction can be viewed as a
constraint on the larger IFF function — it says that the larger function maps
the source IFF set of the smaller function into the target IFF set of the smaller
function. From another point of view, restriction defines the smaller function;
that is, if we assume that the definition of the larger function is given (in some
other axiomatization), then asserting the restriction relationship effectively de-
fines the smaller function. This is the point of view taken when we use (only)
restriction to define a particular function at one metalevel in terms of the sim-
ilar function at the next higher metalevel. The restriction relation is a partial
order (reflexive, antisymmetric and transitive), since subset is a partial order
and property (2) above holds. The symbol ‘restriction’ is used to assert the
restriction relationship between pairs of IFF functions.

(forall (?f1 (thing ?f) ?f2 (thing ?f2) (restriction ?f1 ?f2))

(and (function ?f1) (function ?f2)))

(forall (?f1 (function ?f1) ?f2 (function ?f2))

(<=> (restriction ?f1 ?f2)

(and (subset (source ?f1) (source ?f2))

(subset (target ?f1) (target ?f2))

(forall (?x1 ((source ?f1) ?x1))

(= (?f1 ?x1) (?f2 ?x1))))))

(forall (?f (function ?f))

(restriction ?f ?f))

(forall (?f1 (function ?f1) ?f2 (function ?f2))

(=> (and (restriction ?f1 ?f2) (restriction ?f2 ?f1))

(= ?f1 ?f2)))

(forall (?f1 (function ?f1) ?f2 (function ?f2) ?f3 (function ?f3))

(=> (and (restriction ?f1 ?f2) (restriction ?f2 ?f3))

(restriction ?f1 ?f3)))

We reiterate a fact of order. The source and target functions are monotonic: if
two functions satisfy the restriction order, f v g, then their source (target) sets
satisfy the subset order, ∂0(f) ⊆ ∂0(g) (∂1(f) ⊆ ∂1(g)).

(forall (?f1 (function ?f1) ?f2 (function ?f2) (restriction ?f1 ?f2))

(and (subset (source ?f1) (source ?f2))

(subset (target ?f1) (target ?f2))))

There is a binary optimal restriction relationship v̇ between pairs of IFF func-
tions. A restriction between two IFF functions f1 and f2 is optimal, f1 v̇ f2,
when the source IFF set of the smaller function is exactly the inverse image of the
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target IFF set of the smaller function along the larger function: X1 = f−1
2 (Y1).

Pointwise,

• the two functions agree f1(x1) = f2(x1)
on all f1-source elements x1 ∈ X1; and

• any f2-source element x2 ∈ X2 that maps
into the f1-target, f2(x2) ∈ Y1, is actually
an f1-source element x2 ∈ X1.

The optimal restriction relation is also a partial order (reflexive, antisymmetric
and transitive). The symbol ‘optimal-restriction’ is used to assert the optimal
restriction relationship between pairs of IFF functions.

(forall (?f1 (thing ?f) ?f2 (thing ?f2) (optimal-restriction ?f1 ?f2))

(and (function ?f1) (function ?f2)))

(forall (?f1 (function ?f1) ?f2 (function ?f2) (optimal-restriction ?f1 ?f2))

(restriction ?f1 ?f2))

(forall (?f1 (function ?f1) ?f2 (function ?f2) (restriction ?f1 ?f2))

(<=> (optimal-restriction ?f1 ?f2)

(forall (?x2 ((source ?f2) ?x2))

(=> ((target ?f1) (?f2 ?x2))

((source ?f1) ?x2)))))

(forall (?f (function ?f))

(optimal-restriction ?f ?f))

(forall (?f1 (function ?f1) ?f2 (function ?f2))

(=> (and (optimal-restriction ?f1 ?f2) (optimal-restriction ?f2 ?f1))

(= ?f1 ?f2)))

(forall (?f1 (function ?f1) ?f2 (function ?f2) ?f3 (function ?f3))

(=> (and (optimal-restriction ?f1 ?f2) (optimal-restriction ?f2 ?f3))

(optimal-restriction ?f1 ?f3)))

We reiterate some facts of order. If two functions satisfy the optimal restriction
order, f v̇ g, then they satisfy the restriction order, f v g. The source and target
functions are monotonic: if two functions satisfy the optimal restriction order,
f v̇ g, then their source (target) sets satisfy the subset order, ∂0(f) ⊆ ∂0(g)
(∂1(f) ⊆ ∂1(g)).

(forall (?f1 (function ?f1) ?f2 (function ?f2) (optimal-restriction ?f1 ?f2))

(restriction ?f1 ?f2))

(forall (?f1 (function ?f1) ?f2 (function ?f2) (optimal-restriction ?f1 ?f2))

(and (subset (source ?f1) (source ?f2))

(subset (target ?f1) (target ?f2))))

1.5 IFF Relations

There is a set of all IFF relations. The symbol ‘relation’ is used to declare an
IFF relation. Any IFF relation is an IFF thing.

(forall (?r (relation ?r)) (thing ?r))

Each IFF relation has a unique domain or zeroth IFF set and a unique codomain
or first IFF set. The relation notation r : X0 ⇁ X1 shows an IFF relation r with
domain or zeroth IFF set X0 and codomain or first IFF set X1. The notation
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σ0(r) = X0 and σ1(r) = X1 is also used to assert the source and target. The
symbols ‘set0’ and ‘set1’ is used to express application of the zeroth and first
(total, functional) operations, which take an IFF relation and return an IFF
set.

(forall (?r (thing ?r) ?X0 (thing ?X0) (= ?X0 (set0 ?r)))

(and (relation ?r) (set ?X0)))

(forall (?r (relation ?r))

(and (exists (?X (set ?X))

(= (set0 ?r) ?X))

(forall (?X0 (set ?X0) ?X1 (set ?X1)

(= (set0 ?r) ?X0) (= (set0 ?r) ?X1))

(= ?X0 ?X1))))

(forall (?r (thing ?r) ?X1 (thing ?X1) (= ?X1 (set1 ?r)))

(and (relation ?r) (set ?X1)))

(forall (?r (relation ?r))

(and (exists (?X (set ?X))

(= (set1 ?r) ?X))

(forall (?X0 (set ?X0) ?X1 (set ?X1)

(= (set1 ?r) ?X0) (= (set1 ?r) ?X1))

(= ?X0 ?X1))))

If the symbols ‘r’, ‘X0’ and ‘X1’ represent the three IFF things r, X0 and X1,
then

(relation r)

(set X0) (= (set0 r) X0)

(set X1) (= (set1 r) X1)

makes the declaration “r : X0 ⇁ X1” (or “σ0(r) = X0” and “σ1(r) = X1”),
and

(X0 x0) (X1 x1)

(r x0 x1)

expresses the statement that “r(x0, x1)”. Hence, ‘(r x0 x1)’ is a well-formed
formula, which follows the prescription: all IFF relations are binary. However,
the following nullary, unary, ternary and higher arity expressions are iff-formed

(r)

(r x0)

(r x0 x1 x2)

...

The notion of abridgment (Merriam-Webster) is that of “a shortened form of a
work retaining the general sense and unity of the original”. There is a binary
abridgment relationship � between pairs of IFF relations. One IFF relation
r : X0 ⇁ X1 is an abridgment of another IFF relation s : Y0 ⇁ Y1, r � s, when
the domain IFF set X0 and the codomain IFF set X1 of r are IFF subsets of
the domain IFF set Y0 and the codomain IFF set Y1 of s, respectively, X0 ⊆ Y0

and X1 ⊆ Y1, and pointwise

• the two relations are equivalent r(x0, x1) iff s(x0, x1)
on all r-component pairs x0 ∈ X0 and x1 ∈ X1.

9



The abridgment relation is a partial order (reflexive, antisymmetric and tran-
sitive). The symbol ‘abridgment’ is used to assert the abridgment relationship
between pairs of IFF relations.

(forall (?r (thing ?r) ?s (thing ?s) (abridgment ?r ?s))

(and (relation ?r) (relation ?s)))

(forall (?r (relation ?r) ?s (relation ?s))

(<=> (abridgment ?r ?s)

(and (subset (set0 ?r) (set0 ?s))

(subset (set1 ?r) (set1 ?s))

(forall (?x0 ((set0 ?r) ?x0) ?x1 ((set1 ?r) ?x1))

(<=> (?r ?x0 ?x1) (?s ?x0 ?x1))))))

(forall (?r (relation ?r))

(abridgment ?r ?r))

(forall (?r (relation ?r) ?s (relation ?s))

(=> (and (abridgment ?r ?s) (abridgment ?s ?r))

(= ?r ?s)))

(forall (?r (relation ?r) ?s (relation ?s) ?t (relation ?t))

(=> (and (abridgment ?r ?s) (abridgment ?s ?t))

(abridgment ?r ?t)))

We reiterate a fact of order. The domain and codomain functions are monotonic:
if two relations satisfy the abridgment order, r � s, then their domain (codomain)
sets satisfy the subset order, σ0(r) ⊆ σ0(s) (σ1(r) ⊆ σ1(s)).

(forall (?r (relation ?r) ?s (relation ?s) (abridgment ?r ?s))

(and (subset (set0 ?r) (set0 ?s))

(subset (set1 ?r) (set1 ?s))))

A Composites and Determination

A composite thing x : X is a thing with components. Each of these components
is represented as a function c : X → Yc from the type of the thing X to its own
component type Yc. A set of components C determines a set (of things of type)
X

C ` X

when ∀x,x′∈X∀c∈C (c(x) = c(x′)) ⇒ (x = x′). Abstractly, this means that the
tupling function (c)c∈C : X → Πc∈CYc is an injection. Here are some examples.

• A pair of things of types X0 and X1 is a set pair (X0, X1). The set (type)
of set pairs X = set2 is determined

{π0, π0} ` set2

by the two projection functions C = {π0 : set2 → set, π1 : set2 → set}.

• The set (type) of categories X = cat is determined

〈obj,mor, ∂0, ∂1, ·, 1〉 ` cat
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for each category C by the collection consisting of: the object set obj(C),
the morphism set mor(C), the source function ∂C

0 : mor(C) → obj(C),
the target function ∂C

1 : mor(C) → obj(C), the composition function ·C :
mor(C)×obj(C)mor(C) → obj(C) and the identity function 1C : obj(C) →
mor(C).

• But X = cat is also determined

〈gph, µ, η〉 ` cat.

for each category C by the collection consisting of: the underlying graph
|C| = gph(C) = 〈obj(C),mor(C), ∂C

0 , ∂C
1 〉, with the identity object func-

tion 1obj(C), where the set (type) of graphs gph has the determination

〈obj,mor, ∂0, ∂1〉 ` gph,

the composition graph morphism µC : |C|⊗|C| → |C| with the identity ob-
ject function 1obj(C), and the identity graph morphism ηC : 1obj(C) → |C|
with the identity object function 1obj(C), where the set (type) of graph
morphisms gph-mor has the determination of their object/morphism func-
tions

〈·〉 ` µ,

〈1〉 ` η.

The last example shows both that determination has an order structure and
that there is more than one way to “package” a concept. We would like to
axiomatize this notion. For this, it would be useful to have a simple listing
set-builder notation {· · ·} in the IFF.
Our two standard references for the IFF are the books: Sets for Mathematics
(2003) by F. William Lawvere and Robert Rosebrugh [1] and Categories for the
Working Mathematician (1971) by Saunders Mac Lane [2].
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