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This document declares and axiomatizes the IFF Category Theory Ontology. The IFF Category Theory
Ontology provides a baseline formalism for category theory. It is anticipated that much more terminology
will be added subsequently. As illustrated in Diagram 1, the collections and functions axiomatized in the
top metalevel characterize the overall architecture for the large aspect of the Category Theory Ontology.
Nodes in this diagram represent collections and arrows represent functions. The small oval on the right
represents the namespace of large collections (classes) and their functions. The next larger oval represents
the namespace of large graphs and their morphisms. These two namespaces are contained in the IFF Core
Ontology. Also indicated are namespaces for categories, functors, natural transformations and adjunctions
that are represented in the IFF Category Theory Ontology as defined in this document. Not illustrated are
the namespaces for monads and colimits. The IFF Category Theory Ontology currently contains 224 non-
identical terms (238 terms with 14 synonyms), partitioned into 43 terms for categories (CAT), 31 terms for
functors (FUNC), 15 terms for natural transformations (NAT), 21 terms for adjunctions (ADJ, ADJ. MOR), 37 for
monads (M\D, M\D. EM M\D. KLI ), and 77 terms for colimits (COL, COL. I NI T, COL. COPRD2, COL. COEQ
COL. PSH).



IFF Foundation Ontology
Robert E. Kent

Page 2

f unit

Natural Trans-

1/2/2002

~

formation
component
Adjunction target
] N morphisg \\
right Functor Graph Function
__Morphism >
nclusion: object
77
Graph Y
source target 2_cel| Source target SOUL soufce | target
ety /t{get
%u morphism
Category Graph >  Class
L undexlying objectz j/

Diagram 1: Core Collections and Functions

The Namespace of Large Categories

CAT

This namespace represents large categories — categories whose collections of objects and morphisms are
classes. The content of the namespace for categories is developed in chapter 1 of Mac Lane 1971. All terms
declared and axiomatized in this namespace are listed in Table 1. The suggested prefix for this namespace
is ‘CAT’, standing for category: when used in an external namespace, all terms that originate from this
namespace should be prefixed with ‘CAT’.

Table 1: Terms introduced in the Category Theory Ontology

Collection Function Other
cat egory graph = underlying nmu eta subcat egory
CAT | small obj ect nor phi sm enpty
di screte source target two
conposabl e- opspan conposabl e paral l el -pair
first second span
conposition identity termnal = unit = one
opposi tion Set
obj ect - pai r obj ect - bi nary- product Classification
nor phi sm pai r nor phi sm bi nary- product
sour ce-target object-hom norphi sm hom
| ef t - conposabl e | eft-conposition
ri ght-conposabl e right-conposition
epi nor phi sm nononor phi sm i sonor phi sm
i sonor phi c
Basics
A category C can be thought of as a special kind of graph |C| — a graph with sre(|Col)
monmdgl propertles' (Flgqre 1). Mor'e precisely, a category C = [T, H¢, Ncllis mor(|Cy)) 2 obj(IC))
a monoid in the 2-dimensional quasi-category GRAPH of (large) graphs and tgt(|CE )
0

graph morphisms. This means that it consists of an underlying graph |C|, a
composition graph 2-cell Yc:|C| 0 |C|O |C| and an identity graph 2-cell

Figure 1: Category

Ne : Lovjcyd |C|, both with the identity object function idojc). The 2-cell pc

provides for a binary associative operation on morphisms in the category — its morphism function op-
erates on any two morphisms that are composable, in the sense that the target object of the first is equal
to the source object of the second, and returns a well-defined (composition) morphism. The 2-cell n¢
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provides identities — its morphism function associates a well-defined (identity) morphism with each
object in the category. Both mu and eta have the category as a parameter. Categories are determined
by their (graph, mu, eta) triples.

(1) (KIF$collection category)

(2) (KIF$function graph)
(KI F$f unction underlying)
(= underl ying graph)
(= (KIF$source graph) category)
(= (KIF$target graph) GPH$graph)

(3)
(KI F$source mu) category)
(KI F$t arget nmu) GPH. MOR$2-cel |)
orall (?c (category ?c))
(and (= (GPH MOR$source (nu ?c))
(GPH$mul tiplication [(graph ?c) (graph ?c)]))
(= (GPH MOR$target (mu ?c)) (graph ?c))))

KI F$f uncti on nu)
f

$f uncti on eta)

KI F$source eta) category)

KI F$t arget eta) GPH. MOR$2-cel |)

orall (?c (category ?c))

(and (= (GPH MOR$source (eta ?c)) (GPH$unit (GPH$object (graph ?c))))
(= (GPH. MOR$target (eta ?c)) (graph ?c))))

(4

“‘ T

(forall (?cl (category ?cl) ?c2 (category ?c2))
(=> (and (= (graph ?cl1) (graph ?c2))
(= (mu ?cl) (mu ?c2))
(= (eta ?cl) (eta ?c2)))
(= ?cl ?¢c2)))

o For convenience in the language used for categories, we rename the object and morphism classes, and
the source and target functions in the setting of categories. These terms refer to the underlying graph of
a category.

(5) (KIF$function object)
(= (KI F$source object) category)
(= (KIF$target object) SET$cl ass)
(forall (?c (category ?c))
(= (object ?c) (CGPH$object (graph ?c))))

(6)
(KI F$sour ce nor phi sm category)
(KI F$t ar get nor phi sn) SET$cl ass)
orall (?c (category ?c))
(= (rmorphism ?c) (GPH$norphi sm (graph ?c))))

(KI F$f uncti on nor phi sm
(:
(:
(fo

(7
(KI F$source source) category)

(KI F$t arget source) SET. FTN$f uncti on)
orall (?c (category ?c))

(= (source ?c) (GPH$source (graph ?c))))

KI F$f uncti on source)
f

(
(
(
(fo

(8) F$function target)

(KI F$source target) category)

(KI F$target target) SET. FTN$Sf uncti on)
orall (?c (category ?c))

(= (target ?c) (CPH$target (graph ?c))))

(KI
(:
(:
(fo

o For convenience in the language used for categories, we define the relation of composable pairs of
morphisms, and rename the first and second functions in the setting of categories. These terms refer to
the horizontal multiplication of the underlying graph of a category with itself.
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(9) (KIF$function conposabl e- opspan)
(= (KIF$source conposabl e- opspan) cat egory)
(= (KI F$target conposabl e-opspan) SET. LI M PBK$opspan)
(forall (?c (category ?c))
(= (conposabl e- opspan ?c)
(GPH$mul tiplication-opspan [(graph ?c) (graph ?c)])))

(10) (KIF$function conposabl e)
(= (KI F$source conposabl e) category)
(= (KIF$target conposable) RELS$rel ation)
(forall (?c (category ?c))
(and (RELS$cl ass1 (conposable ?c)) (norphism ?c))
(RELS$cl ass2 (conposable ?c)) (norphism ?c))
(= (composabl e ?c)
(SET. LI M PBK$r el ati on (conposabl e-opspan ?c)))))
(11) F$function first)
(KI F$source first) category)
(KIF$target first) SET. FTN$function)
orall (?c (category ?c))
(= (first ?c)
(GPH$source (GPH$multiplication [(graph ?c) (graph ?¢)]))))

(K
(:
(:
(fo

(12) F$functi on second)
(KI F$sour ce second) category)
(KI F$t arget second) SETS$f uncti on)
orall (?c (category ?c))
(= (second ?c)
(GPH$t arget (GPH$mul tiplication [(graph ?c)(graph ?¢)]))))

(K
(:
(:
(fo

o For convenience in the language used for categories, we rename the composition and identity opera-
tions in the setting of categories. These terms refer to the Pc and ¢ graph 2-cells of a category. Table
2 gives the notation for the composition function *© = mor(jic) and the identity function id® = mor(nc)
— the morphism functions of the composition and identity graph morphisms.

°€ - mor(C) Xapjcy mor(C) — mor(C) | id®: obj(C) — mor(C)

(my, mp) — my > my o+~ id,

Table 2: Elements of Monoidal Structure

The composition function provides for a binary associative operation on morphisms in the category — it
operates on any two morphisms that are composable, in the sense that the target object of the first is
equal to the source object of the second, and returns a well-defined (composition) morphism. The iden-
tity function provides identities — it associates a well-defined (identity) morphism with each object in
the category. Both composition and identity have the category as a parameter. Categories are deter-
mined by their (underlying, mu, eta) triples, and hence by their (underlying, composition, identity) tri-
ples.
(13) (KIF$function conposition)

(= (KI F$source conposition) category)

(= (KIF$target conposition) SET. FTN$function)

(forall (?c (category ?c))
(= (conposition ?c) (GPH MOR$norphism (mu ?c))))

(14)
(KI F$source identity) category)
(KI F$target identity) SET$function)
orall (?c (category ?c))
(= (identity ?c) (GPH MOR$norphism (eta ?c))))

(KI'F$function identity)
(:
(:
(fo

o By the definitions of graph morphisms, graph multiplication and graph units, for any category C these
operations satisfy the typing constraints listed in Table 3.

€. sre(C) = 1%(C) - sre(C)
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o€ - tgt(C) = 2"(C) - tgt(C)
id® - src(C) = iduyc, = id® - tgt(C)

Table 3: Preservation of Source and Target

o Table 4 contains commutative diagrams involving the Y and n graph 2-cells of categories and the co-
herence graph morphisms o, A and p. The commutative diagram on the left represents the associative
law for composition, and the commutative diagrams on the right represent the left and right unit laws

for identity.
IC] O Hey
IciO(c|Ocy) —> |c|OC| Ne U [Cl ICI O ne
ic;, i, [c] \L ]C O ‘C| %‘C| 0 |C‘e ‘C| D]C

(ciocpoic He \ J/ He
He O l/ A Pei
C|

CIOIC] —— [C]
Ml

Associative Law Left/Right Unit Laws

Table 4: Laws of Monoidal Structure

o The graph 2-cell g satisfies an associative law. In the design of the IFF Foundation Ontology the
correct expression of this important axiom has motivated the namespace for graphs and graph mor-
phisms, the representation of categories as monoids in the 2-dimensional quasi-category GRAPH, and
in particular the coherence axiomatization of graphs. The graph 2-cell eta satisfies two unit laws. Both
the associative law and the two unit laws are expressed at the level of graph morphisms.

(15) (forall (?c (category ?c))
(= (GPH. MOR$conposi tion
[ (GPH. MOR$mul ti plication
[ (GPH. MOR$i dentity (graph ?c)) (mu ?c¢)])
(mu ?c)])
( GPH. MOR$conposi ti on
[ (GPH. MOR$conposi tion
[ (GPH. MOR$al pha [ (graph ?c) (graph ?c) (graph ?c)])
(GPH. MOR$nul tiplication
[(mu ?c) (GPH MOR$identity (graph ?c))])])
(mu ?¢)1)))

(16) (forall (?c (category ?c))
(and (= (GPH MOR$conposition
[ (GPH MOR$rul ti plication
[(eta ?c) (GPH. MOR$identity (graph ?c))])
(mu ?¢)])
(GPH. MOR$l eft (graph ?c)))
(= (GPH. MOR$conposi tion
[ (GPH MOR$nul ti plication
[ (GPH MORS$i dentity (graph ?c)) (eta ?c)])
(mu ?c)])
(GPH. MOR$ri ght (graph ?c)))))

o Using composition and identity, the associative law and two unit laws can be expressed at the level of
class functions — Table 5 represents the associative and unit laws in terms of the composition and iden-
tity functions.

Associative law: (my ¢ my) °€ mz=my °C (my ¢ ms)

Identity laws: id®, ¢ m=m=mid"

Table 5: Laws of Monoidal Structure Redux
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Additional Categorical Structure

Particular categories may have additional structure. This is true for the categories represented in the IFF
lower metalevel.

(e]

A category C is small when its underlying graph is small. This is a concrete concept, since it uses con-
cepts in the lower metalevel.

(17) (KIF$collection snall)
(KI F$subcol | ection small category)
(forall (?c (category ?c))
(<=> (small ?c)
(GPH$smal | (graph ?c))))

To each category C, there is an opposite category CP = [T, Uc, Nc[P = [C®, Tcc * K ™, Ne PO Since all
categorical notions have their duals, the opposite category can be used to decrease the size of the
axiom set. The objects of C are the objects of C, and the morphisms of C* are the morphisms of C.
However, the source and target of a morphism are reversed: src(C®)(m) = tgt(C)(m) and tgt(C**)(m) =
src(C)(m). The composition is defined by my »°? my = my ° my, and the identity is id?, = id,.

(18) (KIF$function opposite)
(= (KI F$source opposite) category)
(= (KIF$target opposite) category)
(forall (?c (category ?c))
(and (= (graph (opposite ?c)) (GPH$opposite (graph ?c))
(= (mu (opposite ?c))
( GPH. MOR$conposi ti on
[ (GPH MOR$t au [ (graph ?c) (graph ?c)])
(GPH. MOR$opposite (mu ?c))]))
(= (eta (opposite ?c)) (GPH MOR$opposite (eta ?c)))))

Part of the fact that opposite forms an involution is the theorem that (C°?)® = C.

(forall (?c (category ?c))
(= (opposite (opposite ?c)) 7?c))

A category A is said to be a subcategory of category B when the object (morphism) class of A is a sub-
class of the object (morphism) class of B, and the source (target) function of A is a restriction of the
source (target) function of A. Clearly, this provides a partial order on categories.

(19) (KIF$relation subcategory)
(= (KIF$col |l ectionl subcategory) CAT$category)
(= (KIF$col |l ection2 subcat egory) CAT$cat egory)
(forall (?a (CAT$category ?a) ?b (CAT$category ?b))
(<=> (subcategory ?a ?b)
(GPH$subgraph (graph ?a) (graph ?b))))

For any category, it is sometimes convenient to have a name for both its object pair and its morphism
pair of classes.

(20) (KIF$function object-pair)
(= (KI F$source object-pair) category)
(= (KIF$target object-pair) SET.LIM PRD2$pair)
(forall (?c (category ?c))
(and (= (SET.LIM PRD2%cl ass1 (object-pair ?c)) (object ?c))
(= (SET. LI M PRD2$cl ass2 (object-pair ?c)) (object ?c))))
(21) (KIF$function object-binary-product)
(KI F$source obj ect - bi nary-product) category)
(KI F$t ar get obj ect - bi nary- product) SET. cl ass)
rall (?c (category ?c))
(= (object-binary-product ?c)
(' SET. LI M PRD2$bi nary- product (object-pair ?c))))

(
(
(
(

fo

(22) (KIF$function norphismpair)
(KI F$sour ce nor phi smpair) category)
(KI F$t ar get nor phi smpair) SET. LI M PRD2$pai r)
rall (?c (category ?c))
(and (= (SET.LIM PRD2%cl ass1 (norphismpair ?c)) (norphism ?c))

(= (SET.LIM PRD2%cl ass2 (norphismpair ?c)) (nmorphism?c))))

(
(
(
(

fo
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(23) (KIF$function norphi sm binary-product)
(= (KI F$source norphi sm binary-product) category)
(= (KIF$target norphi smbinary-product) SET. cl ass)
(forall (?c (category ?c))
(= (nor phi sm bi nary- product ?c)
(' SET. LI M PRD2$bi nary- product (norphismpair ?c))))

o For any two objects 01 and 0 in a category C, the hom-class Cloy, 07] consists of all morphisms with

source o7 and target oy:
Cloy, 02l = {m | m O mor(C), src(C)(m) = o1 and tgt(C)(m) = 02} O mor(C).

(24) (KIF$function source-target)
(= (KIF$source source-target) category)
(= (KIF$target source-target) SET. FTN$functi on)
(forall (?c (category ?c))
(and (= (SET.FTN$source (source-target ?c)) (norphism ?c))
(= (SET. FTN$t arget (source-target ?c)) (object-binary-product ?c))
(= (source-target ?c)
((SET. LI M PRD2$pairing (object-pair ?c)) [(source ?c) (target
?c)1))))

(25) (KIF$function object-hom
(= (KIF$source object-hom category)
(= (KIF$t arget object-hom) SET. FTN$functi on)
(forall (?c (category ?c))
(and (= (SET. FTN$source (object-hom ?c)) (object-binary-product ?c))
(= (SET. FTN$t ar get (obj ect-hom ?c)) (SET$power (norphism ?c)))
(= (object-hom ?c) (SET. FTN$fi ber (source-target ?c)))))

(26) (KIF$function norphi smhom
(= (KI'F$source norphi smhon) category)
(= (KIF$target norphi smhon) KIF$function)
(forall (?c (category ?c))

(and (= (KIF$source (norphi smhom ?c)) (norphi smbinary-product ?c))
(= (KIF$target (norphi smhom ?c)) SET. FTN$functi on)
(forall (?nLl ((morphismc) ?ml) ?n2 ((norphismc) ?nR))
(and (= (SET. FTN$source ((norphismhom ?c) [?ml ?nR]))
((object-hom?c) [((target ?c) ?ml) ((source ?c) ?n2)]))
(= (SET. FTN$t arget ((norphi smhom ?c) [?ml ?nR]))
((object-hom ?c) [((source ?c) ?ml) ((target ?c) ?nR)]))
(forall (?m ((morphismc) ?m
(=> (and (= ((source ?c) ?m) ((target ?c) ?ml))
(= ((source ?c) ?n)) ((source ?c) ?nR)))
(= (((morphi smhom ?c) [?nl ?nR]) ?m
((conposi tion ?c)
[((conposition ?c) [?ml ?ni) ?n2]))))))))

o  There are classes of left-composability and right-composability, and functions of left-composition and
right-composition. Left-composition by morphism m; is the operation: my — my - mo.

(27) (KIF$function |eft-conposable)
(= (KIF$source | eft-conposabl e) category)
(= (KIF$target |eft-conposable) SET. FTN$functi on)
(forall (?c (category ?c))
(and (= (SET. FTN$source (| eft-conposable ?c)) (norphism ?c))
(= (SET. FTN$t arget (| eft-conposable ?c)) (SET$power (norphism ?c)))
(= (left-conmposabl e ?c) (REL$fiber12 (conposable ?c)))))

(28) (KIF$function |eft-conposition)
(= (KIF$source | eft-conposition) category)
(= (KIF$target |eft-conposition) KIF$function)
(forall (?c (category ?c))

(and (= (KIF$source (left-conposition ?c)) (norphism ?c))
(= (KIF$target (left-conposition ?c)) SET. FTN$functi on)
(forall (?nl ((norphism?c) ?nl))
(and (= (SET. FTN$source ((left-conposition ?c) ?ml))
((left-conposable ?c) ?ml))
(= (SET. FTN$target ((left-conposition ?c) ?ml))
(mor phi sm ?c))
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(= ((left-conposition ?c) ?ml)
( SET. FTN$conposi ti on
[ ((REL$fi ber 12- enbeddi ng (conposabl e ?c)) ?nl)
(composition ?¢)]))))))

(29) (KIF$function right-conposabl e)
(= (KIF$source right-conposabl e) category)
(= (KIF$target right-conposabl e) SET. FTN$functi on)
(forall (?c (category ?c))
(and (= (SET. FTN$source (right-conposable ?c)) (norphism ?c))
(= (SET. FTN$t arget (right-conposable ?c)) (SET$power (norphism ?c)))
(= (right-conposable ?c) (REL$fiber21 (conposable ?c)))))
(30) (KIF$function right-conposition)
= (KI'F$source right-conposition) category)
= (KIF$target right-conposition) KlF$function)
forall (?c (category ?c))
(and (= (KIF$source (right-conposition ?c)) (norphism ?c))
(= (KIF$target (right-conposition ?c)) SET. FTN$functi on)
(forall (?n2 ((norphism?c) ?nR))
(and (= (SET. FTN$source ((right-conposition ?c) ?nR))
((right-conposable ?c) ?nR))
(= (SET. FTN$t arget ((right-conposition ?c) ?nR))
(mor phi sm ?c))
(= ((right-conposition ?c) ?nR)
( SET. FTN$conposi ti on

[ ((REL$fi ber 21- enbeddi ng (conposabl e ?c)) ?n)
(conposition ?¢)]1))))))

~~~—~

o A morphism mj : 0y — 01 is an epimorphism in a category C when it is left-cancellable — for any two
parallel morphisms m,, my' : 01 — 05, the equality m; °“ m, = m; <“ m,’ implies m, = m,'. Equivalently,
a morphism my : 0, — 01 is an epimorphism in a category C when its left composition is an injection.
Dually, a morphism m, : 01 — 0, is a monomorphism in a category C when it is right-cancellable — that
is, when it is an epimorphism in C°. The duality of the opposite category is used to express monomor-
phisms. A morphism is an isomorphism in a category C when it is both a monomorphism and an epi-
morphism.

(31) (KIF$function epinorphism
(= (KI F$source epi norphism category)
(= (KIF$target epinorphism SET$cl ass)
(forall (?c (category 7?c))
(and (SET$subcl ass (epi nor phi sm ?c) (norphism ?c))
(forall (?mL ((norphism ?c) ?ml))
(<=> ((epinorphism ?c) ?nl)
(SET. FTN$i nj ection ((left-conposition ?c) ?nl))))))
(32) (KIF$function nononor phism
= (KI F$sour ce npnonor phi sn) cat egory)
= (KIF$target nononor phi sm) SET$cl ass)
forall (?c (category ?c))
(and (SET$subcl ass (nmononor phi sm ?c) (norphism ?c))
(forall (?n2 ((norphism?c) ?nR))
(<=> ((rmononor phi sm ?c) ?nl)
((epi nmor phi sm (opposite ?c)) ?ml)))))

(
(
(
(

(33) (KIF$function isonorphism
(KI F$source isonorphisn) category)
(KI F$t ar get i sonorphi sm) SET$cl ass)
rall (?c (category ?c))
(and (SET$subcl ass (i sonor phi sm ?c) (norphism ?c))
(= (i sonorphi sm ?c)
(SET$bi nary-intersection [ (epinorphism?c) (nmononorphism?c)]))))

(
(
(
(

fo

o Two objects 01, 0, 0 mor(C) are isomorphic when there is an isomorphism between them; we then use
the notation o4 [} 0,.
(34) (KIF$function isonorphic)

(= (KI F$source isonorphic) category)
(= (KIF$target isonorphic) REL. ENDOequi val ence-rel ation)
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(forall (?c (category ?c))
(and (REL. ENDGscl ass (i sonmorphic ?c)) (object ?c))
(forall (?0l ((object ?c) ?0l) ?02 ((object ?c) ?02))
(<=> ((isonorphic ?c) 2?01 ?02)
(exists (?m ((isonorphism?c) ?m)
(and (= ((source ?c) ?m ?01)

(= ((target ?c) ?m ?202)))))))

o A discrete category is a category whose morphisms are all identity morphisms — effectively, the mor-
phism class can be identified with the object class, and the source and target functions are then identity
functions. A discrete category is essentially a class (of objects).

(35) (KIF$collection discrete)
(KI F$subcol | ection discrete category)
(forall (?c (category ?c))
(<=> (discrete ?c)
(and (SET. FTN$i sonor phi ¢ (nor phi sm ?c) (object ?c))
(= (source ?c) (target ?c))
(SET. FTN$bi j ection (source ?c)))))
Examples

Here are some examples of categories. We express these in an external namespace.

(e]

Here are some examples (Table 6) of small (in fact, finite) categories that are used as the shapes of
finite colimit diagrams in a category C: for a terminal C-object (this uses the empty shape diagram), for
the binary coproduct of two C-objects, for the coequalizers of a parallel pair of C-morphisms, and for
the pushout of a span of C-objects and C-morphisms. The categories empty and two are discrete. All
four free categories do not add additional morphisms (paths), other than the identity morphisms.

Table 6: Shapes for Diagrams in a Category

1
. 3
1 2 .
s 4 v N
2 1 2
empty two parallel pair span
(intitial) (binary coproduct) (coequalizer) (pushout)

(36) (category enpty)
(= enpty (CPH$cat egory GPH$enpty))

(37) (category two)
(= two (GPH$cat egory GPH$two))

(38) (category parallel-pair)
(= parallel-pair (GPH$category GPH$parallel-pair))

(39) (category span)
(= span (GPH$cat egory GPH$span))

The discrete terminal (or unit) category has one object and one (identity) morphism.

(40) (CAT$category termnal)
(CAT$cat egory unit)
(CAT$cat egory one)
(= unit termnal)
(= one unit)
(CAT$obj ect terminal) SET.LIMterm nal)
( CAT$nor phi smterm nal ) SET. LI Mt erm nal )
(CAT$source termnal) (SET. FTN$identity SET. LI Msterm nal))
(CAT$target terminal) (SET.FTN$identity SET.LIMsterm nal))

(
(
(
(

Here are examples of categories defined elsewhere, but asserted to be categories here. These are con-
crete concepts, since they use concepts in the lower metalevel. Two important categories are implicitly
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defined within the classification namespace in the IFF Model Ontology — Classification the category
of classifications and infomorphisms, and Set the category of sets (small collections) and their func-
tions. The assertion that “Classification and Set are categories” can not be made in the IFF Model
Theory Ontology, a module in the lower metalevel of the IFF Foundation Ontology, since the appro-
priate categorical/functorial machinery is not present there. The IFF Category Theory Ontology pro-
vides that machinery.

— To make these assertions requires that we also describe or identify the components of a category.
The most concise expression is in terms of the underlying graph, and the mu and eta graph 2-cells.
This assumes that these have been suitably defined. Here we make these assertions in an external
namespace.

(41) (CAT$category Set)

(= (CAT$graph Set) set.ftn$graph)
(= (CAT$mu Set) set. ftn$nu)
(= (CAT$eta Set) set.ftn$eta)

(42) (CAT$category C assification)
(= (CAT$graph C assification) cls.info$graph)
(= (CAT$mu C assification) cl s.info$nu)
(= (CAT$eta Classification) cls.info$eta)

— A more detailed expression is in terms of the object and morphism sets, the source and target func-
tions, and the composition and identity functions. Proofs of some categorical properties, such as
associativity of composition, will involve getting further into the details of the specific category,
in this case Classification; in particular, associativity of the composition operation, etc.

(CAT$cat egory Set)

(= (CATS$obj ect Set) set $set)

(= (CAT$nor phi sm Set) set. ftn$function)

(= (CAT$source Set) set. ftn$source)

(= (CATS$target Set) set. ftn$target)

(= (CAT$conposabl e Set) set. ftn$conposabl e)

(= (CATS$first Set) set.ftn$first)

(= (CAT$second Set) set . ftn$second)

(= (CAT$conposition Set) set.ftn$conposition)

(= (CAT$identity Set) set.ftn$identity)

(CAT$category O assification)

(= (CAT$obj ect Classification) cl s$cl assi fication)
(= (CATS$nor phi sm Cl assification) cl s. i nfo$i nf onor phi sm
(= (CAT$source Classification) cl s.info$source)

(= (CAT$target Classification) cls.info$target)

(= (CAT$conposabl e Cl assification) cl s.info$conmposabl e)
(= (CAT$first Classification) cls.info$first)

(= (CAT$second Cl assification) cl s.info$second)

(= (CAT$conposition Classification) cls.info$conposition)
(= (CATS$identity Classification) cls.info$identity)
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The Namespace of Large Functors
FUNC

Categories are related by functors. This namespace represents large functors. A large functor is a functor
between large categories; that is, a functor whose object and morphism functions are class functions. The
content of the namespace for functors is initially developed in chapter 1 section 3 of Mac Lane 1971. All
terms declared and axiomatized in this namespace are listed in Table 1. The suggested prefix for this name-
space is ‘FUNC’, standing for functor: when used in an external namespace, all terms that originate from this
namespace should be prefixed with ‘FUNC’.

Table 1: Terms introduced in the Category Theory Ontology

Collection | Function Other
funct or source target conposabl e- opspan
FUNC opspan gr aph- nor phi sm = under| yi ng obj ect norphi sm conposabl e
uni que el enment di agonal = constant i nstance type
i ncl usi on opposite exponent i nst ance- power

categoryl category2 opvertex opfirst opsecond
comma- cat egory

obj ect s- under - opspan obj ect s- under

uni ver sal - nor phi sm

conposition identity

Basics
src(|Col)
o A functor F:Cy - C, from source category C, to target category mor(ICol)__< 0bj(|Cql)
C, (Figure 1) is a morphism of categories. It consists of an object E tgt(|Col) obi(E
function between object classes of the categories, and a morphism mor(| D\L sre(lC \L I(F)
function between morphism classes of the categories. A functor is a ﬁ(‘ D .
. . . mor(|Cy[) obj(ICi))
special kind of graph morphism |F|:|Cy — |C;| — a graph mor- tgt(|?|)
1

phism that preserves the monoidal properties of the categories. A
functor is determined by its associated triple (source, target, under-  Figure 1: Functor
lying graph morphism).

(1) (KIF$collection functor)

(2) (KIF$function source)
(= (KIF$source source) functor)
(= (KIFS$target source) CAT$category)

(3)
(KI F$source target) functor)

KI F$f unction target)
= (KIF$target target) CAT$category)

(
(
(
(4) F$functi on graph- nor phi sn

F$functi on underl yi ng)

under | yi ng gr aph- nor phi sm

(KI F$source graph-norphism functor)

(KI F$t ar get gr aph- nor phi sn) GPH. MOR$gr aph- nor phi sm)

(K
(K
(:
(:
(:

(5) (forall (?f (functor ?f))
(and (= (CAT$underlying (source ?f))
(GPH. MOR$sour ce (underlying ?f)))
(= (CAT$underlying (target ?f))
(GPH. MOR$t arget (underlying ?f)))))

(forall (?f1 (functor ?f1l) ?f2 (functor ?f2))
(=> (and (= (source ?fl) (source ?f2))
(= (target ?f1) (target ?f2))
(= (graph-norphism ?f1) (graph-norphism ?f2)))
(= 2f1 ?212)))
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(o]

For convenience in the language used for functors, in axioms (5-6) we rename the object and mor-
phism functions in the setting of functors.

(6) (KIF$function object)
(= (KI'F$source object) functor)
(= (KIFS$target object) SET. FTN$functi on)
(forall (?f (functor ?f))
(= (object ?f) (CGPH MOR$object (graph-norphism?f))))

(7
(KI F$sour ce norphism function)
(KI F$t ar get nor phi sn) SET. FTN$f uncti on)
rall (?f (functor ?f))
(= (rorphism ?f) (GPH. MOR$nor phi sm (graph- nor phi sm ?f))))

(KI F$f uncti on nor phi sm
(:
(:
(f

(o]

Table 2: Preservation of monoidal structure

Hico n
[Col O [Col ——> [Cyl o
Tobjgcoy —= |Cy|

FIO A i l a Tobj(r) J/ l IFl

[CyTIC — IC4y Tovigcsy —> |C4
My Nicy
Preservation of composition Preservation of identity

A functor must preserve monoidal properties — it must preserve identities and compositions in the
sense of the commutative diagrams in Table 2. These are commutative diagrams of graph morphisms.
The commutative diagram on the left represents preservation of composition, and the commutative dia-
gram on the right represents preservation of identity.

(8) (forall (?f (functor ?f))

(= (GPH. MOR$conposi tion [ (CAT$nu (source ?f)) (graph-norphism?f)])
( GPH. MOR$conposi ti on
[ (GPH. MOR$mul ti plication [(graph-norphism ?f) (graph-norphism?f)])
(CAT$mu (target ?f))])))

(9) (forall (?f (functor ?f))
(= (GPH. MOR$conposition [(CAT$eta (source ?f)) (graph-norphism?f)])
(GPH. MOR$conposition [(GPH MOR$unit (object ?f)) (CAT$eta (target ?f))])))

Using composition and identity, the associative and unit laws could also be expressed at the level of
class functions as in Table 2, which is derivative — it represents the preservation of monoidal structure
in terms of the composition and identity functions.

Table 2: Laws of Monoidal Structure Redux

Associative law: | mor(|F|)(my <° my) = mor(|F|)(my) o' mor(|F|)(m,)

for all composable pairs of morphisms m4, m, 0 mor(Cy)

Identity laws: mor(|F|)(id’,) = id"objie) (0
for all objects o U obj(Cy)

(forall (?f (functor ?f))
(= (SET. FTN$conposi ti on [ ( CAT$conposition (source ?f)) (norphism?f)])
( SET. FTN$conposi ti on
[ ((SET. LI M PBK$pai ri ng (CAT$conposabl e-opspan (target ?f)))
[ (SET. FTN$conposi tion [ (CAT$first (source ?f)) (norphism?f)])
( SET. FTN$conposi ti on [ (CAT$second (source ?f)) (morphism?f)])])
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(CAT$conposition (target ?f))])))

(forall (?f (functor ?f))
(= (SET. FTN$conposition [ (CAT$identity (source ?f)) (norphism?f)])
( SET. FTN$conposition [(object ?f) (CAT$Sidentity (target ?f))])))

Additional Functorial Structure

o Given any category C, there is a unique functor !c : C - [ to the terminal category — the object and
morphism functions are the unique class functions to the terminal class.

(10) (KIF$function unique)

(= (KIF$source uni que) CAT$cat egory)

(= (KIF$target unique) functor)

(forall (?c (CAT$category ?c))

(and (= (source (unique ?c)) ?c)

(= (target (unique ?c)) CAT$term nal)
(= (object (unique ?c)) (SET.LIMsunique (CAT$object ?c)))
(= (rorphi sm (uni que ?c)) (SET. LI Mbuni que (CAT$norphism ?c)))))

o For each category C and each object o [I C there is an element functor elmtc(o): I - C.

(11) (KIF$function el ement)
(= (KIF$source el enent) CAT$cat egory)
(= (KIF$target elenent) KlIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (elenment ?c)) (CAT$object ?c))
(= (KIF$target (element ?c)) functor)
(forall (?0 ((CAT$object ?c) ?0))
(and (= (source ((elenment ?c) ?0)) CAT$term nal)
(= (target ((elenent ?c) ?0)) ?c)
(= ((object ((elenment ?c) ?0)) 1) ?0)
(= ((morphism ((el ement ?c) ?0)) 1)
((CAT$identity ?c) 20))))))

o Given any category C (to be used as a base category in the colimit namespace) and any category J (to
be used as a shape category in the colimit namespace), the diagonal (or constant) functor
Ajc:C - C’ maps an object o [ 0bj(C) to an associated constant functor Aj.c(o) : J —» C, which is
defined as the functor composition A; c(0) = !5 ° elmtc(o) — it maps each object j U obj(J) to the object
o [0 0bj(C) and maps each morphism » [J mor(J) to the identity morphism at o.

(12) (KIF$function diagonal)
(KI F$f unction constant)
(= constant di agonal)
(= (KIF$source diagonal)
(KI F$bi nary- product [ CAT$category CAT$category]))
(= (KIF$target diagonal) KIF$function)
(forall (?] (CAT$category ?j) ?c (CAT$category ?c))
(and (= (KIF$source (diagonal [?j ?c])) (CAT$object ?c))
(= (KIF$target (diagonal [?j ?c])) functor)
(forall (?0 ((CAT$object ?c) ?0))
(and (= (source ((diagonal [?] ?c]) ?0)) ?j)
(= (target ((diagonal [?] ?c]) ?0)) ?c)
(= ((diagonal [?] ?c]) ?0)
(composition [(unique ?j) ((element ?c) 20)]))))))

o If category A is a subcategory of category B, there is an inclusion functor inClag : A — B whose object
and morphism functions are the subclass inclusion functions.

(13) (KIF$relation inclusion)
(= (KIF$source subcategory) (KIF$extent CAT$subcategory))
(= (KIF$target subcategory) functor)
(forall (?a (CAT$category ?a) ?b (CAT$category ?b) (subcategory ?a ?b))
(and (= (source (inclusion [?a ?b])) ?a)
(target (inclusion [?a ?b])) ?b)
(graph-nmor phi sm (inclusion [?a ?b]))
(GPH. MORS$i ncl usion [(graph ?a) (graph ?b)]))))

(:
(:
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o To each functor F : C - C', there is an opposite functor F° : C®? 0 C'®. The underlying graph mor-
phism of F? is the opposite |F °®| = |F|*" : |Cy|” — |C,|": the object function of F P is the object func-
tion of F, and the morphism function of F* is the morphism function of F. However, the source and
target categories are the opposite: src(F) = src(F)* and tgt(F°?) = tgt(F)®.

(14) (KIF$function opposite)

(= (KI'F$source opposite) functor)

(= (KIF$target opposite) functor)

(forall (?f (functor ?f))

(and (= (source (opposite ?f)) (CAT$opposite (source ?f)))
(= (target (opposite ?f)) (CAT$opposite (target ?f)))
(= (graph-norphi sm (opposite ?f))
( GPH. MOR$opposi te (graph-norphism ?h)))))

An immediate theorem is that the opposite of the opposite of a functor is the original functor.

(forall (?f (functor ?f))
(= (opposite (opposite ?2f)) 2f))

o  For any pair of categories C; and C; in there is an exponent collection of functors whose source cate-
gory is C; and whose target category is Co.

(15) (KIF$function exponent)
(= (KIF$source exponent) (KIF$binary-product [ CAT$category CAT$category]))
(= (KIF$target exponent) Kl F$collection)
(forall (?cl (CAT$category ?cl) ?c2 (CAT$category ?c2))
(and (KI F$subcol | ection (exponent [?cl ?c2]) functor)
(forall (?f (functor ?f))
(<=> ((exponent [?cl ?c2]) ?f)
(and (= (source ?f) ?cl)
(= (target ?f) 2c2))))))

Comma Categories
Comma categories are developed in section 2.6 in Mac Lane 1971.

o An opspan of functors consists of two functors F: A - C and G : B - C with a common target cate-
gory C. An opspan is determined by its opfirst and opsecond pair of functors.

(16) (KIF$collection opspan)

(17) (KIF$function categoryl)
(= (KIF$source categoryl) opspan)
(= (KIF$target categoryl) CAT$category)

(18)
KI F$sour ce category2) opspan)

Kl F$f uncti on cat egory?2)
=(
= (KIF$target category2) CAT$category)

(
(
(
(19) $f uncti on opvertex)

F
(KI F$source opvertex) opspan)
(

Kl
= (KIF$target opvertex) CAT$category)

(
(
(
(20) $f unction opfirst)

F
(KI F$source opfirst) opspan)
(

KI
= (KIF$target opfirst) functor)

(
(
(
(21) $f uncti on opsecond)

F
(KI F$source opsecond) opspan)
(

Kl
= (KIF$target opsecond) functor)

(
(
(

(22) (forall (?s (opspan ?s))
(and (= (SET.FTN$source (opfirst ?s)) (categoryl ?s))

(= (SET. FTN$source (opsecond ?s)) (category2 ?s))
(= (SET. FTN$t arget (opfirst ?s)) (opvertex ?s))
(= (SET. FTN$t arget (opsecond ?s)) (opvertex ?s))))
(forall (?s (opspan ?s) ?t (opspan ?t))
(=> (and (= (opfirst ?s) (opfirst ?t))

(= (opsecond ?s) (opsecond ?t)))
(= 7?s ?t)))
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o Each opspan of functors determines a comma category (F | G), my
whose objects are triples [&, m, b(with a O obj(A), b O obj(B) and F(ay) —> G(by)
m : F(a) - G(b), and whose morphisms
F(”)l lG(V)
ml, vk Ijll, mi, b1D—> Ijlz, may, sz

are pairs of morphisms u : a; » ap and v : by - b, from the source F(a2) mZE G(b2)
categories that satisfy the commutative Diagram 1.

Diagram 1: Comma Category

(23) (KIF$function conma-category)
(= (KI'F$source conma-category) opspan)
(= (KIF$t arget conmma-cat egory) CAT$cat egory)
(forall (?s (opspan ?s))
(and (forall (?0)
(<=> ((CAT$o0bj ect (conme-category ?s)) ?0)
(and (KIF$triple ?0)
((CATS$0bj ect (categoryl ?s)) (20 1))
((CAT$nor phi sm (opvertex ?s)) (?0 2))
((CAT$0bj ect (category2 ?s)) (?0 3))
(= ((CAT$source (opvertex ?s)) (20 2))
((object (opfirst ?s)) (2?0 1)))
(= ((CAT$target (opvertex ?s)) (?0 2))
((object (opsecond ?s)) (?0 3))))))
(forall (?m
(<=> ((CAT$nor phi sm (conma- category ?s)) ?m)
(and (KI F$pair ?m
((CAT$nor phi sm (categoryl ?s)) (?m1))
(= ((CAT$source (categoryl ?s)) (?m1l))
((CAT$source ?m 1))
(= ((CAT$target (categoryl ?s)) (?m1l))
((CAT$target ?m 1))
((CAT$nor phi sm (category2 ?s)) (?m2))
(= ((CAT$source (category2 ?s)) (?m2))
((CAT$source ?m 3))
(= ((CAT$target (category2 ?s)) (?m2))
((CAT$target ?m 3))
(= (((CAT$conposi tion (opvertex ?s))
[ ((CAT$source ?m) 2) (?m2)])
(((CAT$conposition (opvertex ?s))
[(?m1) ((CAT$target ?m) 2)])))))))

(24) (KIF$function objects-under-opspan)
(= (KI F$source objects-under-opspan) functor)
(= (KIF$t arget objects-under-opspan) Kl F$function)
(forall (?g (functor ?g))
(and (= (KI F$source (objects-under-opspan ?g)) (CAT$object (target ?g)))
(= (KIF$target (objects-under-opspan ?g) opspan)
(forall (?c ((CAT$object (target ?g)) ?c))
(and (= (categoryl ((objects-under-opspan ?g) ?c)) CATS$term nal)
(= (category2 ((objects-under-opspan ?g) ?c)) (source ?g))
(= (opvertex ((objects-under-opspan ?g) ?c)) (target ?g))
(= (opfirst ((objects-under-opspan ?g) ?c))
((element (target ?g)) ?c))
(= (opsecond ((objects-under-opspan ?g) ?c)) ?9)))))

(25) (KIF$function objects-under)
(= (KIF$source objects-under) functor)
(= (KIF$target objects-under) KIF$function)
(forall (?g (functor ?2g))

(and (= (KIF$source (objects-under ?g)) (CAT$object (target ?g)))
(= (KIF$target (objects-under ?g)) CAT. category)
(forall (?c ((CAT$object (target ?g)) ?c))
(= ((objects-under ?g) ?c)
(commua- cat egory ((objects-under-opspan ?g) ?c))))))
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For any functor U : B —» A and any object a [ 0bj(A), a universal morphism m,
from a to U (Diagram 2) is a pair [#,, dlconsisting of an object @ O obj(B) a —> U(a)

and a morphism m, : a - U(a), such that for every pair [, bOconsisting of
an object b [0 obj(B) and a morphism m : a - U(b), there is a unique mor- l U(m')

phism m' : @ - b of B with m, -oaU(m") = m. Equivalently, a universal mor-

phism is an initial object in the comma category (a | U). ()

Diagram 2: Universal

For an arbitrary pair [U, alJthe universal morphism may not exist — in the .
ypD P 4 Morphism

code below the term ‘COLS$i nitial * refers to a possibly empty class of ob-
jects.

(26) (KIF$function universal -norphism
(= (KI'F$source universal - mor phi sm functor)
(= (KIF$target universal -norphism Kl F$function)
(forall (?u (functor ?u))
(and (= (KIF$source (universal-norphism ?u)) (CAT$object (target ?u)))
(= (KIF$target (universal-norphism ?u)) SET$cl ass)
(forall (?a ((CAT$object (target ?u)) ?a))
(= ((universal - nor phi sm ?u) ?a)
(COL$initial ((objects-under ?u) ?a))))))

Quasi-Category Structure

(e]

A pair of functors F and G is composable when the target category of F is the source category of G.
For any composable pair of functors F:Cy - C; and G:C; —» C, there is a composition functor
FoG:Cy— C, Itis defined in terms of the underlying graph morphisms — object and morphism func-
tions are the composition functions of the object and morphism functions of the component functors,
respectively.

(27) (KI F$opspan conposabl e- opspan)

(= conposabl e-opspan [target source])
(28) F$rel ati on conposabl e)
(KI F$col | ectionl conposabl e) functor)
(KI F$col | ection2 conposabl e) functor)
(

KI
= (KI'F$ext ent conposabl e) (KIF$pul | back conposabl e- opspan))

~e~~—~

(29) F$functi on conposition)
(KI F$source conposition) (KIF$pul |l back conposabl e- opspan))
(KI F$t arget conposi tion) functor)
orall (?f1 (functor ?f1) ?f2 (functor ?f2) (conposable ?f1 ?f2))
(and (= (source (composition [?f1 ?f2])) (source ?f1l))
(= (target (conposition [?f1 ?f2])) (target ?f2))
(= (graph-norphi sm (conposition ?f1 ?f2))
(GPH. MOR$conposi tion [ (graph-norphism ?f1) (graph-norphism?f2)]))))

(K
(:
(:
(fo

For any category C there is an identity functor idc : C — C on that category. Its underlying graph mor-
phisms is the identity on the underlying graph — object and morphism functions are the identity func-
tions on the object and morphism sets of that category, respectively.
(30) (KIF$function identity)
(= (KIF$source identity) CAT$category)
(= (KIF$target identity) functor)
(forall (?c (CAT$category ?c))
(and (= (source (identity ?c)) ?c)
(= (target (identity ?c)) ?c)
(= (graph-norphism (identity ?c))
(GPH. MOR$i dentity (graph ?c)))))

It can be shown that functor composition satisfies the following associative law
(FieFo) e Fa=Fi° (F2° Fy)

for all composable pairs of functors (F1, F;) and (F», F3), and that graph morphism identity satisfies
the following identity laws
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ideoe F=F and F=F ¢ idc,

for any functor F: Cy — C; with source category C, and target category C;. Categories as objects and
functors as morphisms form a quasi-category (“quasi” since this is at the level of collections in founda-
tions). This has the following expression in an external namespace.
(forall (?f1 (FUNC$functor ?f1) ?f2 (FUNC$functor ?f2) ?f3 (FUNC$functor ?f3)
(conposabl e ?f1 ?f2) (conposable ?f2 ?f3))
(= (FUNC$conposi tion [(FUNC$conmposition [?f1 ?f2]) 2f3])
( FUNC$conposition [?f1 (FUNC$conposition [?f2 ?f3])])))

(forall (?f (FUNC$functor ?f))
(and (= (FUNCsconposition [(FUNC$i dentity (FUNC$source ?f)) ?2f]) ?f)
(= (FUNC$conposition [?f (FUNC$identity (FUNC$target ?f))]) ?f)))

Examples
Here are examples of functors defined elsewhere, but asserted to be functors here.

o  Three important functors are implicitly defined within the classification namespace in the IFF Model
Theory Ontology. These are concrete concepts, since they use concepts in the lower metalevel.

— The class functions ‘cl s$i nstance’ and ‘cl s. i nf 0$i nst ance’ represent the object and morphism
components of the instance functor inst : Classification — Set® (the opposite of the category
Set) — the object function takes a classification to its instance set and the morphism function takes
an infomorphism to its instance function.

— Dually, the SET functions ‘cl s$type’ and ‘cls.info$type’ represent the object and morphism
components of the type functor typ : Classification — Set — the object function takes a classifica-
tion to its type set and the morphism function takes an infomorphism to its type function.

— The class functions ‘cl s$i nst ance- power ” and ‘cl s. i nf 0$i nst ance- power ’ represent the object
and morphism components of the instance power functor pow : Set® - Classification.

The assertion that “inst, typ and pow are functors” could not be made in the IFF Model Theory Ontol-
ogy located in the lower metalevel of the IFF Foundation Ontology, since the appropriate functorial
machinery is not present there. The Category Theory Ontology provides that machinery. To make that
assertion requires that we also describe or identify the components of a functor: the source and target
categories, and the underlying graph morphism (object and morphism functions). Here we make these
assertions in an external namespace. Proofs of some functorial properties, such as preservation of asso-
ciativity, will involve getting further into the details of the specific category, in this case Classifica-
tion; in particular, the instance and type function components of an infomorphism, and the associativ-
ity of ‘set. ft n$conposi tion’.

(30) (FUNC$functor instance)

(= (FUNCs$source instance) Cl assification)
(= (FUNCs$t arget instance) (CAT$opposite Set))
(= (FUNC$underlying instance) cl s. i nfo$i nst ance- graph- nor phi sm

(= (FUNC$obj ect instance) cl s$i nst ance)
(= (FUNC$nor phi sminstance) cls.info$instance)

(31) (FUNC$functor type)
(= (FUNC$source type) Cl assification)
(= (FUNC$t arget type) Set )
(= (FUNC$underlying type) cl s. i nf o$t ype- gr aph- nor phi sm
(= (FUNCs$obj ect type) cl s$type)
(= (FUNC$nor phi smtype) cls.info$type)
(32) (FUNC$functor instance-power)
(= (FUNCs$source instance- power) (CAT$opposite Set))
(= (FUNCs$t arget instance- power) Cl assification)
(= (FUNCs$under | yi ng i nstance- power) cl s. i nfo$i nst ance- power - gr aph- nor phi sm

(= (FUNC3$0bj ect instance- power) cl s$i nst ance- power)
(= (FUNC$nor phi sm i nstance-power) cls.info$instance-power)



IFF Foundation Ontology
Robert E. Kent Page 18 1/2/2002

The Namespace of Large Natural Transformations
NAT

A natural transformation is a morphism of functors. This namespace represents large natural transforma-
tions. A natural transformation is large when its source and target functors are large. The content of the
namespace for natural transformations is initially developed in chapter 1 section 4 of Mac Lane 1971. All
terms declared and axiomatized in this namespace are listed in Table 1. The suggested prefix for this name-
space is ‘NAT’, standing for natural transformation: when used in an external namespace, all terms that
originate from this namespace should be prefixed with ‘NAT’.

Table 1: Terms introduced in the Category Theory Ontology

Collection Function Other
nat ural - source-functor target-functor vertical l y- conposabl e- opspan
NAT transformati on | source-category target-category | vertically-conposable
conponent hori zont al | y- conposabl e- opspan
vertical - conposition hori zont al | y- conposabl e

vertical -identity

hori zont al - conposi tion
hori zontal -identity

di agonal

Natural Transformations

F
o Suppose that two functors Fg, F1: Cy » C; share a common source category Cq 05
and a common target category C;. A natural transformation 7 from source functor Co or G
Fo to target functor Fy, written 1-dimensionally as 7: FoO F;: Cy —» C; or visu- —>
alized 2-dimensionally in Figure 1, is a collection of morphisms in the target F.
category parameterized by objects in the source category that link the functorial .
imagge;yp Y o) gory Figure 1: Natural

Transformation
7={1,: Fo(0) = F1(0) | 0 O 0obj(Cp)}.

A natural transformation is determined by its (source-functor, target-functor, component) triple.

(1) (KIF$collection natural-transfornation)

(2) (KIF$function source-functor)
(= (KI F$source source-functor) natural -transformation)
(= (KIFS$target source-functor) FUNCSfunctor)
(3) (KIF$function target-functor)
(= (KIF$source target-functor) natural -transformation)
(= (KIF$target target-functor) FUNCSfunctor)
(4) (KIF$function source-category)
(= (KI F$source source-category) natural -transformation)
(= (KIFS$target source-category) CAT$category)
(forall (?tau (natural-transformation ?tau))
(and (= (FUNC$source (source-functor ?tau))
(source-category ?tau))
(= (FUNCs$t arget (source-functor ?tau))
(target-category ?tau))))
(5) (KIF$function target-category)
(= (KIF$source target-category) natural -transformation)
(= (KIF$target target-category) CAT$category)
(forall (?tau (natural-transformation ?tau))

(and (= (FUNC$source (target-functor ?tau))
(source-category ?tau))
(= (FUNC$target (target-functor ?tau))
(target-category ?tau))))

(6) (KIF$function conponent)
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(= (KI F$source conponent) natural -transformation)
(= (KIF$target conponent) SET. FTN$functi on)
(forall (?tau (natural-transformation ?tau))
(and (= (SET. FTN$source (conponent ?tau))
(CATS$obj ect (source-category ?tau)))
(= (SET. FTN$t ar get (conponent ?tau))
( CAT$nor phi sm (target-category ?tau)))))

(forall (?taul (natural-transformation ?taul)
?tau2 (natural -transfornation ?tau2))
(=> (and (= (source-functor ?taul) (source-functor ?tau2))
(= (target-functor ?taul) (target-functor ?tau2))
(= (conponent ?taul) (conponent ?tau2)))
(=?taul ?tau2)))

o The source and target objects of the components of a natural transformation are image objects of the
source and target functors:

src(Cy)(z(0)) = obj(Fy)(0) and tgt(C,)(z(0)) = obj(F1)(0)
for any object o [ 0bj(C,).

(7) (forall (?tau (natural-transformation ?tau))
(and (= (SET. FTN$conposition
[ (component ?tau) (CAT$source (target-category ?tau))])
( FUNC$0bj ect (source-functor ?tau)))
(= (SET. FTN$conposi tion
[ (component ?tau) (CAT$target (target-category ?tau))])
(FUNCs$obj ect (target-functor ?tau)))))

o The components of a natural transformation interact with the

T
functorial images by satisfying the fundamental property 0 Fy(0) g Fi(0)
(commutative Diagram 1):
MOr(F)(m) =' «(@1"(m)) = o0’ (m)) = mor(F,) (m) m, mm| | Fi
for any morphism m O mor(Cy). Here is the (somewhat o Fo(o') ? Fi(0")
complicated) KIF representation for this interaction, which 7(0)

uses pullback pairing with respect to the composition opspan
of the target category of the natural transformation. This is
the logical KIF formalization of the fundamental property of
natural transformations, expressing the commutative Diagram 1.

Diagram 1: Natural Transformation

(8) (forall (?tau (natural-transformation ?tau))
(= (SET. FTN$conposi tion
[ ((SET. LI M PBK$pai ri ng (CAT$conposabl e- opspan (target-category ?tau)))
[ (SET. FTN$conposi ti on
[ (CAT$source (source-category ?tau)) (conponent ?tau)])
( FUNC$nor phi sm (target-functor ?tau))])
(CAT$conposi tion (target-category ?tau))])
( SET. FTN$conposi ti on
[ ((SET. LI M PBK$pai ri ng (CAT$conposabl e- opspan (target-category ?tau)))
[ (FUNC$nor phi sm (source-functor ?tau))
( SET. FTN$conposi ti on
[ (CAT$t arget (source-category ?tau)) (conmponent ?tau)])])
(CAT$conposition (target-category ?tau))])))



IFF Foundation Ontology
Robert E. Kent Page 20 1/2/2002

2-Dimensional Category Structure

o A pair of natural transformations ¢ and 7 is vertically composable when the target functor of the first is
the source functor of the second, o: Fo F1:Cyp - Ciand z: F; 0 F,: Cy — Cy. The vertical compo-
sition o+ 7:Fold F,: Cy - Cy of two vertically composable natural transformations (Diagram 2) is
defined as morphism composition in the target category: oe*7(0) = o(0) - 7(0) for any object

o 0 obj(Cy).

7 (0) 7(0) Fo
0 Fo(0) —> Fi(0) —> Fx(0) -
D o
m J/ Fo(m)\L J/Fl(m) le(m) Co — C;
D T
o' Fo(o') —> Fi(0") —> Fy(0") >
7 (0') 7(0') F

Diagram 2: Vertical composition

(9) (KIF$opspan vertically-conposabl e- opspan)
(= conposabl e- opspan [target-functor source-functor])

(10) (KIF$relation vertically-conposable)
(= (KIF$col l ectionl vertically-conposable) natural -transformation)
(= (KI'F$col | ection2 vertically-conposabl e) natural -transformtion)
(= (KIF$extent vertically-conposabl e)

(KI F$pul | back vertical | y- conposabl e- opspan))

(11) (KIF$function vertical -conposition)
(= (KIF$source vertical -conposition)
(KI F$pul | back vertical | y- conposabl e- opspan))
(= (KIF$target vertical-conposition) natural-transformation)
(forall (?sigma (natural-transformation ?sigma)
?tau (natural -transformati on ?tau) (conposable ?sigma ?tau))
(and (= (source-functor (vertical-conposition [?sigma ?tau]))
(source-functor ?sigm))
(= (target-functor (vertical-conposition [?sigma ?tau]))
(target-functor ?tau))
(= (source-category (vertical-conposition [?sigma ?tau]))
(source-category ?sigm))
(= (target-category (vertical-conposition [?sigma ?tau]))
(target-category ?sigm))
(= (component (vertical-conposition [?sigma ?tau]))
( SET. FTN$conposi ti on
[ ((SET. LI M PBKS$pai ri ng
(CAT$conposabl e- opspan (target-category ?sigm)))
[ (conponent ?signa) (conponent ?tau)])
(CAT$conposition (target-category ?sigma))]))))

o For any functor F: Cy —» C; there is a vertical identity natural transformation Ir: FO F:Cy - Cy
defined in terms of identity morphisms in the target category: Ir (0) = ilonjr)e) for any object
o 0 obj(Cy).

(12) (KIF$function vertical-identity)
(= (KIF$source vertical-identity) FUNC$functor)
(= (KIF$target vertical-identity) natural-transfornation)
(forall (?f (FUNC$functor ?f))
(and (= (source-functor (vertical-identity ?f)) ?f)
(= (target-functor (vertical-identity ?f)) ?f)
(= (component (vertical-identity ?f))
( SET. FTN$conposi ti on
[ (FUNC$obj ect ?f) (CAT$identity (FUNC$target ?f))]))))

o A pair of natural transformations ¢ and 7 is horizontally composable when the target category of the
first is the source category of the second, o: FoO F1:Cyo - Cyand 7: Gy G;: Cy - C,. The hori-
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zontal composition c°7t:Fg° GO F;°G;:Co— C, of two horizontally composable natural trans-
formations (Diagram 3) is defined by pasting together naturality diagrams:

0 °7(0) =0°Gy(0) - Fi°7(0) = Gy(0(0)) - «(F,(0))
= Fo°1(0) - 6°G1(0) = 2(Fo(0)) - Gi(a(0))

for any object o U Obj(C,). The alternate definitions are equal, due to the naturality of 7. In the follow-
ing KIF formalism, we use the first alternative definition (underlined).

Gy(a(0)) ©(Fy(0))
o Go(Fo(0)) —> Gy(Fi(0)) —> Gi(Fi(0)) Fo Go
—_— >
m l \LGo(Fo(m)) \LGO(FI(’")) \LGI(FZ(”’)) Co go Ci gt G
—_— —>
o' Gy(Fy(0")) —=>Gy(Fi(0")) — Gy(Fi(0") Fi G,
Go(o(0") ©(Fi(0")

Diagram 3: Horizontal composition

(13) (KIF$opspan horizontal | y-conposabl e- opspan)
(= hori zontal | y-conposabl e- opspan [target-category source-category])

(14) (KIF$relation horizontally-conposabl e)
(= (KIF$col l ectionl horizontal | y-conposabl e) natural -transformation)
(= (KI'F$col | ection2 horizontal -conposabl e) natural -transformtion)
(= (KIF$extent horizontally-conposabl e)

(KI F$pul | back hori zontal | y- conposabl e- opspan))

(15) (KIF$function horizontal -conposition)
(= (KI'F$source horizontal - conposi tion)
(KI F$pul | back hori zontal | y- conposabl e- opspan))
(= (KIF$target horizontal -conposition) natural -transformation)
(forall (?sigma (natural-transformation ?sigma)
?tau (natural -transformati on ?tau) (conposable ?sigma ?tau))
(and (= (source-functor (horizontal-conposition [?sigma ?tau]))
(FUNC$conposi tion [(source-functor ?sigma) (source-functor ?tau)]))
(= (target-functor (horizontal-conposition [?sigma ?tau]))
(FUNC$conposition [(target-functor ?sigma) (target-functor ?tau)]))
(= (source-category (horizontal -conposition [?sigma ?tau]))
(source-category ?sigm))
(= (target-category (horizontal -conposition [?sigma ?tau]))
(target-category ?tau))
(= (component (horizontal -conposition [?sigma ?tau]))
( SET. FTN$conposi ti on
[ ((SET. LI M PBKS$pai ri ng
(CAT$conposabl e- opspan (target-category ?sigm)))
[ (SET. FTN$conposi ti on
[ (component ?sigma) (FUNC$nor phi sm (source-functor ?tau))])
( SET. FTN$conposi ti on
[ (FUNC$obj ect (target ?sigma)) (conponent ?tau)])])
(CAT$conposi tion (target-category ?tau))]))))

o For any category C there is a horizontal identity natural transformation I : idc O idc : C — C defined
in terms of identity morphisms in the category C: Ic (o) = id®, for any object o [ obj(C).

(16) (KIF$function horizontal -identity)
(= (KIF$source horizontal -identity) CAT$category)
(= (KIF$target horizontal -identity) natural -transformation)
(forall (?c (CAT$category ?c))
(and (= (source-functor (horizontal-identity ?c)) (FUNC$identity ?c))
(= (target-functor (horizontal-identity ?c)) (FUNCSidentity ?c))
(= (conponent (horizontal-identity ?c)) (FUNC$identity ?c))))

o  Given any category C and any category J, the diagonal natural transformation A; ¢ maps a morphism
m: 0g — 01 in C to an associated constant natural transformation A; c(m) : Ay c(oo) O Aj c(o1):J - C
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between constant functors — its component function maps each object j [J 0bj(J) to the morphism
m O mor(C). This constitutes the morphism part of the diagonal functor A; ¢ : C - c’.

(16) (KIF$function diagonal)
(= (KIF$source diagonal) (KIF$power [KIF$two CAT$category]))
(= (KIF$target diagonal) KIF$function)
(forall (?] (CAT$category ?j) ?c (CAT$category ?c))
(and (= (KIF$source (diagonal [?j ?c])) (CAT$norphism ?c))
(= (KIF$target (diagonal [?j ?c])) natural -transformation)
(forall (?m ((CAT$norphism ?c) ?m)
(and (= (source-category ((diagonal [?] ?c]) ?m)) ?j)
(= (target-category ((diagonal [?] ?c]) ?m)) ?c)
(= (source-functor ((diagonal [?] ?c]) ?m)
((FUNC3di agonal [?j ?c]) ((CAT$source ?c) ?m)))
(= (target-functor ((diagonal [?] ?c]) ?m)
((FUNC$di agonal [?] ?c]) ((CAT$target ?c) ?m))))))

0 There is a quasi-category (a foundationally large category with object and morphism collections),
whose objects are functors, whose morphisms are natural transformation, whose source and target are

the source and target functors for a natural transformation, whose composition is vertical composition,
and whose identities are the vertical identities.

0 There is a quasi-category, whose objects are categories, whose arrows are natural transformation,
whose source and target are the source and target categories for a natural transformation, whose com-
position is horizontal composition, and whose identities are the horizontal identities.

We can prove the following theorems.

Fo Go
0 The horizontal composition can be written in two different forms: —> —
oo U7
0°t =(Irg° 1) (0°161) = (0°1so) - (IF1 © 7). Co—>C—> G,
o
0 Vertical and horizontal composition satisfy the interchange law: g g
F, G,

(60" 01)° (10" 71) =(00° 70) " (01°71)

for any three categories, six functors and four natural transformations Figure 2: Interchange Law

as in the diagram in Figure 2.

(forall (?sigma0 (natural-transformation ?si gnma0)
?sigmal (natural -transformation ?si gnal)
?tau0 (natural -transformation ?tau0)
?taul (natural-transfornation ?taul))

(=> (and (vertically-conposable ?sigma0 ?si gmal)
(vertical |l y-conmposabl e ?tau0 ?taul)
(horizontal | y- conposabl e ?si gma0 ?t au0)
(horizontal | y-conposabl e ?si gmal ?taul))

(= (horizontal -conposition
[(vertical -conmposition [?sigma0 ?signal])
(vertical -conmposition [?tau0 ?taul])])
(vertical -conposition
[ (horizontal -conposition [?sigma0 ?tau0])
(horizontal -conposition [?sigmal ?taul])]))))
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The Namespace of Large Adjunctions
ADJ

Categories are not only related by functors but also related through adjunctions. This namespace represents
large adjunctions — adjunctions whose underlying and free categories are large. The content of the name-
space for adjunctions is developed in chapter 4 of Mac Lane 1971. All terms declared and axiomatized in
this namespace are listed in Table 1. The suggested prefix for the basic terms in this namespace is ‘ADJ’,
standing for adjunction: when used in an external namespace, all basic terms that originate from this name-
space should be prefixed with ‘ADJ’. There is also a subcollection of terms concerned with morphisms of
adjunctions. These should be prefixed with ‘ADJ. MOR’.

Table 1: Terms introduced in the Category Theory Ontology

Collection Function Other
adj uncti on under | yi ng- cat egory
ADJ reflection free-category
coreflection | ef t-adj oi nt right-adjoint
unit counit
nmonad

free eil enberg- noore-conpari son
extensi on kliesli-conparison

conj ugate-pair source target eta inst-pow
ADJ | eft-conjugate right-conjugate
. MOR

Adjunctions

o An adjunction [F,U, 5, e[l A - B consists of a pair of natural transformations called the unit
n:ida0 F - U and counit e : U - F O idg of the adjunction, a pair of functors called the left adjoint (or
free functor) F:A - B and the right adjoint (or underlying functor)

U:B - A of the adjunction, and a pair of categories called the underlying (F, U, 5, 00
category A and free category B of the adjunction (Figure 1). An adjunction is A T B
governed by a pair of triangle identities,

Figure 1: Adjunction
nFeFe= 1 and eU » Up =1,

as illustrated in Diagram 1. Adjunctions are determined by the sextuple (unit, counit, left-adjoint, right-
adjoint, underlying-category, free-category).

B
F id
A —> B UJ/ \B
n .
O |u idg FD
|dA 0 = lF A ? B = lu
I3 O
A > B i‘&”lu
A

Diagram 1: Triangle identities

(1) (KIFS$collection adjunction)

(2) (KIF$function underlying-category)
(= (KI F$source underlying-category) adjunction)
(= (KIFS$target underlying-category) CAT$category)

(3) (KIF$function free-category)
(= (KI F$source free-category) adjunction)
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(= (KIF$target free-category) CAT$category)

(4) (KIF$function |eft-adjoint)
(= (KIF$source | eft-adjoint) adjunction)
(= (KIF$target |eft-adjoint) FUNCSfunctor)
(forall (?a (adjunction ?a))
(and (= (CAT$source (left-adjoint ?a)) (underlying-category ?a))
(= (CAT$target (left-adjoint ?a)) (free-category ?a))))
(5) (KIF$function right-adjoint)
(= (KI F$source right-adjoint) adjunction)
(= (KIFS$target right-adjoint) FUNCSfunctor)
(forall (?a (adjunction ?a))
(and (= (CAT$source (right-adjoint ?a)) (free-category ?a))
(= (CAT$target (right-adjoint ?a)) (underlying-category ?a))))
(6) (KIF$function unit)
(= (KIF$source unit) adjunction)
(= (KIF$target unit) NAT$natural -transformation)
(forall (?a (adjunction ?a))
(and (= (NAT$source (unit ?a))
(FUNCs$i dentity (underlying-category ?a)))
(= (NAT$target (unit ?a))
(FUNC$conposition [(left-adjoint ?a) (right-adjoint ?a)]))))
(7) (KIF$function counit)
(= (KI'F$source counit) adjunction)
(= (KIF$target counit) NAT$natural -transfornation)
(forall (?a (adjunction ?a))

(and (= (NAT$source (counit ?a))
(FUNC$conposition [(right-adjoint ?a) (left-adjoint ?a)]))
(= (NAT$target (counit ?a))
(FUNCsi dentity (free-category ?a)))))

(8) (forall (?a (adjunction ?a))
(= (NAT$verti cal - conposi tion
[ (NAT$hori zont al - conposi tion
[(unit ?a) (NAT$vertical-identity (left-adjoint ?a))])
(NAT$hori zont al - conposi ti on
[ (NAT$vertical -identity (left-adjoint ?a)) (counit ?a)])])
(NAT$vertical -identity (left-adjoint ?a))))

(9) (forall (?a (adjunction ?a))
(= (NATS$verti cal - conposi tion
[ (NAT$hor i zont al - conposi tion
[(counit ?a) (NAT$vertical-identity (right-adjoint ?a))])
(NATS$hori zont al - conposi tion
[ (NAT$vertical -identity (right-adjoint ?a)) (unit ?a)])])
(NAT$vertical -identity (right-adjoint ?a))))

(10) (forall (?al (adjunction ?al) ?a2 (adjunction ?a2))

(=> (and (= (underlying-category ?al) (underlying-category ?a2))
(free-category ?al) (free-category ?a2))
(left-adjoint ?al) (left-adjoint ?a2))
(right-adjoint ?al) (right-adjoint ?a2))

(unit ?al) (unit ?a2))
(

counit ?al) (counit ?a2)))
(= ?al ?a2)))

(
(
(
(
(

o Adjunctions and universal morphisms are closely related — we can prove the following theorem: if
U:B - A is any functor, then U is the right adjoint functor in an adjunction [F, U, 7, e[t A — B iff
there is a universal morphism for every object a [J obj(A).

—  Given the adjunction, the universal morphism for a (1 obj(A) is given by [, F(a)[]

— Given the collection of universal morphisms {{in,, @0 a 0 obj(A)}, define the object part of F by
F(a) = @ and define the morphism part of F as follows: F(m : a - &') is the unique morphism
fa - nU(F(m)) =m - ;.

We express this result in an external namespace.
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(forall (?u (FUNC$functor ?u))
(<=> (exists (?adj (ADJ$adjunction ?adj))
(= ?u (ADI$right-adjoint ?adj))
(forall (?a ((CAT$object (FUNCStarget ?u)) ?a))
(exists (?x (((universal-norphism?u) ?a) ?x))))))

o It is a standard fact that every adjunction [F, U, , e[ A — B gives rise to a monad [T, #, ullin a cate-
gory A, where

T = F-°U
=7
U = Igeeely

(11) (KIF$function nonad)
(= (KI F$source nonad) adjunction)
(= (KIF$target nonad) M\D$nonad)
(forall (?a (adjunction ?a))
(and (= (M\D$category (nonad ?a))
(underlyi ng-category ?a))
(= (M\D$endof unctor (nonad ?a))
(FUNC$conposition [(left-adjoint ?a) (right-adjoint ?a)]))
(= (M\D$unit (nonad ?a))
(unit ?a))
(= (M\D$nul tiplication (nmonad ?a))
(NAT$hori zont al - conposi ti on
[ (NAT$vertical -identity (left-adjoint ?a))
(NAT$hori zont al - conposi ti on
[(counit ?a)
(NAT$vertical -identity (right-adjoint ?a))])]))))

o  Consider the opposite direction. We know that every monad M = [T, #, ullin the category A gives rise
to two distinguished adjunctions (see the sections below that axiomatize the monad namespace),
- the Eilenberg-Moore adjunction F™, UM, 4™, eV AM . A and
— the Kliesli adjunction Fy, Uy, #m, em: Ay — AL
If the monad M is the one generated by an adjunction [F, U, 7, e[ A — B, then the three adjunctions
are comparable: there exists two distinguished functors, the Kliesli comparison functor Ky : Ay - B
and the Eilenberg-Moore comparison functor KM : B — AV that satisfy the following identities.

Uu = KM.uM K KM
Ay —5 B —> AM

. Sl e

UM = KM°U

E = FyeKy Diagram 2: Comparison Functors

- The Eilenberg-Moore comparison functor KM : B . AM maps an object » [ obj(B) to the fiee al-
gebra KM(b) = [U(b), U(e(b))Jand maps a B-morphism /4 : b — b' to the homomorphism F¥(4) =
U(h) : [U(b), U(e(b))O- WD), U(e())O

—  The Kliesli comparison functor Ky : Ay — B maps an object a [ obj(Ay) to the B-object KM(b) =
F(a) and maps an Ay-morphism [&, a'(}: a — a', where h:a - T(a') is an A-morphism, to the
extension B-morphism F(%) -g ¢(F(a") : F(a) - F(a").

(12) (KIF$function free)

(= (KIF$source free) adjunction)

(= (KIF$target free) SET. FTN$function)

(forall (?a (adjunction ?a))

(and (= (SET. FTN$source (free ?a)) (CAT$object (free-category ?a)))
(= (SET. FTN$target (free ?a)) (M\D$al gebra (nonad ?a)))
(= (SET. FTN$conposition [(free ?a) (MD. EMbobj ect (nonad ?a))])
( FUNC$0bj ect (right-adjoint ?a)))
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(= (SET. FTN$conposition [(free ?a) (M\D. EMBstructure-map (nonad ?a))])
( SET. FTN$conposi ti on
[ (NAT$conponent (counit ?a))
( FUNC$nor phi sm (right-adjoint ?a))]))))

(13) (KIF$function eil enberg-noore-conparison)
(= (KIF$source eil enberg-noore-conpari son) adjunction)
(= (KIF$target eilenberg-noore-conparison) FUNC$functor)
(forall (?a (adjunction ?a))
(and (= (FUNCssource (eil enberg-noore-conparison ?a)) (free-category ?a))
(= (FUNCs$t arget (eil enberg-nmoore-conpari son ?a))
(M\D. EMbei | enber g- noore (nonad ?a)))
(FUNCs$o0bj ect (eil enber g- noore-conparison ?a)) (free ?a))
( SET. FTN$conposi ti on
[ (FUNC$nor phi sm (ei | enber g- noor e- conpari son ?a))
( M\D. EMBnor phi sm (nonad ?a))])
(FUNC$nor phi sm (right-adjoint ?a)))))
(14) (KIF$function extension)
= (KI F$source extension) adjunction)
= (KI F$t arget extension) SET. FTN$f uncti on)
forall (?a (adjunction ?a))
(and (= (SET. FTN$source (extension ?a))
(' SET. LI M PBK$pul | back (M\D. KLI $ror phi sm opspan (nonad ?a))))
(SET. FTN$t arget (extension ?a)) (CAT$nor phism (free-category ?a)))
(extension ?a)
( SET. FTN$conposi ti on
[ ((SET. LI M PBK$pai ring
(CAT$conposabl e- opspan ( MND$f ree-category ?a)))
[ (SET. FTN$conposi ti on
[ (SET. LI M PBK$pr oj ecti onl
( MND. KLI $nor phi sm opspan (nonad ?a)))
(FUNC$nor phism (left-adjoint ?a))])
( SET. FTN$conposi ti on
[ (SET. LI M PBK$pr oj ecti on2
( MND. KLI $nor phi sm opspan (nonad ?a)))
( SET. FTN$conposi ti on
[ (FUNC$obj ect (left-adjoint ?a))
(NAT$conponent (counit ?a))])1)])
(CAT$conposition (free-category ?a))]))))

(
(
(
(

(:
(:

(15) (KIF$function kliesli-conparison)
(KI F$source kliesli-conparison) adjunction)
(KI F$t arget kliesli-conparison) FUNCS$functor)
rall (?a (adjunction ?a))
(and (= (FUNC$source (kliesli-conparison ?a)) (M\D.KLI$kliesli (nmpbnad ?a)))
(= (FUNC$target (kliesli-conparison ?a)) (free-category ?a))
(= (FUNC$obj ect (kliesli-conparison ?a))
(FUNC$obj ect (1l eft-adjoint ?a)))
(= (FUNC$nor phi sm (kliesli-conparison ?a)) (extension ?a))))

(
(
(
(

fo

o Given any two categories A and B, a (strong) reflection of A into B is an adjunction
F, U, n, Lizggl: A — B whose counit is the identity, ¢ = Iigg, with U - F = idg, so that U has injective
object and morphism functions and B is a subcategory of A via U. That is, a subcategory B [1 A is a re-
flection of A when the injection functor has a left adjoint right inverse (lari). Dually, given any two
categories A and B, a (strong) coreflection of A into B is an adjunction [F, U, Ijga, e[t A — B whose
unit is the identity, # = Iiga, with F - U = id,, so that F has injective object and morphism functions and
A is a subcategory of B via F. That is, a subcategory A U B is a coreflection of B when the injection
functor has a right adjoint right inverse (rari).

(16) (KIF$collection reflection)
(KI F$subcol | ection reflection adjunction)
(forall (?a (adjunction ?a))
(<=> (reflection ?a)
(and (= (FUNC$conposition [(right-adjoint ?a) (left-adjoint ?a)])
(FUNCS$i dentity (free-category ?a)))
(= (counit ?a)
(NAT$vertical -identity
(FUNCsi dentity (free-category ?a)))))))
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(17) (KIF$collection coreflection)
(KI F$subcol | ection coreflection adjunction)
(forall (?a (adjunction ?a))
(<=> (coreflection ?a)
(and (= (FUNCsconposition [(left-adjoint ?a) (right-adjoint ?a)])
(FUNCS$i dentity (underlying-category ?a)))
(= (unit ?a)
(NAT$vertical -identity
(FUNCS$i dentity (underlying-category ?a)))))))

Adjunction Morphisms

ADJ. MOR

Adjunctions are related (vertically) by conjugate pairs of natural transformations.

(e]

Suppose that two adjunctions [F, U, », e[JF', U', 5', 'l 4 —» B share a

common underlying (source) category A and a common free (target) . U, 6D
category B. A conjugate pair of natural transformations A 0B
o,z F, U, n,el0 F',U", 7', 'l A - B from source adjunction _—
F, U, , e[tto target functor (F', U', ', &'l visualized 2-dimensionally in 0, U, 7, &0

Figure 2, consists of a left conjugate natural transformation o: F 0 F'
between the left adjoint (free) functors and a (contravariant) right conju-
gate natural transformation 7: U' [0 U between the right adjoint (underlying) functors, which satisfy
either of the equivalent conditions in Table 2:

Figure 2: Conjugate Pair

Table 2: Equivalent Conditions for Conjugate Pairs

7 = UpeUoU-c'U 6 = pFeFtF+Fs
e = Ug-sd neoU = g <F1

As these equivalents indicate, the natural transformation o determines the natural transformation z, and
vice versa. Therefore, a conjugate pair is determined by either its left or right conjugate natural trans-
formation. The left two equivalent conditions in Table 1 are used here.

(11) (KIF$collection conjugate-pair)

(12) (KIF$function source)

(= (KI'F$source source) conjugate-pair)

(= (KIF$target source) ADJ$adjunction)
(13) (KIF$function target)

(= (KIF$source target) conjugate-pair)

(= (KIF$target target) ADJ$adjunction)

(14) (forall (?p (conjugate-pair ?p))
(and (= (ADJ$underlying-category (source ?p))
(ADJ$under | yi ng-category (target ?p)))
(= (ADJ$free-category (source ?p))
(ADJI$free-category (target ?p)))))
(15) (KIF$function |eft-conjugate)
KI F$source | eft-conjugate) conjugate-pair)
Kl F$t arget | eft-conjugate) NAT$natural -transfornation)
all (?p (conjugate-pair ?p))
(and (= (NAT$source (left-conjugate ?a))
(ADJ$l ef t -adj oi nt (source ?p)))
(= (NAT$target (left-conjugate ?a))
(ADJS$l eft-adjoint (target ?p)))))

S~

fo

(16) (KIF$function right-conjugate)
= (KI F$source right-conjugate) conjugate-pair)
= (KIF$target right-conjugate) NAT$natural -transformation)
forall (?p (conjugate-pair ?p))
(and (= (NAT$source (right-conjugate ?a))
(ADJ$right-adjoint (target ?p)))

(
(
(
(
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(= (NAT$target (right-conjugate ?a))
(ADJI$right-adjoint (source ?p)))))

(17) (forall (?p (conjugate-pair ?p))
(and [t=Une*UdcU-«¢'U]
(= (left-conjugate ?a)
(ADJ$vertical - conposition
[ (ADJ$verti cal - conposi tion
[ (ADJ$hori zont al - conposi tion
(NAT$vertical -identity (ADJ$right-adjoint (target ?p)))
(ADJ$unit (source ?p))])
(ADJ$hori zont al - conposi ti on
[ (ADJ$hori zont al - conposi tion
[ (NAT$vertical -identity (ADJ$right-adjoint (target ?p)))
(left-conjugate ?p)])
(NAT$vertical -identity (ADJI$right-adjoint (source ?p)))])])
(ADJ$hori zont al - conposi ti on
[ (ADJ$counit (target ?p))
(NAT$vertical -identity (ADJI$right-adjoint (source ?p)))]1)]))
[tFee= Uog=¢']
(= (ADJ$vertical - conposition
[ (ADJ$hori zont al - conposi tion
[(right-conjugate ?p)
(NAT$vertical -identity (ADJ$l eft-adjoint (source ?p)))])
(ADJ$counit (source ?p))])
(ADJ$verti cal - conposition
[ (ADJ$hori zont al - conposi tion
[ (NAT$vertical -identity (ADJI$right-adjoint (target ?p)))
(left-conjugate ?p)])
(ADJ$counit (target ?p))]))
))

Examples
Here are examples of adjunctions defined elsewhere, but asserted to be adjunctions here.

o  There is a natural transformation 1 from the identity functor on Classification to the composition of
the underlying instance and instance power functors, whose component at any classification is the ex-
tent infomorphism associated with that classification. The underlying instance functor

inst : Classification - Set™
is left adjoint inst 4 pow to the instance power functor

pow : Set® - Classification,
and N is the unit of this adjunction. Here is the KIF formalization for these facts, expressed in an exter-
nal namespace.

(NAT$natural -transformation eta)

(= (NAT$source eta) (FUNC$identity O assification))

(= (NAT$target eta) (FUNC$conposition [instance instance-power]))
(= (NAT$conponent eta) cls$extent)

( FUNC$conposabl e i nstance instance- power)
(= (FUNC$conposition [instance-power instance]) (FUNC$identity Set))

(ADJ$adj unction inst-pow)

(= (ADJ$underlying-category inst-pow) C assification)

(= (ADJ$free-category inst-pow) Set)

(= (ADJ$l ef t - adj oi nt i nst-pow) i nst ance)

(= (ADJ$right-adjoint inst-pow) i nst ance- power)

(= (ADJ$unit inst-pow) et a)

(= (ADJ$counit inst-pow) (NATS$i dentity (FUNC$i dentity Set)))
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The Namespace of Large Monads
M\D

In one sense, monads are universal algebra lifted to category theory. This namespace represents large mo-
nads — monads whose category and functor are large. Monads are also known as “triples” in the literature.
The content of the namespace for monads is developed in chapter 6 of Mac Lane 1971. All terms declared
and axiomatized in this namespace are listed in Table 1. The suggested prefix for the basic terms in this
namespace is ‘M\D’, standing for monad: when used in an external namespace, all basic terms that originate
from this namespace should be prefixed with ‘MND’. In addition, there are two specialized collections of
terms — either centered around the Eilenberg-Moore category of algebras or centered around the Kliesli
category of terms. The suggested prefixes for these terms are ‘MND. EM and ‘M\D. KLI °, respectively.

Table 1: Terms introduced in the Category Theory Ontology

Collection Function Other
nonad category functor
MND unit multiplication

nonad- nor phi sm source target
natural -transfornation

al gebra
MN\D obj ect structure-map
. EM hononor phi sm

source target

nmor phi sm

conposabl e- opspan conposabl e
conposition identity
ei | enber g- noore
underlying free

unit counit adjunction
nor phi sm opspan

ND identity-cone

. KLI conposabl e- opspan

ext ensi on

kliesl

under | yi ng

enbed free

unit counit adjunction

Monads and Monad Morphisms

For any type of algebra (such as groups, complete semilattices, etcetra) there is a category of algebras Alg,
its (right adjoint) forgetful functor U from Alg to Set and its (left adjoint) free functor F in the reverse di-
rection. The composite functor T = F o U on Set comes equipped with two natural transformations that
give it a monoid-like structure.

idreu neidr idrey
T}3——> 712 T=idpo T —> T2<— Toida=T
> id J/ J/
M T M idT\ J/ﬂ%dT
T2——> 7
U T

Diagram 1: Monad

o A monad M = [T, , uUon a category A is a triple consisting of an underlying endofunctor T : A - A
and two natural transformations
n:ida0 Tandpu: ToTO T

which satisfy the commuting diagrams in Diagram 1 (where T Z=ToTandT3=ToTo T).
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The natural transformation # : ida 0 T is called the unit of the monad, and the natural transformation
w:ToTO Tis called the multiplication of the monad. In Diagram 1, the axiom on the left is called
the associative law for the monad and the axioms on the right are called the left unit law and the right
unit law, respectively. Monads are determined by their (f unct or , unit, multiplication) triples.

(1) (KIF$collection nonad)

(2) (KIF$function category)
(= (KI F$source category) nonad)
(= (KIFS$target category) CAT$category)

(3) (KIF$function functor)
(= (KIF$source functor) nonad)
(= (KIF$target functor) FUNCSfunctor)
(forall (?m (rmonad ?m)
(and (= (FUNC$source (functor ?m)) (category ?m)
(= (FUNC$target (functor ?m)) (category ?m)))
(4) (KIF$function unit)
(= (KIF$source unit) nonad)
(= (KIF$target unit) NAT$natural -transformation)
(forall (?m (nmonad ?m)
(and (= (NAT$source-functor (unit ?nm)) (FUNCS$identity (category ?m))
(= (NAT$target-functor (unit ?m) (functor ?m)))
(5) (KIF$function multiplication)
(= (KIF$source nul tiplication) nonad)
(= (KIF$target nultiplication) NAT$natural -transformation)
(forall (?m (nmonad ?m)

(and (= (NAT$source-functor (multiplication ?m)
(FUNC$conposition [(functor ?m) (functor ?m]))
(= (NAT$target-functor (rultiplication ?m) (functor ?m)))

(6) (forall (?m(nonad ?n))
(= (NAT$vertical -identity
[ (NAT$hor i zont al - conposi tion
[ (NAT$vertical -identity (functor ?nm)) (multiplication ?m])
(rmultiplication ?m])
(NAT$vertical -identity
[ (NAT$hor i zont al - conposi tion
[(nultiplication ?m) (NAT$vertical-identity (functor ?m)])
(multiplication ?m1])))

(7) (forall (?m (nonad ?n))
(and (= (NAT$vertical -identity
[ (NAT$hori zont al - conposi tion
[(unit ?m) (NAT$vertical-identity (functor ?2m)])
(rmultiplication ?m])
(NAT$vertical -identity (functor ?m))
(= (NAT$vertical -identity
[ (NAT$hori zont al - conposi tion
[ (NAT$vertical -identity (functor ?m) (unit ?m])
(rmultiplication ?m])
(NAT$vertical -identity (functor ?2m))))

(8) (forall (?ml (nonad ?nml) ?n2 (nmonad ?nR))
(=> (and (= (functor ?nml) (functor ?nR))
(= (unit ?nl) (unit ?nR))
(= (multiplication ?m) (multiplication ?nR)))
(= ?2m ?nR)))

o Monads are related by their morphisms. A morphism of monads ©: [T, », u0J O, ', x/'Uis a natural
transformation 7 : T T' which preserves multiplication and unit in the sense that the diagrams in Ta-
ble 2 commute. In Diagram 2, the axiom on the left represents preservation of multiplication and the

, H
T"——> T

T n
o =
ToT T T\L id,
72— T T /;7
u

Diagram 2: Monad Morphism



IFF Foundation Ontology
Robert E. Kent Page 31 1/2/2002
axiom on the right represents preservation of unit.

(9) (KIF$collection nonad- norphisn

(10) (KIF$function source)
(= (KI F$source source) nonad- nor phi sm
(= (KIF$target source) nonad)

(11) (KIF$function target)
(= (KI F$source target) nonad- nor phism
(= (KIF$target target) nonad)

(12) $f uncti on natural -transformation)

Kl F$t arget natural -transfornmation) NAT$natural -transfornation)
all (?t (nonad-nmorphism ?t))
(and (= (category (source ?t)) (category (target ?t)))
(= (NAT$source-functor (natural-transformation ?t))
(functor (source ?t)))
(= (NAT$target-functor (natural-transformation ?t))
(functor (target ?t)))))
(= (NAT$vertical -conposition [(nmultiplication (source ?t)) ?t])
(NAT$verti cal - conposition
[ (NAT$hori zont al - conposition [?t ?t])
(rmultiplication (target ?t))]))
(= (NAT$vertical -conposition [(unit (source ?t)) ?t])
(unit (target ?t)))))

(KI
(:
(:
(f

F

(KI F$source natural -transformati on) nonad- nor phi sm
(

or

Eilenberg-Moore
M\D. EM

For any monad M = [T, #, ul] the Eilenberg-Moore category of algebras represents universal algebras and
their homomorphisms.

T ¢
T%a) —> T(a) n@) _ T(a) T@ —> a
@ | Le e o) | K
T(@) —> a ida(a) a T@) —> o
¢ ¢
Diagram 3: Algebra Diagram 4: Homomorphism

o IfM = [T, 5, u0is a monad on category A, then an M-algebra L4, {lis a pair consisting of an object
a U obj(A), and a morphism ¢&: T(a) — a (called the structure map of the algebra) which makes the dia-
grams in Diagram 3 commute. The diagram on the left in Diagram 3 is called the associative law for
the algebra and the diagram on the right is called the unit law.

(1) (KIF$function al gebra)

(= (KI F$source al gebra) M\D$nonad)
(= (KIF$target al gebra) SETS$cl ass)

(2) (KIF$function object)

(= (KI F$source object) MD$nonad)

(= (KIFS$target object) SET. FTN$f uncti on)

(forall (?m (M\D$nonad ?m)

(and (= (SET.FTN$source (object ?m) (al gebra ?m)
(= (SET. FTN$t arget (object ?m)) (CAT$object (M\D$category ?m))))

(3) (KIF$function structure-nap)

(= (KIF$source structure-nmap) MD$nonad)

(= (KIF$target structure-nmap) SET. FTN$functi on)

(forall (?m (M\D$nonad ?m))

(and (= (SET.FTN$source (structure-map ?m) (al gebra ?m)
(= (SET. FTN$t arget (structure-map ?n)) (CAT$nor phi sm ( MND$cat egory ?nj))
(= (SET. FTN$conposi tion
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[(structure-map ?m) (CAT$source (M\D$category ?m)])
( SET. FTN$conposi ti on
[ (obj ect ?m) (FUNC$object (MND$functor ?m)]))
(= (SET. FTN$conposi tion
[(structure-map ?m) (CATS$target (M\D$category ?m)])
(object ?m)
(forall (?a ((algebra ?m ?a))
(and (= ((CAT$conposition (MD$category ?m)
[ (FUNC$nor phi sm ( MND$f unct or ?m))
((structure-map ?m ?a))
((structure-map ?n) ?a)])
((CAT$conposi ti on (M\D$category ?m)
[ ((NAT$conponent (M\D$nultiplication ?m)
((object ?m ?a))
((structure-map ?m ?a)]))
(= ((CAT$conposi tion (MD$category ?m)
[ ((NAT$conponent ( MND$unit ?m))
((object ?m ?a))
((structure-map ?n) ?a)])
((CATSi dentity (M\D$category ?m)
((object ?m ?a)))))))

o IfM=[T,y#,ulis a monad on category A, an M-homomorphism h : [&, 0~ [d', &'Uis an A-morphism
h:a - a' between the underlying objects that preserves the algebraic structure by satisfying the com-
mutative diagram in Diagram 4.

(4) (KIF$function hononor phism
(= (KI F$sour ce honmonor phi sn) MD$nonad)
(= (KIF$t arget horonor phi sn) SET. cl ass)
(5) (KIF$function source)
= (KIF$source source) MD$nonad)
= (KIF$target source) SET.FTN$function)
forall (?m (M\D$nonad ?m))
(and (= (SET. FTN$source (source ?m)) (hononorphism ?m)
(= (SET. FTN$t arget (source ?nm)) (algebra ?m)))

(
(
(
(

(6) (KIF$function target)
(= (KI F$source target) MD$nonad)
(= (KIF$target target) SET.FTN$function)
(forall (?m (M\D$nonad ?m)
(and (= (SET. FTN$source (target ?m)) (hononorphism ?m)

(= (SET. FTN$target (target ?m)) (algebra ?m)))

(7) (KIF$function norphism
(= (KI F$source norphi sm) MD$nonad)
(= (KIF$target norphism) SET. FTN$f uncti on)
(forall (?m (M\D$nonad ?m))

(and (= (SET. FTN$source (norphism ?n)) (hononorphi sm ?n))
(= (SET. FTN$t ar get (norphi sm ?m)) (CAT$nor phi sm ( M\D$cat egory ?m)))
(= (SET. FTN$conposi tion

[ (mor phi sm ?m) (CAT$source (M\D$category ?m)])
( SET. FTN$conposi tion [(source ?m) (object ?m]))
(= (SET. FTN$conposi tion
[ (mor phi sm ?m) (CATS$t arget (M\D$category ?m))])
( SET. FTN$conposition [(target ?m) (object ?m]))
(forall (?h ((hononorphism ?m ?h))
(= ((CAT$conposition (MD$category ?m)
[((structure-map ?n) (source ?h)) ?h])
((CAT$conposi ti on (M\D$category ?m)
[ (( FUNC$nor phi sm ( MND$f unctor ?m)) ?h)
((structure-map ?n) (target ?h))1)))))

0 For any monad M, two M-homomorphisms functions are composable when the target of the first is
equal to the source of the second. The composition of two composable homomorphisms
hy 05 &, &0and Ay [d', &0~ &7, {"Ois define in terms of the composition of the underlying
morphisms /3 ‘ahp:a —» a”.

(8) (KIF$function conposabl e- opspan)
(= (KI F$source conposabl e-opspan) MD$nonad)
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(= (KIF$t arget conposabl e- opspan) SET. LI M PBK$di agr am
(forall (?m (M\D$nonad ?m)

(and (= (SET.LIM PRD2$cl ass1 (conposabl e-opspan ?m)) (hononorphism ?n))
( SET. LI M PRD2%cl ass2 (conposabl e-opspan ?m)) (hononor phi sm ?m))
( SET. LI M PRD2%opvertex (conposabl e-opspan ?m) (al gebra ?m)
(SET. LI M PRD2%opfirst (conposabl e-opspan ?m)) (target ?m)
( SET. LI M PRD2%opsecond (conposabl e-opspan ?m)) (source ?m)))

(
(
(
(

(9) (KIF$function conposabl e)
(= (KI'F$source conposabl e) MD$nonad)
(= (KIF$target conposable) RELS$rel ation)
(forall (?m (M\D$nonad ?m))
(= (conposable ?m) (SET.LIM PBK$rel ati on (conposabl e-opspan ?m))))

(10) (KIF$function conposition)
(= (KI F$source conposition) MD$nonad)
(= (KIF$target conposition) SET. FTN$function)
(forall (?m (M\D$nonad ?m))
(and (= (SET. FTN$source (conposition ?m) (REL$extent (conposable ?m))
(= (SET. FTN$t arget (conposition ?n)) (hononorphi sm ?nm))
(forall (?h1l ((homonorphism ?m ?hl)
?h2 ((honmonor phi sm ?m) ?h2) ((conposable ?m) ?hl ?h2))
(= (norphism ((conposition ?m [?hl ?h2]))
((CAT$conposi ti on (MD$cat egory ?m))
[ (mor phi sm ?h1) (norphism ?h2)])))))

0 For any M-algebra [4&, {[there is an identity M-homomorphism idy(ld, &0 : &, 00— 4, 0

(11) (KIF$function identity)
(= (KIF$source identity) MD$npnad)
(= (KIF$target identity) SET.FTN$function)
(forall (?m (M\D$nonad ?m))
(and (= (SET. FTN$source (identity ?m) (algebra ?m)
(= (SET. FTN$target (identity ?m) (hononorphism ?m)
(forall (?a ((algebra ?m ?a))
(= (morphism ((identity ?m ?a))
((CATS$i dentity (M\D$category ?m)
((object ?m ?a))))))

o  For any monad M = [T, #, uUon category A, the M-algebras and M-homomorphisms form the Eilen-
berg-Moore category A.

(12) (KIF$function eil enberg-noore)

(= (KIF$source eil enberg-noore) MD$nonad)

(= (KIFS$target eilenberg-noore) CAT$category)

(forall (?m (rmonad ?m)

(and (= (CAT$object (eilenberg-moore ?m) (al gebra ?m)

( CAT$nor phi sm (ei | enberg-nmoore ?m)) (hononor phism ?m))
(CAT$source (eilenberg-nmoore ?m) (source ?m)
(CAT$target (eil enberg-nmoore ?m)) (target ?m)
(CAT$conposi tion (eilenberg-noore ?m) (conposition ?m)
(CAT$i dentity (eil enberg-moore ?m) (identity ?2m)))

(
(
(
(
(

o For any monad M = [T, #, ulClon category A, there is

- a(right adjoint) underlying functor UM : AM _ A,

- a(left adjoint) firee functor F : A - AM that maps an object [ 0bj(A) to the free algebra
(T(a), 1(a)Cand maps an A-morphism / : @ — a' to the M-homomorphism F¥(h) =
T(h) : O (a), u(a)U- O(d), u(a)l

- aunit natural transformation ™ : ida 0 F™ o UM with component ™(a) = 5(a) at any object
a O obj(A), and

—  a counit natural transformation " : UM o FM O ida with component ¢"([&, 1)l = & at any algebra
4, ¢

This data forms an adjunction ™, UM, ™ MO A o AM.

(13) (KIF$function underlying)
(= (KIF$source underlying) MD$nonad)
(= (KIFS$target underlying) FUNCSfunctor)
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(forall (?m (M\D$nonad ?m))
(and (= (FUNC$source (underlying ?nm)) (eilenberg-noore ?m)
(= (FUNC$t arget (underlying ?m)) (MD$category ?n))
(= (FUNC$obj ect (underlying ?m)) (object ?m)
(= (FUNC$nor phi sm (underlying ?m)) (norphism?m)))
(14) (KIF$function free)
(= (KIF$source free) M\D$nonad)
(= (KIF$target free) FUNC$functor)
(forall (?m (M\D$nonad ?m)
(and (= (FUNC$source (free ?n)) (MD$category ?nj)
(= (FUNC$target (free ?m)) (eilenberg-noore ?m)
(= (SET. FTN$conposi tion [ (FUNC$obj ect (free ?m)) (object ?m])
( FUNC$0bj ect ( MND$functor ?nm)))
(= (SET. FTN$conposi ti on [ (FUNC$obj ect (free ?m) (structure-map ?m1])
(NAT$conponent (M\D$nul tiplication ?m))
(= (SET. FTN$conposi ti on [ ( FUNC$nor phi sm (free ?m)) (norphism?m])
( FUNC$nor phi sm ( MND$f unctor ?2m)))))
(15) F$function unit)
(KI F$source unit) MD$nonad)
(KIF$target unit) NAT$natural -transformation)
orall (?m (M\D$npnad ?nm))
(and (= (NAT$source-functor (unit ?m)
(FUNCs$i dentity (M\D$category ?m)))
(= (NAT$target-functor (unit ?m)
(FUNC$conposition [(free ?m) (underlying ?m1]))
(= (NAT$conponent (unit ?m)) (NAT$conponent (M\D$unit ?m)))))

(KI
(:
(:
(fo

(16) F$function counit)
(KI F$source counit) MD$nonad)
(KI F$target counit) NAT$natural -transformation)
orall (?m (M\D$nonad ?m))
(and (= (NAT$source-functor (counit ?m)
(FUNC$conposition [(underlying ?m) (free ?m1]))
(= (NATS$target-functor (counit ?m)
(FUNCs$i dentity (M\D$category ?m)))
(= (NAT$conponent (counit ?m)) (structure-map ?2m)))

(KI
(:
(:
(fo

(17) F$functi on adj unction)

(KI F$sour ce adj uncti on) M\D$nonad)

(KI F$t arget adj unction) ADJ$adj uncti on)

orall (?m (M\D$nonad ?m))

(and (= (ADJ$l eft-adjoint (adjunction ?m) (free ?m)

(= (ADJ$right-adjoint (adjunction ?m) (underlying ?m)
(= (ADJ$unit (adjunction ?m)) (unit ?2m)
(= (ADJ$counit (adjunction ?m)) (counit ?2m)))

(K
(:
(:
(fo

o  We can then prove the theorem that the monad generated by the Eilenberg-Moore adjunction is the
original monad. We state this in an external namespace.

(forall (?m (M\D$nonad ?m)
(= (ADJI$npnad (MND. EMbadj unction ?m) ?2m)

Kliesli
VND. KLI

For any monad M = [T, #, ul)the Kliesli category represents the free part of universal algebras.

o Let M =T, 5, ullbe a monad on category A. Restrict your attention to the morphisms in A of the form
h:a - T(a"). The Kliesli category Ay has this as a morphism with source object @ [ obj(Ay) and tar-
get object @' [ obj(Am). So obj(Am) = obj(A), mor(Av) O mor(A), composition of two morphisms
h:a - T(a@)and A :d' - T(a") is defined by & -am i’ = h -a B where h'* = T(') -a u(a") is the exten-
sion of h (here (-)" is the extension operator), and the 1dent1ty at an object a J obj(Ay) is the unit com-
ponent #n(a) : @ — T(a). More precisely, as can be seen below, a morphism is a pair [&, a'] where
h:a - T(a") is an A-morphism. Clearly, foundational pullback opspans, cocones and pairing play a
key role in the definition of the Kliesli category.
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(1) (KIF$function norphi sm opspan)
(= (KIF$source norphi sm opspan) MD$npbnad)
(= (KI F$target norphi smopspan) SET. LI M PBK$opspan)
(forall (?m (M\D$nonad ?m))
(and (= (SET.LIM PBK$cl ass1 (norphi smopspan ?m)
( CAT$nor phi sm ( M\D$cat egory ?m)))
(= (SET. LI M PBK$cl ass2 (norphi smopspan ?n))
(CAT$0bj ect (M\D$category ?m)))
(= (SET. LI M PBK$opvertex (norphi smopspan ?m)
(CAT$obj ect (M\D$category ?m))
(= (SET. LI M PBK$opfirst (norphismopspan ?nm)
(CATS$t arget (M\D$cat egory ?m)))
(= (SET. LI M PBK$opsecond (nor phi smopspan ?m))
( FUNC$0bj ect ( MND$functor ?m))))

(2) (KIF$function identity-cone)
(= (KIF$source identity-cone) MD$nonad)
(= (KIF$target identity-cone) SET.LIM PBK$cocone)
(forall (?m (M\D$nonad ?m)
(and (= (SET.LIM PBK$cone-di agram (i dentity-cone ?m)
(mor phi sm opspan ?m)
(= (SET.LIM PBK$vertex (identity-cone ?m)
(CAT$obj ect (M\D$category ?nm)))
(= (SET.LIM PBK$first (identity-cone ?m)
(NAT$conmponent (M\D$unit ?m)))
(= (SET. LI M PBK$second (identity-cone ?m)
(SET. FTN$i dentity (M\D$category ?m))))

(3) (KIF$function conposabl e- opspan)
(= (KI F$source conposabl e- opspan) M\D$nonad)
(= (KI F$target conposabl e-opspan) SET. LI M PBK$opspan)
(forall (?m (M\D$nonad ?m)
(and (= (SET.LIM PBK$cl ass1 (conposabl e-opspan ?m))
( SET. LI M PBK$pul | back (norphi smopspan ?m)))
(= (SET. LI M PBK$cl ass2 (conposabl e-opspan ?m)
( SET. LI M PBK$pul | back (norphi smopspan ?n)))
(= (SET. LI M PBK$opvertex (conposabl e-opspan ?m)
(CAT$0bj ect (M\D$category ?m)))
(= (SET. LI M PBK$opfirst (conposable-opspan ?m)
( SET. LI M PBK$pr oj ecti on2 (norphi smopspan ?m)))
(= (SET. LI M PBK$opsecond (conposabl e-opspan ?m))
( SET. FTN$conposi ti on
[ (SET. LI M PBKS$pr oj ecti onl (norphi smopspan ?m)
(CAT$source (M\D$category ?m)]))))
(4) (KIF$function extension)
(= (KI F$source extension) MD$nonad)
(= (KIF$target extension) SET. FTN$function)
(forall (?m (M\D$nonad ?m)

(and (= (SET. FTN$source (extension ?m)
( SET. LI M PBK$pul | back (norphi smopspan ?m)))
(= (SET. FTN$t arget (extension ?m)
( CAT$nor phi sm ( M\D$cat egory ?m)))
(= (extension ?m
( SET. FTN$conposi ti on
[ ((SET. LI M PBK$pai ri ng (CAT$conposabl e- opspan ( M\D$cat egory ?nj))
[ (SET. FTN$conposi ti on
[ (SET. LI M PBKS$pr oj ecti onl (norphi smopspan ?m)
( FUNC$nor phi sm ( MND$f unctor ?2m))])
( SET. FTN$comnposi ti on
[ (SET. LI M PBKS$pr oj ecti on2 (norphi smopspan ?m)
(NAT$conponent (M\D$nultiplication ?2m)])])
(CAT$conposition (M\D$category ?m)]))))

(5) (KIF$function kliesli)
= (KIF$source kliesli) MD$nonad)
= (KIF$target kliesli) CAT$category)
forall (?m (nmonad ?m)
(and (= (CAT$object (kliesli ?m)
(CAT$obj ect (M\D$category ?m)))

(
(
(
(fo
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(= ((CAT$nor phism (kliesli ?m)
( SET. LI M PBK$pul | back (norphi smopspan ?n)))
(= (CAT$source (kliesli ?m)
( SET. FTN$conposi ti on
[ (SET. LI M PBKS$pr oj ecti onl (norphi smopspan ?m)
(CAT$sour ce (M\D$category ?m)]))
(= (CATS$target (kliesli ?m)
( SET. LI M PBK$pr oj ecti on2 (norphi smopspan ?m))
(= (CAT$conposable (kliesli ?m)
(SET. LI M PBK$r el ati on (conposabl e-opspan ?m)))
(= (SET. FTN$conposi tion
[ (CAT$conposition (kliesli ?m)
( SET. LI M PBK$pr oj ecti onl (conposabl e-opspan ?m)])
( SET. FTN$conposi ti on
[ ((SET. LI M PBK$pai ri ng (CAT$conposabl e- opspan ( M\D$cat egory ?n)))
[ (SET. FTN$conposi tion
[ (SET. LI M PBKS$pr oj ecti onl (conposabl e-opspan ?m))
( SET. LI M PBK$pr oj ecti onl (norphi smopspan ?m)])
( SET. FTN$conposi ti on
[ (SET. LI M PBKS$pr oj ecti on2 (conposabl e- opspan ?n))
(extension ?m1])])
(CAT$conposi tion (M\D$category ?m)]))
(= (CATS$identity (kliesli ?m)
(SET. LI M PBK$nedi at or (identity-cone ?m))))

o For any monad M = [T, #, uClon category A, there is

— an underlying functor Uy, : Ay — A that maps an object a [ 0bj(Ay) to the object T(a) O obj(A)
and maps a morphism [, @'C: @ — a' in Ay to the extension morphism 4" : T(a) - T(a") in A,

— afree functor Fy : A — Ay that is the identity on objects and maps a A-morphism 7 : a - a' to the
embedded morphism [& - (@), a'0: a - a' in Ay,

— aunit natural transformation 7y : ida 0 Fpy ° Uy with component ny(a) = (a) at any object
a O obj(A), and

—  a counit natural transformation ey : Uy ° Fy O idaym with component ey(a) =
(da(T(a)), alk T(a) - a at any a [0 obj(Aw).

This data forms an adjunction Fy, Uy, 1m, emE A - A,

(6) (KIF$function underlying)

(= (KIF$source underlying) MD$nonad)

(= (KIF$target underlying) FUNCSfunctor)

(forall (?m (M\D$nonad ?m))

(and (= (FUNC$source (underlying ?m) (kliesli ?m)

(= (FUNC$t arget (underlying ?m)) (MD$category ?n))
(= (FUNC$obj ect (underlying ?m) (FUNC$object (M\D$functor ?m)))
(= (FUNC$nor phi sm (underlying ?m) (extension ?m)))

(7) (KIF$function enbed)
(= (KI F$source enbed) M\D$nonad)
(= (KIFS$target enbed) SET. FTN$f uncti on)
(forall (?m (M\D$nonad ?m)
(and (= (SET.FTN$source (enbed ?n)) (CAT$norphi sm (M\D$cat egory ?m))
(= (SET. FTN$t arget (enbed ?n)) (CAT$norphism (kliesli ?m)))
(= (SET. FTN$conposi tion
[ (enbed ?m) (SET.LIM PBK$projectionl (norphismopspan ?n)))
( SET. FTN$conposi ti on
[ ((SET. LI M PBK$pai ri ng ( CAT$conposabl e- opspan ( M\D$cat egory ?m)))
[ (SET. FTN$i dentity ( CAT$nor phi sm (M\D$cat egory ?m)))
( SET. FTN$conposi ti on
[ (CAT$t arget (M\D$cat egory ?m))
(NAT$conponent (M\D$Sunit ?2m))]1)])
(CAT$conposition (M\D$category ?m)]))
(= (SET. FTN$conposi tion
[ (enmbed ?m) (SET.LIM PBK$projection2 (norphismopspan ?m)])
(CAT$t arget (M\D$category ?m))))

(8) (KIF$function free)
(= (KIF$source free) MD$nonad)
(= (KIF$target free) FUNC$functor)
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(forall (?m (M\D$nonad ?m))
(and (= (FUNC$source (free ?n)) (MID$category ?nj)
(= (FUNC$target (free ?2m)) (kliesli ?m)
(= (FUNC$obj ect (free ?m)
(SET. FTN$i dentity (CAT$object (M\D$category ?m)))
(= (FUNC$nor phism (free ?2m) (enbed ?m)))

(9) (KIF$function unit)

(= (KIF$source unit) MD$nonad)

(= (KIF$target unit) NAT$natural -transformation)

(forall (?m (M\D$nonad ?m)

(and (= (NAT$source-functor (unit ?n)) (FUNCSidentity (M\D$Scategory ?m))
(= (NAT$target-functor (unit ?m)
(FUNC$conposition [(free ?m) (underlying ?m1]))

(= (NAT$conponent (unit ?m) (NAT$conponent (MND$unit ?m)))))

(10) (KIF$function counit)
(= (KIF$source counit) MD$nonad)
(= (KIF$target counit) NAT$natural -transfornation)
(forall (?m (M\D$nonad ?m)

(and (= (NAT$source-functor (counit ?m)
(FUNC$conposition [(underlying ?m (free ?m]))
(NAT$t arget -functor (counit ?m)) (FUNCS$identity (M\D$category ?m))
(NAT$conponent (counit ?m)

( SET. FTN$conposi ti on
[ (FUNC$o0bj ect ( MND$f unctor ?m))
(CATSi dentity (M\D$category ?m)]))))

(:
(:

(11) (KIF$function adjunction)

(KI F$sour ce adj unction) M\D$nonad)

(KI F$t arget adj unction) NAT$natural -transformation)

rall (?m (M\D$npnad ?nm))

(and (= (NAT$underlying-functor (adjunction ?m) (underlying ?m)

(= (NAT$free-functor (adjunction ?m) (free ?m)
(= (NAT$unit (adjunction ?m) (unit ?m)
(= (NAT$counit (adjunction ?m) (counit ?m)))

(
(
(
(

fo

o We can then prove the theorem that the monad generated by the Kliesli adjunction is the original mo-
nad. We state this theorem in an external namespace.

(forall (?m (M\D$nonad ?m))
(= (ADJ$nonad (M\D. KLI $adj unction ?m) ?m)
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The Namespace of Colimits/Limits
caL

The Information Flow Framework proposes to relate ontologies via morphisms and to compose them using
colimits. This section provides the abstract colimit foundation for that proposal. Colimits are important for
manipulating and composing ontologies expressed in the object language. The use of colimits advocates a
“building blocks approach” for ontology construction. Continuing the metaphor, this approach understands
that the mortar between the ontological blocks must be strong and resilient in order to adequately support
the ontological building, and requests that methods for composing component ontologies, such as merging,
mapping and aligning ontologies, be made very explicit so that they can be analyzed. The Specware system
of the Kestrel Institute, which is based on category theory, supports creation and combination of specifica-
tions (ontology analogs) using colimits. A compact but detailed discussion of classifications and infomor-
phisms with applications to this building blocks approach for ontology construction is given in the 6" ISKO
paper The Information Flow Foundation for Conceptual Knowledge Organization.

This namespace represents large colimits — colimits for diagrams with a large shape category. Colimits
form a separate namespace in the Category Theory Ontology. The content of the namespace for colimits is
developed in chapters 3 and 5 of Mac Lane 1971. The suggested prefix for the basic terms in this name-
space is ‘COL’, standing for colimit: when used in an external namespace, all basic terms that originate from
this namespace should be prefixed with ‘COL’. The basic colimit terms are terms for general colimits and
colimit fibers. In addition, within the colimit namespace there are several specialized collections of terms
concerned with primitive colimits, and thus forming subnamespaces: initial objects, binary coproducts,
coequalizers and pushouts. The suggested prefixes for these subnamespaces are ‘COL. I NI T’, ‘COL. PRD2’,
‘COL. COEQ and ‘MCOL. PSH’, respectively. To completely express colimits, we need elements from all the
basic components of category theory — categories, functors, natural transformations and adjunctions. As
such, colimits provide a glimpse of the other parts of the Category Theory Ontology — the other basic com-
ponents used in colimits are indicated by the namespace prefixes in the KIF formalism.

Table 1: Terms introduced in the Category Theory Ontology

Collections | Function Other
smal | - di agr am shape
ca coconpl ete cocone cocone-di agram opvert ex
colimting-cocone colimt
conedi at or
coconpl ete

di agram fi ber

cocone-fiber cocone-di agramfiber opvertex-fiber
colimting-cocone-fiber colimt-fiber

conedi ator-fi ber

CcOL di agram = enpty
JOINT cocone opvertex
colimt =initial
couni que
di agram = pair objectl object2
caL opposite
. COPRD2 cocone cocone-di agram opvertex opfirst opsecond

colimting-cocone colimt = binary-coproduct
injectionl injection2

conedi at or
coL di agram = paral | el -pair
. COEQ source target functionl function2

cocone cocone-di agram opvertex norphism
colimting-cocone colimt = coequalizer canon

conedi at or

di agram = span object 1 object2 vertex first second
caL pair opposite coequalizer-diagram = parallel-pair
. PSH cocone cocone-di agram opvertex opfirst opsecond

colimting-cocone colimt = pushout
injectionl injection2
conedi at or
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General Colimits

A given a category C serves as an environment or mathematical context within which colimits can be con-
structed. Most of the concepts below are parameterized by a contextual category.

o  Given a category C, a diagram D in C is a functor D : J — C from some shape or indexing category J
to the base category C. In the KIF formalism below the shape of a diagram in C is defined as its source
category. In applications a diagram is defined to be a graph morphism D : G O |C| from some or in-
dexing graph G to the underlying graph of the base category C. However, this is equivalent to a functor
D” : free(G) 0 C from J = free(G) the free (path) category over the shape graph to the base category
C — special case of the previous functorial version.

(1) (KIF$function diagram
(= (KIF$source diagran) CAT$cat egory)
(= (KIFS$target diagran Kl FS$collection)
(forall (?c (CAT$category ?c))
(and (KI F$subcol | ection (di agram ?c) FUNC$funct or)
(forall (?d (FUNC$functor 2d))
(<=> ((diagram ?c) ?2d)
(= (FUNC$target ?d) ?c)))))

KI F$f uncti on shape)

= (KI F$source shape) CAT$category)

= (KIF$target shape) KIF$function)

forall (?c (CAT$category ?c))

(and (= (KIF$source (shape ?c)) (diagram ?c))
(= (KIF$target (shape ?c)) CAT$category)
(forall (?d ((diagram ?c) ?2d))
(= ((shape ?c) ?d) (FUNCs$source ?2d)))))

(2) (
(
(
(

o Given a category C a cocone 1: DU Aj c(0):J - C (Diagram 1) is a
natural transformation from a diagram D in the category C of some J D@) (j)
shape J to the constant functor A; c(o) for some object o U obj(C). The N
source functor D is called the base of the cocone t. The object l D(”)\L 0
o O obj(C) is called the opvertex of the cocone 1. A cocone is analo- B . {(]4)
gous to the upper bound of a subset of a partial order — the order is J DG
analogous to the category C, the chosen subset of preorder elements is
analogous to the base diagram D, and the upper bound element is  Diagram 1: Cocone
analogous to the opvertex C-object 0. The opvertex function restricts
cocones to be natural transformations whose target is a constant functor.

(3) (KIF$function cocone)
(= (KIF$source cocone) CATS$cat egory)
(= (KIF$target cocone) KIFS$collection)
(forall (?c (CAT$category ?c))
(and (KI F$subcol | ection (cocone ?c) NAT$natural -transfornation)
(forall (?t ((cocone ?c) ?t))
(= (NATS$t arget-category ?t) ?c))))

| F$f uncti on cocone- di agr an)

| F$f uncti on base)

= base cocone-di agram

= (KI F$source cocone-di agram CATS$cat egory)
= (KI F$t arget cocone-di agran) Kl F$function)
forall (?c (CAT$category ?c))

(and (= (KIF$source (cocone-diagram ?c)) (cocone ?c))
(= (KIF$target (cocone-diagram ?c)) (diagram ?c))
(forall (?t ((cocone ?c) ?t))

(= ((cocone-di agram ?c) ?t)
(NAT$source-functor ?t)))))

(4

(5) (K

F$function opvertex)

(KI F$source opvertex) CAT$category)

(KI F$t arget opvertex) KIF$function)

rall (?c (CAT$category ?c))

(and (= (KIF$source (opvertex ?c)) (cocone ?c))

(= (KIF$target (opvertex ?c)) (CAT$object ?c))

(
(
(
(

fo
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(e]

(e]

(forall (?t ((cocone ?c) ?t))
(= ((FUNC$di agonal [ (NAT$source-category ?t) ?c]) ((opvertex ?c) ?t)))
(NAT$t arget -functor ?t))))

Of course, the shape of the base of a cocone is its source category.
(forall (?c (CAT$category ?c) ?t ((cocone ?c) ?t))
(= (shape ((base ?c) ?t)) (NAT$source-category ?t)))

Colimits are the opvertices of special cocones. Given a category C a colimiting-cocone in C is a uni-
versal cocone (Diagram 2) — it consists of a cocone from a diagram D in C of some shape J to an op-
vertex 6 [ obj(C)

v:DO Ac 3(0):J - C
that is universal: for any other cocone )

1:D0 Ac 40):J - C
with the same base diagram, there is a unique comediating mor- / YG'
phism m:6 - o with y(j) - m = 1(j) for any indexing object \L D(n) J/ >< J/ m

jOobjd), or equivalently as natural transformations, with

v * Ay c(m) = 1. The opvertex 6 = 3 D of a colimiting-cocone vy is 7 D() ﬂ 0
called a colimit. Let colimc(D) denote the function that takes a (")
colimiting cocone to its opvertex, an object of C. This will be the ‘“—— ‘“~—x  — ~
empty function, if no colimits exist for diagram D. In the same J y:DO YD

way that a cocone is analogous to the upper bound, a colimit is
analogous to a least upper bound (or supremum) of a subset of a  Diagram 2: Colimiting Cocone
partial order.

(6) (KIF$function colimting-cocone)
(= (KIF$source coliniting-cocone) CAT$category)
(= (KIF$target coliniting-cocone) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (colimting-cocone ?c)) (diagram ?c))
(= (KIF$target (colimting-cocone ?c)) KlIFS$collection)
(forall (?d ((diagram ?c) ?2d))
(and (Kl F$subcol I ection ((colimting-cocone ?c) ?d) (cocone ?c))
(forall (?g (((colimting-cocone ?c) ?d) ?9))
(= ?d ((cocone-diagram ?c) 2g))))))

(7) (KIF$function colimt)
(= (KIF$source colinmt) CAT$category)
(= (KIF$target colimt) KIF$function)
(forall (?c (CAT$category ?c))

(and (= (KIF$source (colimt ?c)) (diagram ?c))
(= (KIF$target (colimt ?c)) KIF$function)
(forall (?d ((diagram ?c) ?2d))
(and (= (KIF$source ((colimt ?c) ?2d)) ((colimting-cocone ?c) ?2d))
(= (KIF$target ((colimt ?c) ?d)) (CAT$object ?c))
(forall (?g (((colimting-cocone ?c) ?d) ?g))
(= (((colimt ?c) ?2d) ?g) ((opvertex ?c) ?9)))))))

For any context(ual category) C and any cocone t with a base diagram D, there is KIF comediator
function from the collection of colimiting cocones with base D to the class of C-morphisms (Figure 6):
the comediator of a colimiting cocone y is a C-morphism whose source is the colimit of y and whose
target is the opvertex of t. This is the unique function that commutes with the colimiting cocone y and
the given cocone 1. We use a KIF definite description abbreviation to define this. Existence and
uniqueness represents the universality of the colimit.

(8) (KIF$function conediator)
(= (KIF$source conedi ator) CAT$cat egory)
(= (KIF$target conedi ator) Kl F$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (conediator ?c)) (cocone ?c))
(= (KIF$target (conmediator ?c)) KlIF$function)
(forall (?t ((cocone ?c) ?t))
(and (= (KIF$source ((conediator ?c) ?t))
((colimting-cocone ?c) ((cocone-diagram?c) ?t)))
(= (KIF$target ((conediator ?c) ?t)) (CAT$norphism ?c))
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(forall (?g (((colimting-cocone ?c) ((cocone-diagram ?c) ?t)) ?9))
(= (((comediator ?c) ?t) ?0)
(the (?m (CAT$nor phi sm ?c) ?m)
(and (= ((CAT$source ?c) ?m
(((colimt ?c) ((cocone-diagram?c) ?t)) ?9))
(= ((CAT$target ?c) ?m
((opvertex ?c) ?t))
(= (NATS$vertical - conposition
[?9 ((NATS$di agonal
[ ((shape ?c) ((cocone-diagram ?c) ?t)) ?c]) ?m])

?t)))))))))

o The collection of colimiting cocones may be empty — it is empty if no colimits for the diagram D exist
in the category C. If it is nonempty for any diagram of shape J, then C is said to have J-colimits and to
be J-cocomplete. A category C is small cocomplete, if it has colimits for any small diagram of C; that
is, when it is J-cocomplete for all small shape categories J. This is a concrete concept, since it uses
concepts in the lower metalevel.

(9) (KIF$function coconplete)
(= (KIF$source coconpl ete) CAT$cat egory)
(= (KIF$target coconplete) KlF$collection)
(forall (?j (CAT$category ?j))
(and (KI F$subcol |l ection (coconplete ?j) CAT$category)
(forall (?c (CAT$category ?c))
(<=> ((coconplete ?j) ?c)
(forall (?d ((diagram ?c) ?2d))
(=> (= ((shape ?c) 2d) ?j)
(exists (?g (((colimting-cocone ?c) 2d) 29)))))))))

(10) (KIF$collection small-coconplete)
(KI F$subcol | ection smal | - coconpl et e CAT$cat egory)
(forall (?c (CAT$category ?c))
(<=> (smal | -coconpl ete ?c)
(forall (?] (CAT$small ?j))
((coconplete ?j) ?c))))

o It is a standard theorem that given a category C and a diagram D in the category C, any two colimits
are isomorphic. The following KIF expresses this in an external namespace.
(forall (?c (CAT$category ?c) ?d ((diagram ?c) ?2d)
?91 (((colimting-cocone ?c) ?d) ?gl)
?92 (((colimting-cocone ?c) ?d) ?g2))
((CATS$i sonorphic ?c) (((colimt ?c) ?2d) ?g1l) (((colimt ?c) 2d) ?g2)))

Objectc

colime¢, p
/ opvertexc 1\ basec D JC

O shapec O O
Colim-Coconec p [1 Coconec —— Diagram¢ —> Category

O
src-cat

Nat-Trans —> Functor

Diagram 3: Core Colimit Collections and Functions

Shape Fibers

o For any fixed diagram shape J we name the fiber of all diagrams in category C with that shape. The
diagram collection over C is partitioned into the J-th diagram fibers, as the shape J ranges over all
categories.

(11) (KIF$function diagramfiber)
(= (KIF$source diagramfiber) CAT$category)
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(= (KIF$target diagramfiber) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (diagramfiber ?c)) CAT$category)
(= (KIF$target (diagramfiber ?c)) KlF$collection)
(forall (?j (CAT$category ?j))

(and (KI F$subcol I ection ((diagramfiber ?c) ?j) (diagram ?c))

(= ((diagramfiber ?c) ?j) (FUNC$exponent [?j ?c]))
(forall (?d ((diagram ?c) ?2d))
(<=> (((diagramfiber ?c) ?j) ?d)
(= ((shape ?c) 2d) ?j)))))))

1/2/2002

o For any fixed diagram shape J we name the subcollection of the cocone collection — the fiber of all
cocones in contextual category C indexed by J (whose base diagram has shape J). The cocone collec-
tion over C is partitioned into the J-th cocone fibers, as the base is in the J-th diagram fiber (has shape
J) as J ranges over all categories. The base (cocone-diagram) fiber function is defined as the restriction
to the J-th fiber cocone collection at its source and the J-th fiber diagram collection at its target, as J
ranges over all categories. The opvertex fiber function is defined as the restriction to the J-th fiber co-
cone collection at its source, as J ranges over all categories.

(12)

(13)

(14)

(KI F$function cocone-fiber)
(= (KIF$source cocone-fiber) CAT$category)
(= (KIF$target cocone-fiber) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (cocone-fiber ?c)) CAT$category)
(= (KIF$target (cocone-fiber ?c)) KlIF$collection)
(forall (?j (CAT$category ?j))
(and (KI F$subcol |l ection ((cocone-fiber ?c) ?j) (cocone ?c))
(forall (?t ((cocone ?c) ?t))
(<=> (((cocone-fiber ?c) ?j) ?t)
(((diagramfiber ?2c) ?j) ((base ?c) ?t)))))))

(KI F$function cocone-di agramfi ber)
(KI'F$function base-fiber)
(= base-fiber cocone-diagramfiber)
(= (KIF$source cocone-di agramfiber) CAT$category)
(= (KIF$target cocone-di agramfiber) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (cocone-diagramfiber ?c)) CAT$category)
(= (KIF$target (cocone-diagramfiber ?c)) Kl F$function)
(forall (?j (CAT$category ?j))
(and (= (KIF$source ((cocone-diagramfiber ?c) ?j))
((cocone-fiber ?c) ?j))
(= (KIF$target ((cocone-diagramfiber ?c) ?j))
((diagramfiber ?c) ?j))
(KIF$restriction
((cocone-di agramfiber ?c) ?j) (cocone-diagram?c))))))
(KI F$function opvertex-fiber)
(= (KIF$source opvertex-fiber) CAT$category)
(= (KIF$target opvertex-fiber) KIF$function)
(forall (?c (CAT$category ?c))

(and (= (KIF$source (opvertex-fiber ?c)) CAT$category)
(= (KIF$target (opvertex-fiber ?c)) KlIF$function)
(forall (?j (CAT$category ?j))

(and (= (KIF$source ((opvertex-fiber ?c) ?j)) ((cocone-fiber ?c) ?j))
(= (KIF$target ((opvertex-fiber ?c) ?j)) (CAT$object ?c))
(KIF$restriction ((opvertex-fiber ?c) ?j) (opvertex ?c))))))

o For any fixed diagram shape J we name the fiber of all colimiting cocones of a diagram of shape J in
contextual category C. The colimiting cocone collection of diagram D is partitioned into the J-th
colimiting cocone fibers, as the base shape J ranges over all categories. The colimit fiber function is
defined as the restriction to the J-th fiber colimiting cocone collection of D at its source, as J ranges
over all categories.

(15) (KIF$function colimting-cocone-fiber)

(= (KIF$source colinmting-cocone-fiber) CAT$category)
(= (KIF$target colinmting-cocone-fiber) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (colimting-cocone-fiber ?c)) CAT$category)



IFF Foundation Ontology

Robert E. Kent Page 43 1/2/2002

(= (KIF$target (colimting-cocone-fiber ?c)) KlIF$function)
(forall (?j (CAT$category ?j))
(and (= (KIF$source ((colimting-cocone-fiber ?2c) ?j))
((diagramfiber ?c) ?j))
(= (KIF$target ((colimting-cocone-fiber ?c) ?j))
KI F$col | ecti on)
(forall (?d (((diagramfiber ?c) ?j) 2d))
(= (((colimting-cocone-fiber ?2c) ?j) ?d)
(KI F$bi nary-intersection
[((cocone ?¢c) ?j) ((colimting-cocone ?c) ?2d)])))))))

(16) (KIF$function colimt-fiber)
(= (KIF$source colinmt-fiber) CAT$category)
(= (KIF$target colinit-fiber) KIF$function)
(forall (?c (CAT$category ?c))

(and (= (KIF$source (colimt-fiber ?c)) CAT$category)
(= (KIF$target (colimt-fiber ?c)) KlIFS$function)
(forall (?j (CAT$category ?j))
(and (= (KIF$source ((colimt-fiber ?c) ?j))
((diagramfiber ?c) ?j))
(= (KIF$target ((colimt-fiber ?c) ?j)) KIF$function)
(forall (2d (((diagramfiber ?c) ?j) 2d))
(and (= (KIF$source (((colimt-fiber ?c) ?j) 2d))
(((colimting-cocone-fiber ?c) ?j) 2d))
(= (KIF$target (((colimt-fiber ?c) ?j) 2d))
( CAT$obj ect ?c))
(KI F$restriction
(((colimt-fiber ?c) ?j) 2d)
((colimt 2c) 2d)))))))))

o The comediator fiber function is defined as the restriction to the J-th fiber at its source, as J ranges
over all categories.

(17) (KIF$function conediator-fiber)
(= (KIF$source conedi ator-fiber) CAT$category)
(= (KIF$target conediator-fiber) KlIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (conediator-fiber ?c)) CAT$category)
(= (KIF$target (conediator-fiber ?c)) KIF$function)
(forall (?j (CAT$category ?j))
(and (= (KIF$source ((conediator-fiber ?c) ?j)) ((cocone-fiber ?c) ?j))
(= (KIF$target ((conediator-fiber ?c) ?j)) KIF$function)
(forall (?t (((cocone-fiber ?c) ?j) ?t))
(and (= (KIF$source (((comediator-fiber ?c) ?j) ?t))
(((colimting-cocone-fiber ?c) ?j)
((cocone-diagram ?c) ?t)))
(= (KIF$target (((conediator-fiber ?c) ?j) ?t))
( CAT$nor phi sm ?c))
(KIF$restriction
(((conedi ator-fiber ?2c) ?j) ?t)
((conediator ?c) ?t))))))))

Finite Colimits

The general KIF formulation for colimits can be related to several special kinds of finite colimits: initial
objects, binary coproducts, coequalizers and pushouts. For convenience of representation it is common to
use special terminology for a few particular kinds of colimits: initial objects, binary coproducts, coequaliz-
ers and pushouts. Finite colimits are colimits that can be expressed as composites of these four primitives.
There is a common formalism that encodes these primitives. This commonality has been expressed in the
generalized colimits discussed above. Each primitive colimit is typed by the shape of its diagrams: initial
objects are primitive colimits whose diagram shape is the empty category, binary coproducts are primitive
colimits whose diagram shape is the discrete category two, coequalizers are primitive colimits whose dia-
gram shape is the category parallel pair, and pushouts are primitive colimits whose diagram shape is the
category span. All of these are specified through colimit fibers.
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Initial Objects
COL.INIT Oc

Given a category C, an initial object in C (Figure 1) is a finite — N

colimit for a diagram of shape J = empty. 0 y=0c:0c0 SOc=0¢

0 The empty diagram in C is the appropriate base diagram for an
initial object. Figure 1: Initial Object
(1) (KIF$function diagram

(KI F$function enpty)
(= enpty diagram
(= (KIF$source di agran) CATS$cat egory)
(= (KIF$target diagran) FUNCS$functor)
(forall (?c (CAT$category ?c))
(= (diagram ?c)
(the (?d ((COL$di agram ?c) ?2d))
(= ((COL$shape ?c) ?d) CAT$enpty))))

0 Initial object cocones are used to specify and axiomatize initial objects in a category C. Each initial
object cocone has the empty diagram as its base diagram and can be identified with its opvertex C-
object. An initial object cocone is a natural transformation. But since the source functor is the empty
diagram, there are no component C-morphisms in this natural transformation. An initial object cocone
is the very special case of a general colimit cocone over the empty diagram in C.

(2) (KIF$function cocone)
(= (KIF$source cocone) CATS$cat egory)
(= (KIF$target cocone) SETS$cl ass)
(forall (?c (CAT$category ?c))
(= (cocone ?c) (CAT$object ?c)))
(3) (KIF$function opvertex)
(= (KI F$source opvertex) CAT$category)
(= (KIF$target opvertex) SET.FTN$function)
(forall (?c (CAT$category ?c))
(and (= (SET.FTN$source (opvertex ?c)) (cocone ?c))
(= (SET. FTN$t arget (opvertex ?c)) (CAT$object ?c))
(= (opvertex ?c) (SET.FTN$identity (CAT$object ?c)))))
0 There is a class of initial C-objects (Figure 1).
(4) (KIF$function colimt)
(KIF$function initial)
(=initial colimt)
(= (KIF$source colimt) CAT$category)
(= (KIF$target colimt) SET$cl ass)
(forall (?c (CAT$category ?c))
(SET$subcl ass (colint ?c) (CAT$object ?c)))
0 For any given object in a category C, there is a function that maps any initial C-object to a unique

counique C-morphism whose source is the initial object and whose target is the given object. Existence
and uniqueness represents the universality of the initial object. A derived theorem states that all initial
objects are isomorphic in C.

(5) (KIF$function counique)
(= (KIF$source couni que) CAT$cat egory)
(= (KIF$target couni que) Kl F$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (counique ?c)) (CAT$object ?c))
(= (KIF$target (counique ?c)) SET. FTN$function)
(forall (?0 ((CAT$object ?c) ?0))
(and (= (SET. FTN$source ((counique ?c) ?0)) (colimt ?c))
(= (SET. FTN$t arget ((couni que ?c) ?0)) (CAT$nor phi sm ?c))
(forall (?io ((colimt ?c) ?io0))
(= (((counique ?c) ?0) ?io0)
(the (?m (CAT$nor phi sm ?c) ?m))
(and (= ((CAT$source ?c) ?m) ?io)
(= ((CATS$target ?c) ?m ?20)))))))))
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Binary Coproducts
COL. COPRD
A binary coproduct in a category C (Figure 2) is a finite colimit for a

diagram of shape two = - . Such a diagram (of C-objects and C-
morphisms) is called a pair.

1/2/2002
2 D2 @2
o
01107
D)
1 2%

0 A pair (of C-objects) is the appropriate base diagram for a binary v ~—

coproduct in C. Each pair consists of a pair of C-objects called J y:DO 3D
objectl and object2. Copairs are determined by their two compo-
nent C-objects. Figure 2: Binary coproduct

(1) (KIF$function diagram
(KI'F$function pair)
(= pair diagram
(= (KIF$source diagran) CAT$cat egory)
(= (KIF$target diagram SETS$cl ass)

(2) (K

$f uncti on obj ect 1)

Kl F$source obj ect1) CAT$category)

KI F$t ar get obj ect 1) SET. FTNfuncti on)
all (?c (CAT$category ?c))

(and (= (SET. FTN$source (objectl ?c)) (diagram ?c))

S~

fo

(= (SET. FTN$t arget (objectl ?c)) (CAT$object ?c))))

(3) (KIF$function object?2)

Kl F$sour ce obj ect2) CAT$cat egory)

KI F$t ar get obj ect 2) SET. FTNfuncti on)
all (?c (CAT$category ?c))

(and (= (SET. FTN$source (object2 ?c)) (diagram ?c))

T

fo

(= (SET. FTN$t arget (object2 ?c)) (CAT$object ?c))))

(forall (?c (CAT$category ?c)
?pl ((diagram ?c) ?pl) ?p2 ((diagram ?c) ?p2))
(=> (and (= ((objectl ?c) ?pl) ((objectl ?c) ?p2))
(= ((object2 ?c) ?pl) ((object2 ?c) ?p2)))
(= ?p1 ?p2)))

0 Every pair has an opposite.

(4) (KIF$function opposite)
(= (KI F$source opposite) CAT$category)
(= (KIF$target opposite) SET. FTN$function)
(forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (opposite ?c)) (diagram ?c))
(= (SET. FTN$t arget (opposite ?c)) (diagram ?c))

(= (SET. FTN$conposi tion (opposite ?c) (objectl ?c)) (object2 ?c))
(= (SET. FTN$conposi tion (opposite ?c) (object2 ?c)) (objectl ?c))))

0 The opposite of the opposite is the original pair — the following theorem can be proven.

(forall (?c (CAT$category ?c))

(= (SET. FTN$conposition (opposite ?c) (opposite ?c))

(SET. FTN$i dentity (diagram ?c))))

0 Binary coproduct cocones are used to specify and axiomatize binary coproducts in a category C. Each
binary coproduct cocone has an underlying binary coproduct diagram (pair) and an opvertex C-object.
A binary coproduct cocone is a natural transformation. For convenience of terminology we name the
components of this natural transformation — a pair of C-morphisms called opfirst and opsecond, whose
common target C-object is the opvertex and whose source C-objects are the target C-objects of the C-
morphisms in the underlying diagram. A binary coproduct cocone is the very special case of a general

colimit cocone over a binary coproduct diagram.

(5) (KIF$function cocone)
(= (KIF$source cocone) CAT$cat egory)
(= (KIF$target cocone) SET$cl ass)
(forall (?c (CAT$category ?c))
(and (KI F$subcol | ection (cocone ?c) (CO.$cocone ?c))
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(= (cocone ?c) ((COL$cocone-fiber ?c) CAT$two))))

(6) (KIF$function cocone-di agram
(= (KI F$source cocone-di agran) CAT$cat egory)
(= (KIF$target cocone-di agran) SET. FTN$f uncti on)
(forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (cocone-di agram ?c)) (cocone ?c))
(= (SET. FTN$t arget (cocone-di agram ?c)) (di agram ?c))
(= (cocone-di agram ?c) ((COL$cocone-di agramfiber ?c) CAT$two)))

(7) F$functi on opvertex)
(KI F$source opvertex) CAT$category)
(KI F$t ar get opvertex) SET. FTN$functi on)
orall (?c (CAT$category ?c))
(and (= (SET.FTN$source (opvertex ?c)) (cocone ?c))
(= (SET. FTN$t arget (opvertex ?c)) (CAT$object ?c))

(= (opvertex ?c) ((COL$opvertex-fiber ?c) CAT$two))))

(K
(:
(:
(fo

(8) F$function opfirst)
(KI F$source opfirst) CAT$category)
(KI F$target opfirst) SET. FTN$function)
orall (?c (CAT$category ?c))
(and (= (SET.FTN$source (opfirst ?c)) (cocone ?c))
(= (SET. FTN$t arget (opfirst ?c)) (CAT$norphism ?c))
(forall (?t ((cocone ?c) ?t))
(= ((opfirst ?c) ?t) ((NAT$conponent ?t) 1)))))

(K
(:
(:
(fo

(9) F$functi on opsecond)
(KI F$sour ce opsecond) CATS$cat egory)
(KI F$t ar get opsecond) SET. FTN$f uncti on)
orall (?c (CAT$category ?c))
(and (= (SET. FTN$source (opsecond ?c)) (cocone ?c))
(= (SET. FTN$t arget (opsecond ?c)) (CAT$nor phi sm ?c))
(forall (?t ((cocone ?c) ?t))
(= ((opsecond ?c) ?t) ((NAT$conponent ?t) 2)))))

(K
(:
(:
(fo

0 There is a function ‘col i mi ting- cocone’ that maps a binary coproduct diagram (pair) in a category C
to its collection of binary coproduct colimiting cocones (this may be empty). The opvertex C-object of
a colimiting cocone (Figure 4) is also known a binary coproduct. A colimiting cocone is a natural
transformation. For convenience of terminology we name the components of this natural transforma-
tion — two injection C-morphisms.

(10) (KIF$function colimting-cocone)
(= (KIF$source colinting-cocone) CAT$category)
(= (KIF$target colimting-cocone) SET. FTN$functi on)
(forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (colimting-cocone ?c)) (diagram ?c))
(= (SET. FTN$target (colimting-cocone ?c)) SET$cl ass)
(= (colimting-cocone ?c)
((COL$col i m ting-cocone-fiber ?c) CAT$two))))
(11) (KIF$function colimt)
KI F$f uncti on bi nary- coproduct)
= bi nary-coproduct colimt)
= (KIF$source colinit) CAT$category)
= (KIF$target colinmt) KIF$function)
forall (?c (CAT$category ?c))
(and (= (KIF$source (colimt ?c)) (diagram ?c))
(= (KIF$target (colimt ?c)) SET. FTN$function)
(forall (?d ((diagram ?c) ?2d))
(and (= (SET.FTN$source ((colimt ?c) 2d))
((colimting-cocone ?c) ?d))
(= (SET. FTN$target ((colimt ?c) ?2d))
( CAT$obj ect ?c))
(= ((colimt ?c) 2d)
(((COL$colimt-fiber ?c) CAT$two) 2d))))))

(12) (KIF$function injectionl)
(= (KIF$source injectionl) CAT$category)
(= (KIF$target injectionl) KIF$function)



IFF Foundation Ontology

Robert E. Kent Page 47 1/2/2002

(forall (?c (CAT$category ?c))
(and (= (KIF$source (injectionl ?c)) (diagram ?c))
(= (KIF$target (injectionl ?c)) SET.FTN$function)
(forall (?d ((diagram ?c) ?2d))
(and (= (SET. FTN$source ((injectionl ?c) ?2d))
((colimting-cocone ?c) ?d))
(= (SET. FTN$target ((injectionl ?c) ?d))
( CAT$nor phi sm ?c))
(forall (?g (((colimting-cocone ?c) ?d) ?9g))
(= (((injectionl ?c) ?d) ?9)
((NATS$conponent ?g) 1)))))))

(13) (KIF$function injection2)
(= (KIF$source injection2) CAT$category)
(= (KIF$target injection2) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (injection2 ?c)) (diagram ?c))
(= (KIF$target (injection2 ?c)) SET. FTN$functi on)
(forall (?d ((diagram ?c) ?2d))
(and (= (SET. FTN$source ((injection2 ?c) ?2d))
((colimting-cocone ?c) ?d))
(= (SET. FTN$target ((injection2 ?c) ?2d))
( CAT$nor phi sm ?c))
(forall (?g (((colimting-cocone ?c) ?d) ?g))
(= (((injection2 ?2c) 2d) ?9)
((NAT$conponent ?g) 2)))))))

0 For any binary coproduct cocone in a category C, there is a function that maps any colimiting cocone
with the same base diagram to a unique comediator C-morphism whose source is the binary coproduct
and whose target is opvertex of the cocone. Existence and uniqueness represents the universality of the
binary coproduct operator. A derived theorem states that all binary coproducts are isomorphic in C.

(14) (KIF$function conedi ator)
(= (KIF$source conedi ator) CAT$cat egory)
(= (KIF$target conedi ator) Kl F$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (conediator ?c)) (cocone ?c))
(= (KIF$target (conediator ?c)) SET. FTN$f uncti on)
(forall (?t ((cocone ?c) ?t))
(and (= (SET.FTN$source ((conediator ?c) ?t))
((colimting-cocone ?c) ((cocone-diagram?c) ?t)))

(= (SET. FTN$t arget ((conediator ?c) ?t)) (CAT$norphism ?c))
(= ((conediator ?c) ?t)
(((COL$conedi ator-fiber ?c) CAT$two) ?t))))))
Coequalizers
COL. COEQ
Given a category C, a coequalizer in C (Figure 3) is a finite D(1) v(1)
colimit for a diagram of shape J = + = «= parallel-pair. Such 1 =o0p ~Zm 2
a diagram (of C-objects and C-morphisms) is also called an D(1) D(2)
parallel pair. =m = my 1 2
0 A parallel pair is the appropriate base diagram for a co- 2 D(2) 1(2)
equalizer. Each parallel pair consists of a pair of C- =0,
morphisms called first and second. These are required to — ~ —~— ~
have a common source and a common target C-object. J y:DO $D
The term ‘parallel pair’ is synonymous with the phrase
“coequalizer diagram”. Figure 3: Coequalizer

(1) (KIF$function diagram

(KI'F$function parallel-pair)

(= parallel-pair diagram

(= (KIF$source diagran) CAT$cat egory)
(= (KIF$target diagram SETS$cl ass)
(forall (?c (CAT$category ?c))
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(and (KI F$subcol | ection (di agram ?c) (COL$di agram ?c))
(= (diagram ?c)
((COL$di agram fi ber ?c) CAT$parallel-pair))))

$f uncti on source)

Kl F$sour ce source) CAT$cat egory)

KI F$t arget source) SET. FTN$functi on)

orall (?c (CAT$category ?c))

(and (= (SET. FTN$source (source ?c)) (diagram ?c))
(= (SET. FTN$t arget (source ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?2d))

(= ((source ?c) ?d) ((FUNC$object 2d) 1)))))

(2)

“‘ T

(3) F$function target)

(KI F$source target) CAT$category)

(KI F$t arget target) SET. FTN$f uncti on)

orall (?c (CAT$category ?c))

(and (= (SET. FTN$source (target ?c)) (diagram ?c))
(= (SET. FTN$t arget (target ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?2d))

(= ((target ?c) ?d) ((FUNC$object 2d) 2)))))

(K
(:
(:
(fo

(4) F$function functionl)
(KI F$source functionl) CAT$category)
(KI F$t arget functionl) SET. FTN$f uncti on)
orall (?c (CAT$category ?c))
(and (= (SET.FTN$source (functionl ?c)) (diagram ?c))
(= (SET. FTN$target (functionl ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?2d))
(= ((functionl ?c) ?d) ((FUNC$norphism?2d) 1)))))

(K
(:
(:
(fo

(5) F$function function2)
(KI F$source function2) CAT$category)
(KI F$t arget function2) SET. FTN$f uncti on)
orall (?c (CAT$category ?c))
(and (= (SET.FTN$source (function2 ?c)) (diagram ?c))
(= (SET. FTN$target (function2 ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?2d))
(= ((function2 ?c) ?2d) ((FUNC$norphism?2d) 2)))))

(Kl
(:
(:
(fo

0 Coequalizer cocones are used to specify and axiomatize coequalizers in a category C. Each coequalizer
cocone has an underlying coequalizer diagram and an opvertex C-object. A coequalizer cocone is a
natural transformation. For convenience of terminology we name the second component of this natural
transformation — a C-morphism called morphism, whose target C-object is the opvertex and whose
source C-object is the target of the C-morphisms in the parallel-pair. By naturality, the first component
is not needed — it is the composition of either parallel pair morphism with the first component. A co-
equalizer cocone is the very special case of a general colimit cocone over a coequalizer diagram.

(6) (KIF$function cocone)
(= (KIF$source cocone) CATS$cat egory)
(= (KIF$target cocone) SETS$cl ass)
(forall (?c (CAT$category ?c))
(and (KI F$subcol | ection (cocone ?c) (CO.$cocone ?c))
(= (cocone ?c) ((COL$cocone-fiber ?c) CAT$parallel-pair))))

(7) (KIF$function cocone-di agram
(= (KI F$source cocone-di agran) CAT$cat egory)
(= (KIF$target cocone-diagran) SET. FTN$functi on)
(forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (cocone-di agram ?c)) (cocone ?c))
(= (SET. FTN$t arget (cocone-di agram ?c)) (di agram ?c))
(= (cocone-di agram ?c)
((COL$cocone-di agram fi ber ?c) CAT$parallel-pair)))
(8) $f uncti on opvertex)

KI F$t ar get opvertex) SET. FTN$functi on)
all (?c (CAT$category ?c))
(and (= (SET. FTN$source (opvertex ?c)) (cocone ?c))

(K
(:
(:
(f

F
(KI F$source opvertex) CAT$category)
(
or
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SET. FTN$t arget (opvertex ?c)) (CAT$object ?c))

—_~—

(
(

(9) (KIF$function norphism

(= (KIF$source norphi sm) CAT$cat egory)
(= (KIF$target norphism) SET. FTN$functi on)
(forall (?c (CAT$category ?c))

(and (= (SET. FTN$source (norphism ?c)) (cocone ?c))
(= (SET. FTN$t arget (nor phi sm ?c)) (CAT$nor phi sm ?c))
(forall (?t ((cocone ?c) ?t))
(= ((rmorphism ?c) ?t) ((NAT$conponent ?t) 2)))))

opvertex ?c) ((COL$opvertex-fiber ?c) CAT$parallel-pair))))

1/2/2002

0 There is a function ‘col i ni ti ng- cocone’ that maps a coequalizer diagram (parallel pair) in a category
C to its collection of coequalizer colimiting cocones (this may be empty). The opvertex C-object of a
colimiting cocone (Figure 3) is also known a coequalizer. A colimiting cocone is a natural transforma-
tion. For convenience of terminology we name the second component of this natural transformation —
the canon C-morphism.

(10)

(11)

(12)

(KI'F$function colimting-cocone)
(= (KIF$source colimting-cocone) CAT$category)
(= (KIF$target colimting-cocone) SET. FTN$function)
(forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (colimting-cocone ?c)) (diagram ?c))
(= (SET. FTN$t arget (colimting-cocone ?c)) SET$cl ass)
(= (colimting-cocone ?c)
((COL$col i miting-cocone-fiber ?c) CAT$parallel-pair))))

I F$f unction colimt)
| F$f uncti on coequal i zer)
= coequal i zer colimt)
= (KIF$source colinit) CAT$category)
= (KIF$target colimt) KIF$function)
forall (?c (CAT$category ?c))
(and (= (KIF$source (colimt ?c)) (diagram ?c))
(= (KIF$target (colimt ?c)) SET. FTN$function)
(forall (?d ((diagram ?c) ?2d))
(and (= (SET.FTN$source ((colimt ?c) 2d))
((colimting-cocone ?c) ?d))
(= (SET. FTN$target ((colimt ?c) ?2d))
(CAT$o0bj ect ?c))
(= ((colimt ?c) 2d)

(((COL$colimt-fiber ?c) CAT$parallel-pair) 2d))))))

(KI F$f uncti on canon)
(= (KIF$source canon) CAT$cat egory)
(= (KIF$target canon) Kl F$function)
(forall (?c (CAT$category ?c))
(and (= (KI F$source (canon ?c)) (diagram ?c))
(= (KIF$target (canon ?c)) SET. FTN$functi on)
(forall (?d ((diagram ?c) ?2d))
(and (= (SET. FTN$source ((canon ?c) ?2d))
((colimting-cocone ?c) ?d))
(= (SET. FTN$t arget ((canon ?c) ?2d))
( CAT$nor phi sm ?c))
(forall (?g (((colimting-cocone ?c) ?d) ?9g))
(= (((canon ?c) 2d) ?9)
((NATS$conponent ?g) 2)))))))

0 For any coequalizer cocone in a category C, there is a function that maps any colimiting cocone with
the same base diagram to a unique comediator C-morphism whose source is the coequalizer and whose
target is opvertex of the cocone. This is the unique morphism that commutes with canon and mor-
phism. Existence and uniqueness represents the universality of the coequalizer operator. A derived
theorem states that all coequalizers are isomorphic in C.

(13) (KIF$function conedi ator)

(= (KIF$source conedi ator) CAT$cat egory)
(= (KIF$target conedi ator) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (conediator ?c)) (cocone ?c))
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(= (KIF$target (conediator ?c)) SET. FTN$functi on)
(forall (?t ((cocone ?c) ?t))
(and (= (SET. FTN$source ((conediator ?c) ?t))
((colimting-cocone ?c) ((cocone-diagram?c) ?t)))

(= (SET. FTN$t arget ((conmediator ?c) ?t)) (CAT$norphism ?c))
(= ((conediator ?c) ?t)
(((COL$comnedi ator-fiber ?c) CAT$parallel-pair) ?t))))))
Pushouts
COL. PSH 2 D(@2)  D(2) 2
= =0
Given a category C, a pushout in C (Figure 4) is a finite 2 /]\ D3 / 2 \_\
colimit for a diagram of shape J = « < « — «=span. Such 3 -0 my < nz
a diagram (of C-objects and C-morphisms) is also called 1 J/ s \ /
an span. D) ~ DA™y
. . . 1 =my T 01
0 A span is the appropriate base diagram for a
pushout. Each span consists of a pair of C- — h T ~
morphisms called first and second. These are re- J y:DO 3D
quired to have a common source C-object called the
vertex. The term ‘span’ is synonymous with the Figure 4: Pushout

phrase “pushout diagram”.

(1) (KIF$function diagram
(KI F$f uncti on span)
(= span di agram
(= (KIF$source diagran) CAT$cat egory)
(= (KIF$target diagran) SET$class)
(forall (?c (CAT$category ?c))
(and (KI F$subcol | ection (diagram ?c) (COL$di agram ?c))
(= (diagram ?c)
((COL$di agram fi ber ?c) CAT$span))))
(2) F$functi on object 1)
(KI F$source obj ect1) CAT$category)
(KI F$t arget obj ect1) SET. FTN$functi on)
orall (?c (CAT$category ?c))
(and (= (SET. FTN$source (objectl ?c)) (diagram ?c))
(= (SET. FTN$t arget (objectl ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?2d))
(= ((objectl ?c) ?d) ((FUNC$object ?d) 1)))))

(K
(:
(:
(fo

(3) F$functi on obj ect 2)

(KI F$source obj ect2) CAT$category)

(KI F$t arget obj ect 2) SET. FTN$f uncti on)
orall (?c (CAT$category ?c))

(and (= (SET. FTN$source (object2 ?c)) (diagram ?c))
(= (SET. FTN$t arget (object2 ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?2d))

(= ((object2 ?c) ?d) ((FUNC$object ?d) 2)))))

(K
(:
(:
(fo

(4)

(KI F$source vertex) CAT$category)

(KI F$t arget vertex) SET. FTN$f uncti on)

orall (?c (CAT$category ?c))

(and (= (SET.FTN$source (vertex ?c)) (diagram ?c))
(= (SET. FTN$t arget (vertex ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?d))

(= ((vertex ?c) 2d) ((FUNC$object 2d) 3)))))

KI F$f uncti on vert ex)
f

(
(
(
(fo

(5) F$function first)
(KI F$source first) CAT$category)
(KIF$target first) SET. FTN$functi on)
orall (?c (CAT$category ?c))
(and (= (SET.FTN$source (first ?c)) (diagram ?c))
(= (SET. FTN$target (first ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?2d))
(= ((first 2c) ?d) ((FUNC$norphism?d) 1)))))

(KI
(:
(:
(fo
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(6) (KIF$function second)

(= (KIF$source second) CATS$cat egory)

(= (KIF$target second) SET. FTN$f uncti on)

(forall (?c (CAT$category ?c))

(and (= (SET. FTN$source (second ?c)) (diagram ?c))
(= (SET. FTN$t arget (second ?c)) (CAT$object ?c))
(forall (?d ((diagram ?c) ?2d))
(= ((second ?c) ?d) ((FUNC$norphism?2d) 2)))))

0 The pair of target C-objects (postfixing discrete diagram) of any span (pushout diagram) in a category
C is named.

(7) (KIF$function pair)
(= (KIF$source pair) CAT$category)
(= (KIF$target pair) SET. FTN$function)
(forall (?c (CAT$category ?c))
(and (= (SET.FTN$source (pair ?c)) (diagram ?c))
(= (SET. FTN$target (pair ?c)) (COL. COPRD2$di agram)))
(= (SET. FTN$conposition [(pair ?c) (COL. COPRD2%0bjectl ?c)])
(objectl ?c))
(= (SET. FTN$conposition [(pair ?c) (COL. COPRD2%0bj ect2 ?c)])
(object2 ?c))))

0 Every span in C has an opposite.

(8) (KIF$function opposite)
(= (KI F$source opposite) CAT$category)
(= (KIF$target opposite) SET. FTN$function)
(forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (opposite ?c)) (diagram ?c))
(= (SET. FTN$t arget (opposite ?c)) (diagram ?c))
(= (SET. FTN$conposi tion [ (opposite ?c) (objectl ?c)])
(object2 ?c))
(= (SET. FTN$conposition [(opposite ?c) (object2 ?c)])
(objectl ?c))
(= (SET. FTN$conposi tion [(opposite ?c) (vertex ?c)])
(vertex ?c))
(= (SET. FTN$conposition [(opposite ?c) (first ?c)])
(second ?c))
(= (SET. FTN$conposi tion [(opposite ?c) (second ?c)])
(first ?c))))

0 The opposite of the opposite is the original span — the following theorem can be proven.

(forall (?c (CAT$category ?c))
(= (SET. FTN$conposi tion [(opposite ?c) (opposite ?c)])
(SET. FTN$i dentity (diagram ?c))))

0 The parallel pair or coequalizer diagram function maps a span b
in a category C to the associated (COL. COEQ) parallel pair (see
Diagram 4) of functions, which are the composite of the first m/ J/J/ \mz
and second functions of the span with the coproduct injections
of the binary coproduct of the pair of classes underlying the
span. The coequalizer and canon of the parallel pair could be
used to define the pushout and pushout injections.

01 - 01+02 < 02
1 l2
Diagram 4: Coequalizer Diagram

(9) (KIF$function coequalizer-diagram
(KI F$function parallel-pair)
(= parallel-pair coequalizer-diagram
(= (KIF$source coequal i zer-di agran) CAT$cat egory)
(= (KIF$target coequalizer-diagran) SET. FTN$functi on)
(forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (coequal i zer-di agram ?c)) (di agram ?c))
(= (SET. FTN$t arget (coequal i zer-di agram ?c)) (COL. COEQBdi agram ?c))
(forall (?d ((diagram ?c) ?2d))
(= ((coequali zer-di agram ?c) ?2d)
( FUNC$conposi ti on [ (FUNC$i ncl usi on [ CAT$two CAT$span]) ?d])))))
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Pushout cocones are used to specify and axiomatize pushouts in a category C. Each pushout cocone
has an underlying pushout diagram and an opvertex C-object. A pushout cocone is a natural transfor-
mation. For convenience of terminology we name the components of this natural transformation — a
pair of C-morphisms called opfirst and opsecond, whose common target C-object is the opvertex and
whose source C-objects are the target C-objects of the C-morphisms in the underlying diagram. By
naturality, the opfirst and opsecond morphisms form a commutative diagram with the span. A pushout
cocone is the very special case of a general colimit cocone over a pushout diagram.

(10)

(11)

(12)

(13)

(14)

(KI F$f uncti on cocone)
(= (KI F$source cocone) CATS$category)
(= (KIF$target cocone) SETS$cl ass)
(forall (?c (CAT$category ?c))
(and (Kl F$subcol | ection (cocone ?c) (COL$cocone ?c))
(= (cocone ?c) ((COL$cocone-fiber ?c) CAT$span))))

F$functi on cocone-di agran
(KI F$sour ce cocone-di agram CATS$cat egory)
(KI F$t ar get cocone-di agran) SET. FTN$f uncti on)
rall (?c (CAT$category ?c))
(and (= (SET. FTN$source (cocone-di agram ?c)) (cocone ?c))
(= (SET. FTN$t ar get (cocone-di agram ?c)) (diagram ?c))
(= (cocone-di agram ?c) ((COL$cocone-di agramfiber ?c) CAT$span)))

(KI
(:
(:
(fo

KI F$f uncti on opvertex)
(KI F$source opvertex) CAT$category)
(KI F$t ar get opvertex) SET. FTN$functi on)
rall (?c (CAT$category ?c))
(and (= (SET.FTN$source (opvertex ?c)) (cocone ?c))
(= (SET. FTN$t arget (opvertex ?c)) (CAT$object ?c))
(= (opvertex ?c) ((COL$opvertex-fiber ?c) CAT$span))))

A~~~

fo

KI F$f uncti on opfirst)
= (KIF$source opfirst) CAT$category)
= (KIF$target opfirst) SET. FTN$f uncti on)
forall (?c (CAT$category ?c))
(and (= (SET.FTN$source (opfirst ?c)) (cocone ?c))
(= (SET. FTN$t arget (opfirst ?c)) (CAT$norphism ?c))
(forall (?t ((cocone ?c) ?t))
(= ((opfirst ?c) ?t) ((NAT$conponent ?t) 1)))))

(
(
(
(

KI F$f uncti on opsecond)
= (KIF$source opsecond) CAT$cat egory)
= (KI F$t arget opsecond) SET. FTN$f uncti on)
forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (opsecond ?c)) (cocone ?c))
(= (SET. FTN$t arget (opsecond ?c)) (CAT$norphi sm ?c))
(forall (?t ((cocone ?c) ?t))
(= ((opsecond ?c) ?t) ((NAT$conponent ?t) 2)))))

~~~—~

There is a function ‘col i i ting- cocone’ that maps a pushout diagram (span) in a category C to its
collection of pushout colimiting cocones (this may be empty). The opvertex C-object of a colimiting
cocone (Figure 4) is also known a pushout. A colimiting cocone is a natural transformation. For con-
venience of terminology we name the components of this natural transformation — two injection C-
morphisms.

(15)

(16)

(KI F$function colimting-cocone)
(= (KIF$source colinting-cocone) CAT$category)
(= (KIF$target colimting-cocone) SET. FTN$functi on)
(forall (?c (CAT$category ?c))
(and (= (SET. FTN$source (colimting-cocone ?c)) (diagram ?c))
(= (SET. FTN$target (colimting-cocone ?c)) SET$cl ass)
(= (colimting-cocone ?c)
((COL$col i miting-cocone-fiber ?c) CAT$span))))

(KI'F$function colimt)

(KI F$f uncti on pushout)

(= pushout colimt)

(= (KIF$source colinit) CAT$category)
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(= (KIF$target colimt) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (colimt ?c)) (diagram ?c))
(= (KIF$target (colimt ?c)) SET. FTN$function)
(forall (?d ((diagram ?c) ?2d))
(and (= (SET.FTN$source ((colimt ?c) 2d))
((colimting-cocone ?c) ?d))
(= (SET. FTN$target ((colimt ?c) 2d))
( CAT$obj ect ?c))
(= ((colimt ?c) 2d)
(((COL$colimt-fiber ?c) CAT$span) 2d))))))

(17) (KIF$function injectionl)
(= (KIF$source injectionl) CAT$category)
(= (KIF$target injectionl) KIF$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (injectionl ?c)) (diagram ?c))
(= (KIF$target (injectionl ?c)) SET. FTN$functi on)
(forall (?d ((diagram ?c) ?2d))
(and (= (SET.FTN$source ((injectionl ?c) ?2d))
((colimting-cocone ?c) ?d))
(= (SET. FTN$target ((injectionl ?c) ?2d))
( CAT$nor phi sm ?c))
(forall (?g (((colimting-cocone ?c) ?d) ?g))
(= (((injectionl ?2c) 2d) ?9)
((NAT$conponent ?g) 1)))))))

(18) (KIF$function injection2)
(= (KIF$source injection2) CAT$category)
(= (KIF$target injection2) KlIFS$function)
(forall (?c (CAT$category ?c))

(and (= (KIF$source (injection2 ?c)) (diagram ?c))
(= (KIF$target (injection2 ?c)) SET. FTN$functi on)
(forall (?d ((diagram ?c) ?2d))
(and (= (SET.FTN$source ((injection2 ?c) ?2d))
((colimting-cocone ?c) ?d))
(= (SET. FTN$target ((injection2 ?c) ?2d))
( CAT$nor phi sm ?c))
(forall (?g (((colimting-cocone ?c) ?d) ?g))
(= (((injection2 ?c) ?d) ?9)
((NAT$conponent ?g) 2)))))))

0 For any pushout cocone in a category C, there is a function that maps any colimiting cocone with the
same base diagram to a unique comediator C-morphism whose source is the pushout and whose target
is opvertex of the cocone. This is the unique morphism that commutes with opfirst and opsecond mor-
phisms. Existence and uniqueness represents the universality of the pullback operator. A derived theo-
rem states that all pushouts are isomorphic in C.

(19) (KIF$function conedi ator)
(= (KIF$source conedi ator) CAT$cat egory)
(= (KIFS$target conediator) Kl F$function)
(forall (?c (CAT$category ?c))
(and (= (KIF$source (conediator ?c)) (cocone ?c))
(= (KIF$target (conediator ?c)) SET. FTN$function)
(forall (?t ((cocone ?c) ?t))
(and (= (SET. FTN$source ((conediator ?c) ?t))
((colimting-cocone ?c) ((cocone-diagram?c) ?t)))
(= (SET. FTN$t arget ((conediator ?c) ?t)) (CAT$norphism ?c))
(= ((conediator ?c) ?t)
(((COL$conedi ator-fiber ?c) CAT$span) ?t))))))
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