The IFF Model Theory Ontology
Robert E. Kent Page 1 5/15/2002

The Namespace of Terms
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This section offers an axiomatization for terms that is compatible with the IFF Model Theory Ontology.
Terms will be merged into the IFF Model Theory Ontology, by replacing substitutions with term tuples.
Term tuples subsume the previous notion of substitution. In addition, suitable modifications need to be
made to the IFF Model Theory Ontology by replacing the effect of substitutions in language morphisms,
language expressions and language colimits, with the effect of term tuples. Also, the traditional functorial
semantics for terms needs to be seamlessly merged with the classification-oriented notion of IFF models.

Table 1 lists the terminology for function types and terms.

Table 1: Terminology for terms

Class Function

| ang | anguage variable entity function constant
reference arity return

renam ng donmai n codonmin

| ang term
.term arity return
el enent

substitution-opspan substitutable substitution

is-element = elenentary is-conposite is-atom = is-function

term substitution-opspan termsubstitutable termsubstitution

function tuple resolution

| ang tuple
.termtpl index arity
enpty

insertibl e-opspan insertible insertion singleton
renamabl e renam ng

is-enpty is-nonenpty is-conposite is-atom = is-singleton

tupl able tupling = tuple-insertion

i ndex- menber index-injection index-indication index-projection
sel ection remai nder = rest

conposabl e- opspan conposabl e conposition
identity
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Languages

| ang

o A 1%-order type language L = var(L), ent(L), refer(L), ftn(L), arity(L), rtn(L)XFigure 1) consists of

a set of variables var(L),
a set of entity types ent(L), «
a reference or sort function
0 = refer(L) : var(L) — ent(L), o] J/ / i
a set of function types ftn(L),
ent(L)

an arity function

a return function
« =rtn(L) : ftn(L) - var(L).

Just as for relation types, the arity function is equivalent to a signature function

a. = sign(L) : ftn(L) - sign(Q).

In addition, the return function implies a type function

The signature and type functions will be ignored at this time. We represent a function type f (0 ftn(L)

1= return(L) : ftn(L) - ent(L).

having arity(L)(f ) = A and rtn(L)(f ) = a with the linear notation

(1)
(2)

(3)

(4

(5)

(6)

(7

o A constant is a function type whose arity is empty. In particular, the arity fiber at the empty set is

f(A): a.
(SET$cl ass | anguage)

(SET. FTN$f uncti on vari abl e)
(= (SET. FTN$source vari abl e) | anguage)
(= (SET. FTN$t arget vari abl e) set $set)

(SET. FTN$function entity)
(= (SET. FTN$source entity) |anguage)
(= (SET. FTN$target entity) set$set)
( SET. FTN$f uncti on functi on)
(= (SET. FTN$source function) |anguage)
(= (SET. FTN$target function) set$set)
(SET. FTN$f uncti on reference)
(= (SET. FTN$source reference) |anguage)
(= (SET. FTN$t arget reference) set.ftn$function)
(= (SET. FTN$conposition [reference set.ftn$source]) variable)
(= (SET. FTN$conposition [reference set.ftn$target]) entity)
( SET. FTN$f unction arity)
(= (SET. FTN$source arity) |anguage)
(= (SET. FTN$target arity) set.ftn$function)
(= (SET. FTN$conposition [arity set.ftn$source]) function)
(= (SET. FTN$conposition [arity set.ftn$target])
( SET. FTN$conposi tion [variabl e set $powner]))
(SET. FTN$f uncti on return)
(= (SET. FTN$source return) |anguage)
(= (SET. FTN$t arget return) set.ftn$function)
(= (SET. FTN$conposition [return set.ftn$source]) function)
(= (SET. FTN$conposition [return set.ftn$target]) variable)

called the set of constants of L

const(L) = arity-fiber(L)(0).

(8) (SET.FTN$function arity-fiber)

var(L) «— ftn(L) — Ovar(L)

OL\ T refer-arity(L)

# = arity(L) : ftn(L) - O var(L), and Figure 1: Term Language
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(9)

(= (SET. FTN$source arity-fiber) |ang$l anguage)
(= (SET. FTN$target arity-fiber) set.ftn$function)
(= (SET. FTN$conposition [arity-fiber set.ftn$source])

( SET. FTN$conposi tion [l ang$vari abl e set $power]))
(= (SET. FTN$conposition [arity-fiber set.ftn$target])

(SET. FTN$conposi tion [function set$power]))
(forall (?I (language ?l))

(= (arity-fiber ?I)
(set.ftn$fiber (arity ?1))))

(KI F$f unction constant)

(= (SET. FTN$sour ce constant) | ang$l anguage)
(= (SET. FTN$t arget constant) set $set)
(forall (?I (language ?l))

(= (constant ?I)
((arity-fiber ?1) set.colS$initial)))

o For any type language L a renaming h : src(h) - tgt(h) of L is a renaming of the reference function.
This means that it is a bijective function between variable sets src(h), tgt(h) O var(L) that respects the
reference function. Let rename(L) denote the class of all renamings of L. For convenience of refer-
ence, we rename the source and target of substitutions.

(10)

(11)

(12)

( SET. FTN$f uncti on renam ng)

(= (SET. FTN$source renam ng) | anguage)

(= (SET. FTN$t ar get renam ng) set $set)

(= renam ng (SET. FTN$conposition [reference set.ftn$renam ng]))

ET. FTN$f uncti on domai n)
( SET. FTN$sour ce domai n) | anguage)
( SET. FTN$t ar get donmi n) set. ftn$function)
( SET. FTN$conposi ti on [domai n set.ftn$source]) renani ng)
( SET. FTN$conposi ti on [domain set.ftn$target])
(SET. FTN$conposi tion [vari abl e set $power]))
(= domai n (SET. FTN$conposition [reference set.ftn$domain]))

I T | N I B )]

A~~~

ET. FTN$f uncti on codonai n)

( SET. FTN$sour ce codonmi n) | anguage)

( SET. FTN$t ar get codonmi n) set. ftn$function)

( SET. FTN$conposi tion [codomai n set.ftn$source]) renam ng)

( SET. FTN$conposi ti on [codomai n set.ftn$target])

(SET. FTN$conposi tion [vari abl e set $power]))

(= codomai n (SET. FTN$conposition [reference set.ftn$codomain]))

I T | I I B )]

A~~~ A~
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Membership as Coproduct
set. nbr

We assume that the following code appears in the IFF Lower Core Ontology in the ‘set.nbr’ sub-
namespace.

o The extent of the membership relation on subsets of an underlying set A is the coproduct of the power
identity function, regarded as a coproduct arity

#G:idDAZDA—» O A.

(1) (SET.FTN$function nenber-arity)
(= (SET. FTN$source nenber-arity) set$set)
(SET. FTN$t arget nmenber-arity) set.col.art$arity)
(SET. FTN$conposi tion [nmenber-arity set.col.art$i ndex]) set$power)
( SET. FTN$conposi tion [nenber-arity set.col.art$base]) (SET.FTN$identity set$set))
( SET. FTN$conposi tion [nenber-arity set.col.art$function])
( SET. FTN$conposi tion [set $power set.ftn$identity]))

o  Any set A has a set of membership cases

mbr(A) = ¥ ido » Nj(A)X)

=Y xm aidoa(X) X —> mbridy

={(X,x) | XOOA xOX}, 0 i Proj(A)
that is the coproduct of its power identity function as arity. A

For any set A and any subset X [ [0 A there is a member injection function:
inj(A)(X) : X - mbr(A)

defined by inj(A)(X)(X) = (X, X) for all subsets X 0 0 A and all elements x 0 X. Obviously, the injec-

tions are injective. They commute (Diagram 1) with projection and inclusion.

(2) (SET. FTN$function nmenber)
(= (SET. FTN$sour ce nenber) set $set)
(= (SET. FTN$t ar get nmenber) set $set)
(= menber (SET. FTN$conposition [nmenber-arity set.col.art$coproduct]))

Diagram 1: Coproduct

(3)

F$function injection)

(KI F$source injection) set$set)

(KI F$target injection) SET. FTN$function)
i

Kl
= injection (SET. FTN$conposition [nmenber-arity set.col.art$injection]))

(
(
(
(

o  Any set A defines indication and projection functions based on its arity (Figure 2): mbr(A)
|nd|_c(A)- :mbr(A) - OA, indic(a) \l Droj(A)

proj(A) : mbr(A) - A. / “ A
These are defined by "
indic(A)((X, X)) = X and proj(A)((X, x)) = X
for all subsets X 0 [0 A and all elements x [ X.

(4) (SET. FTN$function indication)
(= (SET. FTN$source indication) set$set)
(= (SET. FTN$t arget indication) set.ftn$function)
(= indication (SET. FTN$conposition [menber-arity set.col.art$indication]))

oA ——> OA
Figure 2: Indication and projection

(5)
( SET. FTN$sour ce projection) set$set)

(SET. FTN$t arget proj ection) set.ftn$function)
p

SET. FTN$f uncti on proj ecti on)
= projection (SET. FTN$conposition [nenber-arity set.col.art$projection]))
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Terms
lang.term
This section and its term tuple subsection axiomatize the terms for a type language L. Terms and term tu-
ples are corecursively defined. This specification replaces the traditional recursive tree-forest set equations
Tree(A) 01+ A x Forest(A),
Forest(A) Ostack(Tree(A))
with the recursive term-tuple set equations
Term(L) Oext(mbr(var(L))) + ftn(L) OTuple(L),
Tuple(L) Otuple(Term(L)),
where ‘0]°, which denotes the substitution operator, will be generalized in the section on term tuples to

composition in a Kleisli-like term category. Categorically, terms and their tuples is the fixpoint solution for
an w-continuous endofunctor on the category SetxSet.

o For any type language L, we give a pointwise recursive definition for the set of L-terms term(L). Like
any other recursively defined datatype, beyond the attribute functions that describe terms, there will be
basic constructor functions, composite constructor functions, Boolean tests for the kinds of terms built
by the constructors, and selector functions that are generalized inverses to the basic constructors.

A term o O term(L) will have an arity arity(L)(o) and a return rtn(L)(o), both denoting entity types via
the reference function of the language L. Hence, there is a

— an arity function arity(L) : term(L) — O var(L), and

— an return function rtn(L) : term(L) - var(L).

We picture a term o as in Figure 3, and use the linear notation
a:AD>a

to denote the term a with arity(L)(o) = A and rtn(L)(a) = a.

(1) (SET.FTN$function term
(= (SET. FTN$source term | ang$l anguage)
(= (SET. FTN$target term set$set)

A
Figure 3: A term o

(2) ET. FTN$f unction arity)
SET. FTN$source arity) |ang$l anguage)
SET. FTN$t arget arity) set.ftn$function)

(
(
(SET. FTN$conposition [arity set.ftn$source]) tern
(
(

I unnwym

A~~~ o~

SET. FTN$conposition [arity set.ftn$target])
SET. FTN$conposi tion [l ang$vari abl e set $power]))
(3) ET. FTN$f uncti on return)

(SET. FTN$sour ce return) | ang$l anguage)

(SET. FTN$t arget type) set.ftn$function)

( SET. FTN$conposition [return set.ftn$source]) term

( SET. FTN$conposition [return set.ftn$target]) |ang$vari able)

iy

A~~~
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Constructors
o Variables are terms. A pair (A, @) consisting of a variable a 0 var(L) that is indexed by a subset of

variables A [J var(L) in which it is a member a [J A (this membership relation extent is the coproduct
of the power set identity function regarded as a coproduct arity) defines an element or variable term

DA,aIADa

with arity(L)(Ua a) = A and rtn(L)(Ua 2) = a. A term is elementary when it is constructed from an in-
dexed variable.

Term tuples can be substituted into function symbols. A function fOftn(L) and a term tu-
ple a 00 term*(L) are a substitutable pair when the function arity of f is the same as the index of the
term tuple o : arity(L)(f) = index(L)(a). For any substitutable pair

fB):aanda:B —A
there is a substitution term
flo] :AD>a

with arity(L)(f [a]) = arity(L)(a) = A and rtn(L)(f [o]) = rtn(L)(f ) = a. As a special case, by substitut-
ing into a function symbol the identity term on the function arity, the function symbol f(A) : a becomes
a function term f =f[idas] : AD> a. A term is composite when it is constructed by substitution.

(4) (SET. FTN$function el ement)
(= (SET. FTN$source el enent) | anguage)
(= (SET. FTN$t arget el ement) set.ftn$function)
(= (SET. FTN$conposi tion [el enent set.ftn$source])
(SET. FTN$conposi tion [l ang$vari abl e set. mbr $menber]))
(= (SET. FTN$conposition [el enent set.ftn$target]) tern)
(forall (?1 (lang$l anguage ?1))
(and (= (set.ftn$conposition [(element ?1) (arity ?1)])
(set. nbr$indication (lang$variable ?1)))
(= (set.ftn$conposition [(elenent ?I) (return ?1)])
(set.nbr$projection (lang$variable ?1)))))

(5) (SET.FTN$function substitution-opspan)

(= (SET. FTN$source substitution-opspan) |ang$l anguage)

(= (SET. FTN$t arget substitution-opspan) set.|im pbk$opspan)

(= (SET. FTN$conposi tion [substitution-opspan set.lim pbk$set1]) |ang$function)

(= (SET. FTN$conposi tion [substitution-opspan set.|lim pbk$set2]) lang.termtpl $tuple)

(= (SET. FTN$conposi ti on [substituti on-opspan set.|im pbk$opvertex])

(SET. FTN$conposi tion [l ang$vari abl e set $power]))

(= (SET. FTN$conposi tion [substitution-opspan set.lim pbk$opfirst]) |ang$arity)

(= (SET. FTN$conposi tion [substitution-opspan set.lim pbk$opsecond]) |ang.termtpl $i ndex)
(6) (SET. FTN$function substitutable)

(= (SET. FTN$sour ce substitutabl e) |ang$l anguage)

(= (SET. FTN$t arget substitutable) rel $rel ation)

(= substitutabl e (SET. FTN$conposition [substitution-opspan set.|limpbk$relation]))
(7) (SET. FTN$function substitution)

(= (SET. FTN$source substitution) |ang$l anguage)

(= (SET. FTN$t arget substitution) set.ftn$function)

(= (SET. FTN$conposi tion [substitution set.ftn$source])

( SET. FTN$conposition [substitutable rel $extent]))
(= (SET. FTN$conposi tion [substitution set.ftn$target]) tern
(forall (?I (lang$l anguage ?1))
(and (= (set.ftn$conposition [(substitution ?I) (arity ?1)])
(set.ftn$conposition
[(rel $second (substitutable ?1)) (lang.termtpl$arity ?1)]))
(= (set.ftn$conposition [(substitution ?I) (return ?1)])

(set.ftn$conmposition [(rel $first (substitutable ?1)) (lang$return ?1)]))))
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Booleans

A term is elementary when it is built by the element constructor. A term is composite when it is built
by the substitution constructor. A term must be either elementary or composite — the elementary and
composite terms comprise a partition for the set of terms. These Boolean tests are used to define com-
posite constructors and the domain of selectors.

(8) (SET.FTN$function is-elenent)

(SET. FTN$f uncti on el enentary)

(= elementary is-el ement)

(= (SET. FTN$source is-el ement) | anguage)

(= (SET. FTN$t arget is-el ement) set $set)

(forall (?1 (lang$l anguage ?1))

(and (set$subset (is-element ?I) (term?l))
(= (is-element ?I) (set.ftn$inage (element ?1)))))

(9) (SET. FTN$function is-conposite)
(= (SET. FTN$source is-conposite) |ang$l anguage)
(= (SET. FTN$t arget is-conposite) set$set)
(forall (2?1 (lang$l anguage ?1))

(and (set$subset (is-conposite ?1) (term?l))
(= (is-conposite ?I) (set.ftn$inmage (substitution ?1)))))

(10) (forall (2?1 (lang$language ?1))
(and (= (set$binary-intersection [(is-element ?1) (is-conposite ?1)]) set.col$initial)
(= (set$binary-union [(is-elenment ?I) (is-conposite ?1)]) (term?l))))



The IFF Model Theory Ontology

Robert E. Kent

Composite Constructors

Page 8

5/15/2002

o Term tuples can be substituted into terms. A term p O term(L) and a term tuple a O term™*(L) are a
term-substitutable pair when the arity of B is the same as the index of o : arity(L)(B) = index(L)(w). For

any term-substitutable pair
B:B>banda:B —A

there is a substitution term
Blo] : A>b

with arity(L)(B[a]) = arity(L)(ar) = A and rtn(L)(B[a]) = rtn(L)(B) = b.

— If'the term B is an elementary term
B=0gp:B>bwithb OB

then the term substitution p[a] selects the b™ component term

Bla] = op(a) : A>b.

— If'the term B is an composite term
B =gly] : B> b for some substitutable pair g(C) : bandy: C —B

then the term substitution resolves as tuple composition y ° o of the two composable term tuples y
and a followed by substitution of the tuple composite into the function g

B=g[yca]:AD>D.

(11) (S
(=(
(=(
(= (SET. FTN$conposi ti
(= (SET. FTN$conposi ti
(= (SET. FTN$conposi ti
( SET. FTN$conposi ti
(= (SET. FTN$conposi ti
(= (SET. FTN$conposi ti
(12) (
(
(
(
(13) (
(
(
(

on
on
on
on
on
on

ET. FTN$f uncti on term substituti on-opspan)
SET. FTN$sour ce term substitution-opspan) | ang$l anguage)
SET. FTN$t arget term substitution-opspan) set.|im pbk$opspan)

[term substitution-opspan set
[term substitution-opspan set
[term substitution-opspan set
[l ang$vari abl e set $power]))

[term substitution-opspan set
[term substitution-opspan set

SET. FTN$sour ce term substitutabl e) |ang$l anguage)
SET. FTN$t arget term substitutable) rel $rel ation)

SET. FTN$f unction term substitutable)
-
= termsubstitutabl e (SET. FTN$conposition [term substitution-opspan set.|im pbk$relation]))

SET. FTN$source term substitution) |ang$l anguage)
SET. FTN$t arget term substitution) set.ftn$function)

SET. FTN$f unction term substitution)
=(

= ( L n) se
= (SET. FTN$conposition [term substitution set.ftn$source])

.limpbk$setl]) term
.limpbk$set2]) lang.termtpl $tuple)
.I'impbk$opvertex])

.limpbk$opfirst]) arity)
.I'i m pbk$opsecond] ) Iang.termtpl $index)

( SET. FTN$conposi tion [term substitutable rel $extent]))
(= (SET. FTN$conposition [termsubstitution set.ftn$target]) term
(forall (?I (lang$l anguage ?1))
(and (= (set.ftn$conposition [(termsubstitution ?1) (arity ?1)])
(set.ftn$conposition
[(rel $second (termsubstitutable ?1)) (lang.termtpl$arity ?1)]))
(= (set.ftn$conposition [(termsubstitution ?I) (return ?1)])
(set.ftn$conposition
[(rel $first (termsubstitutable ?1)) (return ?1)]))))
(forall (?I (lang$l anguage ?1))
?a (lang.termtpl $tuple ?a))
(and (=> (exists (?b (= ?b ((lang.termtpl $index ?I) ?a)
?x (?b ?x))
(= ((termsubstitution ?21) [((element ?1) [?b ?x]) ?a])
((lang.termtpl $selection ?1) [?a ?x]))))
(=> (exists (?g (lang$function ?g) ?c (lang.temtpl $tuple ?c)
(substitutable ?g ?c) (lang.termtpl $conposable ?c ?a))
(termsubstitution ?1) [((substitution ?1) [?g ?c]) ?a])
(substitution ?1) [?g ((lang.termtpl $conposition ?1) [?c ?a])]))))))

(=(
(
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Selectors

o Here we define two basic selectors, function and tuple, and a composite selector called resolution. For
composite terms the function and tuple selectors return the components used for the substitution con-
structor. The resolution selector is the pairing of these two.

(14) (SET. FTN$function function)

( SET. FTN$sour ce function) | ang$l anguage)

(SET. FTN$t arget function) set.ftn$function)

( SET. FTN$conposi tion [function set.ftn$source]) is-conposite)

( SET. FTN$conposi tion [function set.ftn$target]) |ang$function)

orall (? (lang$l anguage ?1))

(= (set.ftn$conposition [(substitution ?I) (function ?1)])
(rel $first (substitutable ?1))))

(
(
(
(
(fo

f

(15) (SET. FTN$function tuple)
= (SET. FTN$source tupl e) |ang$l anguage)
= (SET. FTN$t arget tuple) set.ftn$function)
= (SET. FTN$conposition [tupl e set.ftn$source]) is-conposite)
= (SET. FTN$conposition [tuple set.ftn$target]) lang.termtpl $tuple)
forall (?1 (lang$l anguage ?1))
(= (set.ftn$conposition [(substitution ?1) (tuple ?1)])
(rel $second (substitutable ?1))))

(
(
(
(
(
(fo

(16) ET. FTN$f uncti on resol ution)
( SET. FTN$sour ce resol ution) |ang$l anguage)
(SET. FTN$t arget resol ution) set.ftn$function)
( SET. FTN$conposition [resol ution set.ftn$source]) is-conposite)
( SET. FTN$conposi tion [resolution set.ftn$target])
( SET. FTN$conposi tion [substitutable rel $extent]))
(forall (?I (lang$l anguage ?1))
(and (= (set.ftn$conposition [(resolution ?l) (substitution ?1)])
(set.ftn$inclusion [(is-conposite ?1) (term?l)]))
(forall (?f ((lang$function ?1) 2f) ?t ((lang.termtpl $tuple ?1) ?t)
((substitutable ?1) [?f ?t]))
(= ((resolution ?1) ((substitution ?I) [?2f ?t])) [?f ?t]))))

iy

A~~~
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Term Tuples
| ang.termtpl

o We next give a pointwise recursive definition for the set of tuples of L-terms term*(L). A term tuple
o O term*(L) will have an index index(L)(c) and an arity arity(L)(o). Hence, there is

— an index function index(L) : tpl(L) — O var(L), and
— an arity function arity(L) : tpl(L) —» O var(L).
We use the notation
a:B—A
to denote a term with index(L)(a) = B and arity(L)(a) = A.

(1) (SET. FTN$function tuple)
(= (SET. FTN$source tuple) |anguage)
(= (SET. FTN$t arget tuple) set$set)
(forall (2?1 (lang$l anguage ?1))
(<=> ((tuple ?1) ?t)
(and (set.ftn$function ?t)
(= (set.ftn$source ?t) ((index ?1) ?t))
(= (set.ftn$target ?t) (term?l))
(forall (?x (((index ?I) ?t) ?x))
(and (= (lang.ternBarity (?t ?x)) ((arity ?I) ?t))
(= (lang.ternBreturn (?2t ?x)) ?x))))))
(2) ET. FTN$f uncti on i ndex)
( SET. FTN$sour ce i ndex) | anguage)
(SET. FTN$t ar get i ndex) set.ftn$function)
( SET. FTN$conposi tion [index set.ftn$source]) tuple)
( SET. FTN$conposi tion [index set.ftn$target])
(SET. FTN$conposi tion [variabl e set $power]))

i nunawym

(3) ET. FTN$f unction arity)

(SET. FTN$source arity) |anguage)

(SET. FTN$t arget arity) set.ftn$function)

(SET. FTN$conposition [arity set.ftn$source]) tuple)
(SET. FTN$conposition [arity set.ftn$target])

(

SET. FTN$conposi tion [l ang$vari abl e set $power]))

I unnwym
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Constructors

o For any subset of variables A [] var(L), regarded as an arity, there is an empty term tuple
Op:0 —A
with index(L)(0,) = O and arity(L)(0s) = A. Hence, there is
— an empty function empty(L) : O var(L) - tpl(L).

o Terms can be inserted breadthwise into term tuples. A term o [term(L) and a term tu-
ple B O term*(L) are an insertible pair when the arity of the term o is the same as the arity of the term
tuple B: arity(L)(o) = arity(L)(B) and the return of a is not contained in the arity. For any insertible pair

a:AD>aandp:B—~AandalB
there is an insertion term tuple
[o, B] : {a}OB —A
with arity(L)([a, B]) = A and index(L)([a, B]) = {a} B. Hence, there is
— an insertion function insert(L) : ext(insertible(L)) = term(L)Otpl(L) - tpl(L).
As a special case, by substituting a term into the empty tuple on the term arity,
o:AP>aand0,: 0 —A
the term becomes a singleton term tuple
a:{a}—A
with index(L)(o) = {a} and arity(L)(e) = A. Hence, there is a
— ansingleton function {-}, : term(L) - tpl(L).

o Term tuples can be renamed. A renamable pair (n, o) consists of a renaming n and a term tuple o
where the codomain of the renaming is the index of the term tuple cod(L)(n) = index(L)(c)). For any
renamable pair

n:C—Banda:B —A
there is a renamed term tuple

nea:C—A
with index(L)(n = o) = dom(L)(n) = C and arity(L)(n = o) = arity(L)(e) = A. Hence, there is
— arenaming function rename(L) : ext(renamable(L)) — tpl(L).

(4) (SET. FTN$function enpty)
(= (SET. FTN$source enpty) |anguage)
(= (SET. FTN$t arget enpty) set.ftn$function)
(= (SET. FTN$conposi tion [enpty set.ftn$source])
( SET. FTN$conposi tion [l ang$vari abl e set $power]))
(= (SET. FTN$conposition [enpty set.ftn$target]) tuple)
(forall (?I (lang$l anguage ?1))
(and (= (set.ftn$conposition [(enmpty ?I) (index ?1)])
((set.ftn$constant
[ (set $power (Il ang$variable ?1)) (set$power (lang$variable ?1))])
set.col $initial))
(= (set.ftn$conposition [(enpty ?I) (arity ?1)])
(set.ftn$identity (set$power (lang$variable ?1))))
(forall (?a (set$subset ?a (lang$variable ?1)))
(= ((enmpty ?1) ?a) (set.col $counique (term?))))))

(5) (SET.FTN$function insertible)
(= (SET. FTN$source insertible) |ang$l anguage)
(= (SET. FTN$target insertible) rel $relation)
(forall (?I (lang$l anguage ?I)

?a ((lang.ternfterm ?l) ?a) ?b ((tuple ?1) ?b))
(<=> (insertible ?a ?b)
(and (= ((lang.ternarity ?1) ?a) ((arity ?I) ?b))
(not ((index ?1) ?b) ((lang.ternreturn ?1) ?a))))))
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(6) (SET. FTN$function insertion)
(= (SET. FTN$source insertion) |ang$l anguage)
(= (SET. FTN$target insertion) set.ftn$function)
( =

(7

(8)

(9)

SET. FTN$conposition [insertible rel $extent]))
(= (SET. FTN$conposition [insertion set.ftn$target]) tuple)
(forall (?1 (lang$l anguage ?I)
?a ((lang.ternfterm ?l) ?a) ?b ((tuple ?1) ?b)
(insertible ?a ?b))
(and (= ((arity ?I) ((insertion ?1) [?a ?b])) ((arity ?l) ?b))
(= ((index ?1) ((insertion ?l) [?a ?b]))
(set $bi nary-uni on
[((set.ftn$singleton (lang$variable ?1)) ((lang.ternBreturn ?1) ?a))
((index ?1) ?b)1))
(= (((insertion ?1) [?a ?b]) (lang.ternreturn ?a)) ?a)
(forall (?x (((index ?I) ?b) ?x))
(= (((insertion ?1) [?a ?b]) ?x) (?b ?x)))))

(
(
(SET. FTN$conposition [insertion set.ftn$source])
(
(
r

( SET. FTN$f uncti on si ngl et on)
( SET. FTN$f uncti on at om
(= at om si ngl et on)
(= (SET. FTN$source si ngl eton) | anguage)
(= (SET. FTN$t arget singl eton) set.ftn$function)
(= (SET. FTN$conposi tion [singleton set.ftn$source]) |ang.ternsterm
(= (SET. FTN$conposi tion [singleton set.ftn$target]) tuple)
(forall (?I (lang$l anguage ?1))
(and (= (set.ftn$conposition [(singleton ?I) (index ?1)])
(set.ftn$conposition
[lang.ternBreturn (set.ftn$singleton (lang$variable ?1))]))
(= (set.ftn$conposition [(singleton ?I) (arity ?1)]) (lang.ternBarity ?l))
(forall (?t ((lang.ternterm?l) ?t))
(= (((singleton ?1) ?t)

((insertion ?1) [?t (enpty ((lang.ternBarity ?1) ?t))])))))
( SET. FTN$f uncti on renanabl e- opspan)
(= (SET. FTN$sour ce renanabl e- opspan) | ang$l anguage)
(= (SET. FTN$t ar get renanabl e- opspan) set.|i m pbk$opspan)
(= (SET. FTN$conposi ti on [renamabl e-opspan set.|im pbk$set1]) | ang$renam ng)
(= (SET. FTN$conposi ti on [renamabl e- opspan set.|im pbk$set?2]) tuple)
(= (SET. FTN$conposi ti on [renamabl e- opspan set.|i m pbk$opvertex])

( SET. FTN$conposi tion [l ang$vari abl e set $power]))

(= (SET. FTN$conposi ti on [renamabl e-opspan set.|im pbk$opfirst]) |ang$codomain)
(= (SET. FTN$conposi ti on [renamabl e- opspan set.|i m pbk$opsecond]) index)
( SET. FTN$f uncti on renamabl e)
(= (SET. FTN$source renamabl e) | ang$l anguage)
(= (SET. FTN$t arget renanebl e) rel $rel ati on)
(= renamabl e (SET. FTN$conpositi on [renamabl e-opspan set.|im pbk$relation]))

(10) (SET. FTN$function renam ng)

( SET. FTN$sour ce renami ng) | ang$l anguage)
(SET. FTN$t ar get renamni ng) set. ftn$function)
( SET. FTN$conposi tion [renani ng set.ftn$source])
( SET. FTN$conposi ti on [renanmabl e rel $extent]))
(= (SET. FTN$conposi tion [renanming set.ftn$target]) tuple)
(forall (?I (lang$l anguage ?1))
(and (= (set.ftn$conposition [(renamng ?1) (arity ?1)])
(set.ftn$conposition [(rel $second (renamable ?1)) (arity ?1)]))
(= (set.ftn$conposition [(renam ng ?I) (index ?1)])
(set.ftn$conposition [(rel $first (renamable ?1)) (lang$donmain ?1)]))))
(forall (?n ((lang$renanming ?1) ?n) ?a ((tuple ?1) ?a) (renamable ?n ?a))
?x (((lang$codomain ?1) ?n) ?x))
(= ((renanming ?1) [?n ?a]) ?x) (?a (?n ?x))))))

(
(
(
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A term is empty when it is built by the empty constructor. A term is not empty when it is not so built.
A term is an insertion when it is built by the insertion constructor. A term is an atom when it is built by
the singleton constructor. An atom is an insertion, which is not empty. These Boolean tests are used to
define composite constructors and the domain of selectors. The empty and nonempty term tuples com-
prise a partition for the set of term tuples. The nonempty term tuples, which are not insertions, are re-
namings of non-identities.

(11)

(12)

(13)

(14)

(15)

(SET. FTN$f unction is-enpty)
(= (SET. FTN$source is-enpty) |anguage)
(= (SET. FTN$target is-enpty) set$set)
(forall (?I (lang$l anguage ?1))
(and (set$subset (is-enpty ?1) (tuple ?1))
(= (is-empty ?1) (set.ftn$inmge (enpty ?1)))))

(SET. FTN$f uncti on i s- nonenpty)
(= (SET. FTN$source is-nonenpty) | anguage)
(= (SET. FTN$t arget is-nonenpty) set $set)
(forall (?1 (lang$l anguage ?1))

(and (set$subset (is-nonenpty ?1) (tuple ?1))

(= (is-nonempty ?I) (set$difference [(tuple ?I) (enpty ?1)]1))))

( SET. FTN$f unction is-insertion)
(= (SET. FTN$source is-insertion) |anguage)
(= (SET. FTN$t arget is-insertion) set$set)
(forall (?I (lang$l anguage ?1))
(and (set$subset (is-insertion ?l) (is-nonenpty ?1))
(= (is-insertion ?1) (set.ftn$imge (insertion ?1)))))
( SET. FTN$f uncti on i s-si ngl et on)
( SET. FTN$f uncti on i s-atom
(= is-atomi s-singleton)
(= (SET. FTN$source is-singleton) |anguage)
(= (SET. FTN$t arget is-singleton) set$set)
(forall (2?1 (lang$l anguage ?1))

(and (set$subset (is-singleton ?1) (is-insertion ?1))
(= (is-singleton ?1) (set.ftn$imge (singleton ?1)))))

(forall (?1 (lang$l anguage ?I)
?b ((tuple ?1) ?b))
(=> ((set$difference [(is-nonenpty ?I) (is-insertion ?1)]) ?b)
(exists (?n ((lang$renam ng ?I) ?n)
?a ((tuple ?1) ?a) (renanmable ?n ?a)
(not (= ?n (set.ftn$identity ((index ?1) ?a)))))
(=?b ((renamng ?1) [?n ?a])))))
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Composite Constructors

(e]

Term tuples can be tupled. Two term tuples ag, o O term*(L) are tuplable when they share a common
arity arity(L)(oo) = arity(L)(a) = A, but have disjoint tuplings index(L)(ag) n index(L)(oy) = Ao n Ay

= [. For any two tuplable term tuples

op:Ap—Aand a; : A;—A

there is a binary term tupling

A.
(16)

(17)

[0, aq] : Ao O Aj—A
with index(L)([ag, a1]) = index(L)(ag) O index(L)(ay) = Ap O Az and arity(L)([oo, a1]) = arity(L)(ag) =

( SET. FTN$f uncti on tupl abl e)
(= (SET. FTN$source tupl abl e) | ang$l anguage)
(= (SET. FTN$t arget tupl able) rel $rel ation)
(forall (?I (lang$l anguage ?I)
?a0 ((tuple ?1) ?a0) ?al ((tuple ?1) ?al))
(<=> (tupl abl e ?a0 ?al)
(and (= ((arity ?1) ?a0) ((arity ?1) ?al))
(set$disjoint ((index ?I) ?a0) ((index ?1) ?al)))))

SET. FTN$f uncti on tupling)
SET. FTN$f unction tupl e-insertion)
= tuple-insertion tupling)
= (SET. FTN$source tupling) |ang$l anguage)
= (SET. FTN$target tupling) set.ftn$function)
= (SET. FTN$conposi tion [tupling set.ftn$source])
( SET. FTN$conposi tion [tupl able rel $extent]))
(= (SET. FTN$conposition [tupling set.ftn$target]) tuple)
(forall (?1 (lang$l anguage ?I)
?a0 ((tuple ?1) ?a0) ?al ((tuple ?1) ?al)
(tupl abl e ?a0 ?al))
(and (= ((arity ?1I) ((tupling ?1) [?a0 ?al])) ((arity ?I) ?a0))
(= ((index ?1) ((tupling ?1) [?a0 ?al]))
(set$binary-union [((index ?I) ?a0) ((index ?1) ?al)]))
(forall (?x0 (((index ?l) ?a0) ?x0))
(= (((tupling ?1) [?a0 ?al]) ?x0) (?a0 ?x0)))
(forall (?x1 (((index ?I) ?al) ?x1))
(= (((tupling ?1) [?a0 ?al]) ?x1) (?al ?x1)))))

(
(
(
(
(
(
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Selectors
o The tuple index function
index(L) : tpl(L) - O var(L)
can serve as a colimit arity.

(18) (SET. FTN$function index-arity)
(= (SET. FTN$source index-arity) set$set)

(= (SET. FTN$target index-arity) set.col.art$arity)
(= (SET. FTN$conposition [index-arity set.col.art$index]) tuple)
(= (SET. FTN$conposition [index-arity set.col.art$base]) |ang$vari able)
(= (SET. FTN$conposi tion [index-arity set.col.art$function]) index)
o  Any type language L has a set of index members o
index-mbr(L) = ¥ index-arity(L) _ j(L)(@)

) . index(L)(@) —> index-mbr(L)
=Y w0y index-arity(L)(c) _
={(a, x) | o O tpl(L), x O index(L)(a)}, O i proj(L)

that is the coproduct of its tuple index function as arity. var(L)

For any type language L and any term tuple a [J tpl(L) there is a
index member injection function:

inj(L)(a) : index(L)(a) — index-mbr(L)

defined by inj(L)(a)(X) = (o, X) for all elements x J index(L)(a). Obviously, the injections are injec-
tive. They commute (Diagram 2) with projection and inclusion.

Diagram 2: Coproduct

(19) (SET. FTN$function i ndex-nenber)
(= (SET. FTN$sour ce i ndex- menber) | ang$l anguage)
(= (SET. FTN$t ar get i ndex- menber) set $set)
(= index-nenber (SET. FTN$conposition [index-arity set.col.art$colimt]))

(20) $f unction index-injection)

F

(KI F$sour ce i ndex-injection) |ang$l anguage)
(KI F$t arget index-injection) SET. FTN$function)
i

Kl
= index-injection (SET. FTN$conposition [index-arity set.col.art$injection]))

(
(
(
(

o  Any type language L defines indication and projection functions
based on its index arity (Figure 4):

indic(L) : index-mbr(L) — tpl(L), indiC(Lf/ \ et

roj(L) : index-mbr(L) — var(L). : var(L)
proj(L) L L tolL) index(L) JvarL)

Figure 4: Indication and projection

index-mbr(L)

These are defined by

indic(L)((a, X)) = a and proj(L)((a, X)) = x
for all term tuples o (I tpl(L) and all variables x O index(L)(c).
(21) (SET. FTN$function index-indication)

(= (SET. FTN$source index-indi cation) |ang$l anguage)

(= (SET. FTN$t arget index-indication) set.ftn$function)

(= (SET. FTN$conposi tion [index-indication set.ftn$source]) index-nenber)

(= (SET. FTN$conposition [index-indication set.ftn$target]) tuple)

(= index-indication (SET. FTN$conposition [index-arity set.col.art$indication]))
(22) . FTN$f uncti on i ndex- proj ecti on)

SET. FTN$t ar get i ndex- proj ecti on) set.ftn$function)

SET. FTN$conposi ti on [index-projection set.ftn$source]) index-nenber)

SET. FTN$conposi tion [index-projection set.ftn$target]) |ang$vari able)

ndex- proj ecti on (SET. FTN$conposition [index-arity set.col.art$projection]))

e e e e e
LI L I T | I ¢}

ET
( SET. FTN$sour ce i ndex- proj ection) |ang$l anguage)
(
(
(
i

o Terms can be selected out of a term tuple, leaving a remainder term tuple. For any pair consisting of a
index and a term tuple

bOBanda:B —A
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there is a selection term
O'b((l) :AD>b.
and a remainder term tuple

Po(a) : (B={b}) —A.
The source of selection and remainder is the coproduct of index arity. Hence, there is
— an selection function select(L) : index-mbr(L) — term(L), and
— aremainder function rest(L) : index-mbr(L) - term(L).

Clearly, an insertion of a term with return b followed by a selection of the b™ component term is the
identity on terms.

(23) (SET. FTN$function sel ection)
(= (SET. FTN$source sel ection) | ang$l anguage)
(SET. FTN$t ar get sel ection) set.ftn$function)
( SET. FTN$conposi tion [sel ection set.ftn$source]) index-nenber)
( SET. FTN$conposi tion [sel ection set.ftn$target]) |ang.ternftern
rall (? (lang$language ?1))
(and (= (set.ftn$conposition [(selection ?I) (lang.ternBarity ?1)])
(set.ftn$conposition [(index-indication ?1) (arity ?1)]))
(= (set.ftn$conposition [(selection ?l) (lang.ternBreturn ?1)])
(i ndex-projection ?1))
(forall (?a ((tuple ?1) ?a) ?b ((lang$variable ?1) ?b) (((index ?I) ?a) ?b))
(= ((selection ?1) [?a ?b]) (?a ?b)))))

(o]

(24) (SET. FTN$function renai nder)
SET. FTN$f unction rest)
= rest renminder)
= (SET. FTN$sour ce remai nder) | ang$l anguage)
= (SET. FTN$t arget remmi nder) set.ftn$function)
= (SET. FTN$conposi ti on [remai nder set.ftn$source]) index-nenber)
= (SET. FTN$conposi tion [renmai nder set.ftn$target]) tuple)
forall (?1 (lang$l anguage ?1))
(and (= (set.ftn$conposition [(remainder ?1) (arity ?1)])
(set.ftn$conposition [(index-indication ?1) (arity ?1)]))
(forall (?a ((tuple ?1) ?a) ?b ((lang$variable ?1) ?b) (((index ?I) ?a) ?b))
(and (= ((index ?I) ((remainder ?1) [?a ?b]))
(set $di fference
[((arity ?1) ?a)
((set.ftn$singleton (lang$variable ?1)) ?b)]))
(forall (?x (((index ?I) ?a) ?x) (not (= ?x ?b)))
(= (((remainder ?1) [?a ?b]) ?x) (?a ?x)))))))

(
(
(=r
(=(
(=(
(=(
(=(
(for
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Category-theoretic Operations

(e]

Term tuples can be composed. Two term tuples B, a [ term*(L) are composable when the arity of the
first is the index of the second arity(L)(B) = index(L)(a). For any two composable term tuples

p:C—Banda:B —A
there is a composition term tuple
Bea:C—A

with index(L)(B ° o) = index(L)(B) = C and arity(L)(B ° o) = arity(L)(a) = A. The axiomatic definition
proceeds by section then term substitution:

(Bea)c) =ac(B)lo] : A>>c.
for every variable ¢ [0 C = index(L)(p).

For any subset of variables A [J var(L), regarded as an arity, there is an identity term tuple
ida: A—A

with index(L)(ida) = A and arity(L)(ids) = A. Hence, there is a

— an identity function id(L) : O var(L) — tpl(L).

(25) (SET. FTN$functi on conposabl e- opspan)
(= (SET. FTN$sour ce conposabl e- opspan) | ang$l anguage)
(= (SET. FTN$t ar get conposabl e- opspan) set.|i m pbk$opspan)
(forall (?I (lang$l anguage ?1))
(and (= (set.limpbk$setl (conposabl e-opspan ?I) (tuple ?1))
(= (set.limpbk$set2 (conposabl e-opspan ?1) (tuple ?1))
(= (set.limpbk$opvertex (conposabl e-opspan ?I)
(set $power (Il ang$variable ?1)))
(= (set.limpbk$opfirst (conposable-opspan ?I) (arity ?1))
(= (set.limpbk$opsecond (conposabl e-opspan ?1) (index ?1))))

(26)
( SET. FTN$sour ce conposabl e) | ang$l anguage)
( SET. FTN$t ar get conposabl e) rel $rel ati on)
c

SET. FTN$f uncti on conposabl e)
= conposabl e (SET. FTN$conposi tion [conposabl e-opspan set.|im pbk$rel ation]))

~~~—~

(27)
SET. FTN$sour ce conposition) |ang$l anguage)
SET. FTN$t ar get conposi tion) set.ftn$function)
SET. FTN$conposi tion [conposition set.ftn$source])
( SET. FTN$conposi ti on [conposabl e rel $extent]))
(= (SET. FTN$conposi tion [conposition set.ftn$target]) tuple)
(forall (2?1 (lang$l anguage ?I)
?b ((tuple ?1) ?b) ?a ((tuple ?1) ?a)
(conposabl e ?b ?a))
(and (= ((index ?I) ((conposition ?l) [?b ?a
(= ((arity ?1) ((conposition ?1) [?b ?a
(forall (?c (((index ?I) ?b) ?c))
(= (((composition ?1) [?a ?b]) ?c)
((lang. ternterm substitution ?1) [((selection ?1) [?b ?c]) ?a])))))

mnmnnawm

(SET. FTN$f uncti on conposi tion)
(=(
(= (
(=(

)) ((index ?1) ?b))
)) ((arity ?1) ?a))

—

(28)
SET. FTN$sour ce identity) |ang$l anguage)
SET. FTN$t arget identity) set.ftn$function)
SET. FTN$conposition [identity set.ftn$source])
( SET. FTN$conposi tion [l ang$vari abl e set $power]))
(= (SET. FTN$conposition [identity set.ftn$target]) tuple)
(forall (?I (lang$l anguage ?1))
(and (= (set.ftn$conposition [(identity ?I) (index ?1)])
(set.ftn$identity (set$power (lang$variable ?1)))
(= (set.ftn$conposition [(identity ?I) (arity ?1)])
(set.ftn$identity (set$power (lang$variable ?1)))
(forall (?a (set$subset ?a (lang$variable ?1)) ?x (?a ?x))
(= (((identity ?I) ?a) ?x) (lang.ternsel ement [?a ?x])))))

(SET. FTN$f unction identity)
(=«
(= (
(= (

~— i —
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