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The Object Aspect of SCL

SCL Syntax
scl.obj

This document axiomatizes the Simple Common Logic (meta) Ontology (IFF-SCL). Its two main sections
deal with the syntax and semantics of Simple Common Logic (SCL). Table 1 lists the 69 terms in the syn-
tactic kernel of the IFF-SCL — there are 18 terms in the term part and 50 terms in the sentence part. The 16
terms in bold correspond to non-terminals or reserve-words in the SCL kernel grammar. There are 18 terms
dealing with the vocabulary of an SCL text — 4 in the term part and 14 in the sentence part.

Table 1: Terminology for the Objective Syntactic Aspect of the SCL (meta) Ontology

Other Object Morphism
scl name-set
.obj
scl term term-sequence
.obj elemen?ary elemgnt ;elect—name
composite application select-term select-term-sequence
-trm resolution
application-diagram | application-pair projectionl projection2
term-objects term-sequence-objects
term-functions term-sequence-functions
scl relater-diagram atom
.Obj role—pair—qiagram equation terml term2
_snt role-description- relater term term-sequence

diagram

role-pair
role-description

role-name role-value
property role-set

quantification-
pair-diagram

sentence text
atomic-sentence
conjunctive-sentence
negative-sentence
quantification-pair
quantified-sentence

holds select-atom

conjunction select-sentence-subset
negation select-sentence

name-projection sentence-projection
quantification select-quantification-pair
variable body

role-pair-objects role-pair-functions
role-set-objects role-set-functions

atom-objects sentence-objects text-objects
atom-functions sentence-functions text-functions
atom-relations sentence-relations text-relations
vocabulary
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There are five binary Cartesian products used to axiomatize the SCL. Each comes equipped with a pair
of product projections. Term application requires the binary product trm x trm-seq between the set of
terms and the set of term sequences. The relater component of atoms is the binary product rel =
trm x trm-seq between the set of terms and the set of term sequences. The role-description component
of atoms requires the binary product rol-pr between the name-set and the set of terms, and is the binary
product rol-desc = trm x (rol-pr ° ) between the set of terms and the set of role-pair subsets. The
quantification component of sentences requires the binary product name xsent between the name-set
and the set of sentences.

There are three sums (disjoint unions) used to axiomatize the SCL. Each comes equipped with a
collection of sum injections. The set of terms is the binary sum trm = trm + frm-seq of terms and
term-sequences. The sum injections are the element and application constructor functions. The set of
atoms is the ternary sum atm = eqn + rel + rol-desc of equations relaters and role-descriptions. The
sum injections are named. The set of sentences is the quaternary sum Sent = atm + sent +
namexsent + sent ° g of atoms, sentences, name-sentence pairs and sentence-subsets. The sum injec-
tions are the holds, negation, conjunction and quantification constructor functions. Selector partial
functions and Boolean tests (in the form of subsets) complete the abstract syntax for terms and sen-

tences.
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Figure 1: SCL Architecture

SCL text is based upon sets of names. For this there is a class. We identify name sets with abstract sets.

(1) (SETS$class name-set)
(= name-set set.objS$set)
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Terms
scl.obj.trm

SCL syntax is obtained from conventional FO syntax by removing signature-related restrictions, so that
both SCL atomic sentences and terms can be described uniformly as a term followed by a sequence of ar-
gument terms. Both terms and atomic sentences use the notion of a sequence of terms representing a vector
of arguments to a function or relation. Names count as terms, and a complex (application) term consists of
a term denoting a function with a vector of arguments.

For any name-set 1V, the term-set {rm(V) is the fixpoint solution of the set operator F(X) = N + (Xxseq(X))
consisting of the sum of /V and the binary Cartesian product between the set X and the set of X-sequences.
As the fixpoint solution, the term-set frm(N) comes equipped with two injections into it: an element map
from the name-set NV and an application map from the binary Cartesian product between the set trm(V) and
the set of trm(V)-sequences. The image of the element map is called the set of elementary N-terms. These
are the N-terms that are just names. The image of the application map is called the set of composite N-
terms. These are N-terms of the form (¢, seq) for N-term ¢ and N-term sequence seq.

(1) (SET.FTINSfunction term)
(= (SET.FTNSsource term) name-set)
(= (SET.FINStarget term) set.objSset)
ET.FTINSfunction term-sequence)
(SET.FTNS$source term-sequence) name-set)
(SET.FTNStarget term-sequence) set.objSset)
term-sequence (SET.FTNScomposition [term set.obj.seg$sequencel))

o n wn

(
(
(
(

Term Constructors

A term is either elementary (just a name) or compos-

: : . name name
ite (a tree of names) (Figure 2). A term is elementary

when it is constructed from a name. Names are /
terms. Hence, there is an element function

elem(N) : N — trm(N). name name
A term is composite when it is constructed by appli- / \ / \
cation. Term sequences can be substituted into func- name .- name name .. name
tions. For any pair consisting of a term ¢ € trm(L)
and term sequence ¢ € frm-seq(L), there is a appli- / \
cation term t[@]. In contrast to traditional first order name .-- name
logic, there is no requirement that the arity of a func-
tion symbol is equal to the length of the term se- Figure 2: Terms

quence. Here there is no arity and there are no func-
tions (so far — later we will talk about terms in function position). Hence, there is a application function

apply(N) : trm(N) x trm-seq(lV) — trm(N).

(3) (SET.FTNSfunction element)

(= (SET.FTNSsource element) name-set)

(= (SET.FINStarget element) set.morS$function)

(= (SET.FINScomposition [element set.mor$sourcel)

(SET.FTNS$identity name-set))

(= (SET.FINScomposition [element set.mor$target]) term)
(4) (SET.FTINS$function application-diagram)

(= (SET.FINSsource application-diagram) name-set)

(= (SET.FINStarget application-diagram) set.lim.prd2$diagram)

(= (SET.FINScomposition [application-diagram set.lim.prd2$setl]) term)

(= (SET.FINScomposition [application-diagram set.lim.prd2$set2]) term-sequence)
(5)

(SET.FTNS$source application-pair) name-set)

(SET.FTINStarget application-pair) set.objS$set)

application-pair

(SET.FTNScomposition [application-diagram set.lim.prd2S$binary-product]))

SET.FINSfunction application-pair)
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(6) (SET.FTINS$function projectionl)
(= (SET.FTINSsource projectionl) name-set)
(= (SET.FINStarget projectionl) set.morS$function)
(= (SET.FINScomposition [projectionl set.morsSsource]) application-pair)
(= (SET.FINScomposition [projectionl set.morStarget]) term)
(= projectionl
(

SET.FINScomposition [application-diagram set.lim.prd2$projectionl]))

(7) (SET.FTINS$function projection2)

(= (SET.FTINSsource projection2) name-set)

(= (SET.FINStarget projection2) set.mor$function)

(= (SET.FINScomposition [projection2 set.morsSsource]) application-pair)

(= (SET.FINScomposition [projection2 set.morS$Starget]) term-sequence)

(= projection2

(SET.FTNScomposition [application-diagram set.lim.prod2projection2]))

(8) .FTN$function application)

SE

SET.FINStarget application) set.morsfunction)
SET.FTINScomposition [application set.mor$source]) application-pair)
SET.FTINScomposition [application set.mor$target]) term)

(SET
(= (SET.FTINSsource application) name-set)
(= (
(= (
(= (

Objects and Functions

Any term contains a set of objects (subterms). An elementary term contains only its name as an object. A
composite term contains itself plus the objects in its term and term-sequence components. Any term se-
quence contains the union of the objects in its coordinates. A term can be a function within another term.
Any term contains a set of function (terms in function position). An elementary term contains no function.
A composite term contains its term plus the functions in its term and term-sequence components. Any term
sequence contains the union of the functions in its coordinates. A term can be a relation within an atom.
However, a term does not contain any relation.

(9) (SET.FINS$function term-objects)

= (SET.FTNSsource term-objects) name-set)

SET.FTINStarget term-objects) set.mor$function)
SET.FINScomposition [term-objects set.mor$source]) term)
SET.FTINScomposition [term-objects set.morStarget])
SET.FTINScomposition [term set.objS$Spower]))

(
(
(
(
(= (set.morScomposite [element term-objects])
(
(
(

(
(
(
(
(

set.mor$composite [element (SET.FTINScomposition [term set.mor$singleton])]))
set.mor$composite [application term-objects])
set.mor$composite
[(set.lim.prd3S$tripling-parametric
[ (set.morscomposite [application (SET.FTNScomposition [term set.mor$singleton])])
(set.mor$composite [projectionl term-objects])
(set.mor$composite [projection2 term-sequence-objects])])
(SET.FTNScomposition [term set.obj$ternary-union])]))

(=

.FTN$function term-sequence-objects)
SET.FTINS$source term-sequence-objects) name-set)
.FINStarget term-sequence-objects) set.mor$function)
SET.FINScomposition [term-sequence-objects set.mor$source]) term-sequence)
SET.FTINScomposition [term-sequence-objects set.morStarget])
SET.FTINScomposition [term set.objS$Spower]))
set.mor$composite
[ (SET.FINScomposition [term set.obj.seg$Sconcatenation]) term-sequence-objects])
(set.mor$composite
[(set.lim.prd2$pairing-parametric
[ (set.morscomposite
[ (SET.FINScomposition [term set.obj.seg$sequence-sequence-projectionl])
term-sequence-objects])
(set.mor$composite
[ (SET.FINScomposition [term sequence-sequence-projection2])
term-sequence-objects])])
(SET.FTNScomposition [term set.obj$binary-union])]))
(forall (?N (name-set ?N))
(and (= (set.mor$composition [(set.obj.segSempty (term ?N)) (term-sequence-objects ?N)])
((set.morselement (set.obj$power (term ?N))) set.objSempty))

SE

(
(
(
(
(
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—~ o~~~ o~ —~ ]
%)
i3]
H

(=
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(11) (SET.FTNSfunction term-functions)

(= (SET.FTNSsource term-functions) name-set)

(= (SET.FINStarget term-functions) set.morsfunction)

( .FINScomposition [term-functions set.mor$source]) term)

(

SET.FINScomposition [term-functions set.morStarget])
SET.FTINScomposition [term set.objSpower]))
set.mor$composition [(application ?N) (term-functions ?N)])
set.mor$composite
[(set.lim.prd3S$tripling-parametric
[ (set.morscomposite [projectionl (SET.FTNScomposition [term set.mor$singleton])])
(set .mor$composite [projectionl term-functions])
(set .mor$composite [projection2 term-sequence-functions])])
(SET.FTNScomposition [term set.obj$ternary-union])]))
(= (set.morscomposite [element term-functions])
((set.morsconstant-parametric

(=

Il
—~ o~~~ —~ — ]
%)
i3]
-

[term (SET.FTINScomposition [term set.objS$power])]) set.objSempty))
(12) (SET.FINsSfunction term-sequence-functions)
(= (SET.FINSsource term-sequence-functions) name-set)
(= (SET.FINStarget term-sequence-functions) set.mor$function)
(= (SET.FINScomposition [term-sequence-functions set.morS$source]) term-sequence)
(= (SET.FINScomposition [term-sequence-functions set.morStarget])
(SET.FTNScomposition [term set.obj$power]))
(= (set.morScomposite
[ (SET.FINScomposition [term set.obj.seg$Sconcatenation]) term-sequence-functions])
(set.mor$composite
[(set.lim.prd2$pairing-parametric
[ (set.morScomposite
[ (SET.FINScomposition [term set.obj.seg$sequence-sequence-projectionl])
term-sequence-functions])
(set.mor$composite
[ (SET.FINScomposition [term set.obj.seg$sequence-sequence-projection2])
term-sequence-functions])])
(SET.FTNScomposition [term set.objsSbinary-union])]))
(forall (?N (name-set ?N))
(= (set.morsScomposition
[ (set.obj.segSempty (term ?N)) (term-sequence-functions ?N)])
((set.morselement (set.obj$power (term ?N))) set.objSempty))
Booleans

A term is elementary when it is built by the element constructor. Let elem(N) < trm(V) denote the set of
elementary terms. A term is composite when it is built by the application constructor. Let com-
P(N) c trm(N) denote the set of composite terms. A term must be either elementary or composite — the
elementary and composite terms comprise a partition for the set of terms: trm(N) = elem(N) + comp(N).
These Boolean tests are used to define the domains of selectors.

(13) ET.FINSfunction elementary)
(SET.FTINS$source elementary) name-set)

(
(
(= (SET.FINStarget elementary) set.objSset)
(
(

I

= elementary (SET.FTINScomposition [element set.mor$image])
set.obj$subset-parametric elementary term)

(SET.FTNSfunction composite)

( (SET.FTNS$source composite) name-set)

(= (SET.FINStarget composite) set.objS$set)
(

(

I n

= composite (SET.FTN$Scomposition [application set.morS$imagel))
set$subset-parametric composite term)

(15) (= (set$binary-union-parametric [elementary composite]) term)
(= (setsbinary-intersection-parametric [elementary compositel])
(set.objS$empty-parametric name-set))

Selectors

Here we define one elementary selector, name, two composite selectors, term and ferm-sequence, and a
combined selector called resolution. For elementary terms, the name selector returns the name used for the
element constructor. For composite terms, the term and term-sequence selectors return the components
used for the application constructor. The resolution selector is the pairing of the two. Hence, there are
name, term and term-sequence partial functions
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name(N) : trm(N) — N with domain elem(N),
trm(N) : trm(N) — trm(N) with domain comp(N),
trm-seq(L) : trm(L) — trm-seq(L) with domain comp(N),

and a resolution function

res(N) = (trm(N), trm-seq(N)) : trm(N) — trm(N) X trm-seq(N).

(16) (SET.FTNSfunction select-name)

(= (SET.FTNSsource select-name) name-set)

(= (SET.FINStarget select-name) set.pfn$partial-function)

(= (SET.FINScomposition [select-name set.pfnS$source]) term)

(= (SET.FINScomposition [select-name set.pfnsSdomain) elementary)

(= (SET.FINScomposition [select-name set.pfnStarget]) (SET.FTINSidentity name-set))
(17) (SET.FTNSfunction select-term)

(= (SET.FTNSsource select-term) name-set)

(= (SET.FINStarget select-term) set.pfn$partial-function)

(= (SET.FTINScomposition [select-term set.pfnS$source]) term)

(= (SET.FTINScomposition [select-term set.pfns$domain]) composite)

(= (SET.FINScomposition [select-term set.pfnStarget]) term)

(= (set.pfnScomposite [application select-term]) projectionl)
(18) (SET.FINsSfunction select-term-sequence)

(= (SET.FINSsource select-term-sequence) name-set)

(= (SET.FINStarget select-term-sequence) set.pfnSpartial-function)

(= (SET.FINScomposition [select-term-sequence set.pfn$source]) term)

(= (SET.FINScomposition [select-term-sequence set.pfn$domain]) composite)

(= (SET.FINScomposition [tuple set.pfn$target]) term-sequence)

(= (set.pfnScomposite [application select-term-sequence]) projection2)
(19) ET.FTNSfunction resolution)

0

SET.FTNSsource resolution) name-set)

SET.FTINStarget resolution) set.mor$function)

.FTNScomposition [resolution set.morS$source]) composite)
SET.FINScomposition [resolution set.morS$target]) application-pair)
set.mor$composite [resolution application])
set.mor$inclusion-parametric [composite term]))

set.mor$composite [application resolution])
set.mor$identity-parametric application-pair))

[
~ e~~~ e~~~ —~ H
)
=
H
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Sentences

scl.snt

SCL syntax is obtained from conventional FO syntax by removing signature-related restrictions, so that
both SCL atomic sentences and terms can be described uniformly as a term followed by a sequence of ar-
gument terms. Atoms or atomic sentences are the simplest kind of sentence. For any name set IV, they come
in three varieties: equations, relaters and role descriptions.

atm(N) = eqn(N) + rel(N) + rol(N).

Equations are atomic. Relaters are similar in structure to term applications. Role descriptions consist of sets
of (role-name, term) pairs.

(1) (SET.FTINSfunction atom)

(= (SET.FTNSsource atom) name-set)
(
(

(SET.FTNStarget atom) set.objS$set)
= atom (set.obj$ternary-union-parametric [equation relater role-description]))

Equations are distinguished as a special category because of their special semantic role and special han-
dling by many applications. Note that the equality sign is not a term. For any name set /V, there are term
projection (selector) functions

trm1y : eqn(N) — trm(N)

trm2y : eqn(N) — trm(IV)
from equations to terms.

( (SET.FTNS$source equation) name-set)

(2) (SET.FTNS$function equation)
(= (SET.FINStarget equation) set.objSset)

(3) (SET.FTNSfunction terml)
(= (SET.FTNS$Ssource terml) name-set)
(= (SET.FINStarget terml) set.morS$function)
(= (SET.FINScomposition [terml set.morS$Ssource]) equation)
(= (SET.FINScomposition [terml set.morStarget]) term) term)
(4) .FINSfunction term2)

SE

SET.FTINStarget term2) set.morsSfunction)
SET.FTINScomposition [term2 set.mor$sourcel) equation)
SET.FINScomposition [term2 set.mor$target]) term) term)

(SET
( (SET.FTNSsource term2) name-set)
(= (
(= (
(= (

A relater (R, a) is a substituted relation R[a]. It consists of two components, a term R € trm(N) that de-
notes a relation and a term sequence o € trm-seq(N). There is no constraint that the arity of the relation is
equal to the length of the term sequence, since there is no arity and there is no relation. The set of relaters is
the binary product of the set of terms and the set of term sequences rel(N) = trm(N) x trm-seq(V). For any
name set NV, there are ferm and term sequence selector functions

trmy : rel(IN) — trm(V)
trm-seqy : rel(N) — trm-seq(lV)
from relaters to terms and term sequences, respectively.

(5) (SET.FTNS$function relater-diagram)

(= (SET.FINSsource relater-diagram) scl.objS$name-set)

(= (SET.FINStarget relater-diagram) set.lim.prd2$diagram)

(= (SET.FINScomposition [relater-diagram set.lim.prd2$setl]) scl.obj.trmSterm)

(= (SET.FINScomposition [relater-diagram set.lim.prd2$set2]) scl.obj.trm$term-sequence)
(6) (SET.FTINSfunction relater)

(= (SET.FINSsource relater) scl.objS$name-set)

(= (SET.FINStarget relater) set.objS$set)

(= relater (SET.FINScomposition [relater-diagram set.lim.prd2$binary-product]))
(7)

SET.FTNSfunction term)

= (SET.FTNSsource term) scl.objSname-set)
(SET.FTNStarget term) set.mor$function)
(SET.FTNScomposition [term set.mor$source])) relater)



The IFF Simple Common Logic (meta) Ontology
Robert E. Kent Page 8 May 9, 2004

(= (SET.FINScomposition [term set.morS$target])) scl.obj.trm$term)
(= term (SET.FINScomposition [relater-diagram set.lim.prd2Sprojectionl]))

.FIN$function term-sequence)
SET.FTINS$Ssource term-sequence) scl.objSname-set)

SET

=

= (SET.FTNStarget term-sequence) set.mor$function)
(
(
t

SET.FINScomposition [term-sequence set.mor$source])) relater)
SET.FTINScomposition [term-sequence set.mor$target])) scl.obj.trmSterm-sequence)
erm-sequence (SET.FTINScomposition [relater-diagram set.lim.prd2Sprojection2]))

A role pair is a role-name and a term called the role-value. A role-set is a set of role pairs. An atomic sen-
tence can be represented as a role description consisting of a unary property of a state of affairs, along with
associated roles and fillers; that is, as a (term, role-set) pair. The set of role descriptions is the binary prod-
uct of the set of terms and the power set of role pairs rol-desc(N) = trm(N) x g rol-pr(N).
For any name set NV, there are role-name and role-value selector (projection) functions

namey : rol-pr(N) - N

valy : rol-pr(N) — trm(N)

from role pairs to names and terms, respectively.

For any name set /V, there are property and role set selector (projection) functions
propy : rol-desc(N) — trm(N)
rol-sety : rol-desc(N) — g rol-pr(N)

from role descriptions to terms and role sets, respectively.

(9) (SET.FTINS$function role-pair-diagram)

(= (SET.FINSsource role-pair-diagram) scl.objS$name-set)

(= (SET.FINStarget role-pair-diagram) set.lim.prd2$diagram)

(= (SET.FINScomposition [role-pair-diagram set.lim.prd2$setl])

(SET.FTNSidentity scl.objS$name-set))

(= (SET.FINScomposition [role-pair-diagram set.lim.prd2$set2]) scl.obj.trm$Sterm)
(10) (SET.FINsfunction role-pair)

(= (SET.FINSsource role-pair) scl.objS$name-set)

(= (SET.FINStarget role-pair) set.objS$set)

(= role-pair (SET.FTN$Scomposition [role-pair-diagram set.lim.prd2$binary-product]))
(11) (SET.FTINSfunction role-name)

(= (SET.FINSsource role-name) scl.objS$name-set)

(= (SET.FINStarget role-name) set.mor$function)

(= (SET.FINScomposition [role-name set.mor$source])) role-pair)

(= (SET.FINScomposition [role-name set.morStarget])) (SET.FTIN$Sidentity scl.objS$name-set))

(= role-name (SET.FTNScomposition [role-pair-diagram set.lim.prd2$projectionl]))
(12) (SET.FTNSfunction role-value)

(= (SET.FTINSsource role-value) scl.objSname-set)

(= (SET.FINStarget role-value) set.morsSfunction)

(= (SET.FINScomposition [role-value set.mor$source])) role-pair)

(= (SET.FTINScomposition [role-value set.mor$target])) term)

(= role-value (SET.FINScomposition [role-pair-diagram set.lim.prd2$projection2]))
(13) (SET.FINsSfunction role-description-diagram)

(= (SET.FINSsource role-description-diagram) scl.objS$name-set)

(= (SET.FINStarget role-description-diagram) set.lim.prd2$diagram)

(= (SET.FINScomposition [role-description-diagram set.lim.prd2$setl]) scl.obj.trmSterm)

(= (SET.FINScomposition [role-description-diagram set.lim.prd2S$set2])

(SET.FTNScomposition [role-pair set.objS$power]))

(14) .FTN$function role-description)

SET

= (SET.FTNS$source role-description) scl.objS$name-set)

= (SET.FTINStarget role-description) set.objS$set)
r
(

ole-description
SET.FTINScomposition [role-description-diagram set.lim.prd2sSbinary-product]))

(15) (SET.FINsSfunction property)
(= (SET.FTINSsource property) scl.objSname-set)
(= (SET.FINStarget property) set.mors$function)
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(= (SET.FINScomposition [property set.mor$source])) role-description)
(= (SET.FINScomposition [property set.morS$target])) scl.obj.trm$term)

(= property (SET.FINScomposition [role-description-diagram set.lim.prd2$projectionl]))

(16) (SET.FTNSfunction role-set)
= (SET.FTNSsource role-set) scl.objSname-set)
.FINS$target role-set) set.mor$function)

SET.FINScomposition [role-set set.mor$source])) role-description)
SET.FTINScomposition [role-set set.morStarget]))

SET.FTINScomposition [role-pair set.objS$power]))

(= role-set (SET.FINScomposition [role-description-diagram set.lim.prd2$projection2]))

(
(
(
(
(

Il
—~ e~~~ — ]
%)
i3]
-

For any name-set V, the set of SCL sentences sent(lV) is defined inductively with the set of atoms as a
base. The set of sentences is inductively defined as follows.

o Anyatom a € atm(N) is an atomic sentence On(a) = holds(N)(w) € sent(N);
o The negation of any sentence ¢ € Sent(N) is a negative sentence —n¢ = neg(iV)(e) € sent(N);
o The conjunction of any subset of sentences ® e @sent(N) is a conjunctive sentence
AND = conj(N)(®) € sent(N); and
o The (existential) quantification of any name-sentence pair (x, ) € Nxsent(N) is a quantified sentence
Inx, @) = exists(N)((x, ¢)) € sent(V); and
o Nothing else is a sentence (this requirement is enforced by the axioms for constructors and selectors).
The set of atoms is the source of the holds (constructor) function
On = holds(N) : atm(N) — sent(N),
which embeds atoms as sentences. Its range is the set of atomic sentences. The atom (selector) partial func-
tion
07"y = atm(N) : sent(N) — atm(N)
returns the atom that makes up an atomic sentence; it is inverse to the atom constructor:
holds(N) - atm(N) = idatmn,
atm(N) - holds(N) = idatm-sent(N),
implying that the holds function is injective.

(17) (SET.FTNSfunction holds)

(= (SET.FINSsource holds) scl.objS$name-set)

(= (SET.FINStarget holds) set.morS$injection)

(= (SET.FINScomposition [holds set.mor$source]) atom)

(= (SET.FINScomposition [holds set.morsStarget]) sentence)
(18) (SET.FTNSfunction atomic-sentence)

(= (SET.FINSsource atomic-sentence) scl.objS$name-set)

(= (SET.FINStarget atomic-sentence) set.obj$set)

(= atomic-sentence (SET.FTN$Scomposition [holds set.morS$rangel))
(19) (SET.FTNSfunction select-atom)

(= (SET.FINSsource select-atom) scl.objS$name-set)

(= (SET.FINStarget select-atom) set.pfn$partial-function)

(= (SET.FINScomposition [select-atom set.pfnS$source]) sentence)

(= (SET.FINScomposition [select-atom set.pfn$domain]) atomic-sentence)

(= (SET.FINScomposition [select-atom set.pfnStarget]) atom)
(20) (= (set.pfnS$Scomposite [holds select-atom])

SET.FINScomposition [atom set.morSidentity]))
set.pfn$composite [select-atom holds])
SET.FTINScomposition [atomic-sentence set.mor$identityl]))

The conjunction (constructor) function
AN = CONj(N) : g sent(N) — sent(NN)

embeds subsets of sentences as sentences. Its range is the set of conjunctive sentences. The sentence subset
(selector) partial function

A~y = subset(N) : sent(N) — g sent(N)
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returns the sentence subset underling a conjunctive sentence; it is inverse to the conjunction constructor:
CONj(N) - SubSE(N) = id ysen,

subset(N) - Conj(N) = idconj—sent(N):
implying that the conjunction function is injective.

(21) (SET.FINsfunction conjunction)
(= (SET.FINSsource conjunction) scl.objS$name-set)
(= (SET.FINStarget conjunction) set.mor$injection)
(= (SET.FINScomposition [conjunction set.mor$sourcel)
(SET.FTNScomposition [sentence set.obj$power]))
(= (SET.FTINScomposition [conjunction set.morStarget]) sentence)
(22) (SET.FINsSfunction conjunctive-sentence)
(= (SET.FINSsource conjunctive-sentence) scl.objS$name-set)
(= (SET.FINStarget conjunctive-sentence) set.objSset)
(= conjunctive-sentence (SET.FTINScomposition [conjunction set.mor$Srange]))
(23) (SET.FTNSfunction select-sentence-subset)
(= (SET.FTINSsource select-sentence-subset) scl.objS$name-set)
(= (SET.FINStarget select-sentence-subset) set.pfnSpartial-function)
(= (SET.FINScomposition [select-sentence-subset set.pfn$source]) sentence)
(= (SET.FINScomposition [select-sentence-subset set.pfn$domain]) conjunctive-sentence)
(= (SET.FINScomposition [select-sentence-subset set.pfnS$target])
(SET.FTNScomposition [sentence set.objSpower]))
(24) (= (set.pfnScomposite [conjunction select-sentence-subset])

(SET.FTNScomposition [ (SET.FTINScomposition
[sentence set.objsSpower]) set.mor$identity]))
(= (set.pfnScomposite [select-sentence-subset conjunction])
(SET.FTNScomposition [conjunctive-sentence set.mor$Sidentity]))

The negation (constructor) function

—y = heg(N) : sent(N) — sent(N)

embeds sentences as sentences. Its range is the set of negative sentences. The sentence (selector) partial
function

— 'y = sent(N) : sent(N) — sent(N)

returns the sentence that underlies a negative senfence; it is inverse to the negation constructor:
neg(N) - sent(N) = idsent),
sent(N) - neg(N) = idneg-sent(N),

implying that the negation function is injective.

(25) (SET.FINsSfunction negation)

(SET.FTNS$source negation) scl.objS$name-set)
(SET.FTNStarget negation) set.morS$injection)
(SET.FTNScomposition [negation set.morSsource]) sentence)
(

SET.FTINScomposition [negation set.morStarget]) sentence)

(
(
(
(
(

SET.FINS$function negative-sentence)

= (SET.FTNS$source negative-sentence) language)

= (SET.FTINStarget negative-sentence) set.obj$set)

negative-sentence (SET.FTINScomposition [negation set.morS$rangel))

(
(
(
(

ET.FTNSfunction select-sentence)

SET.FTINSsource select-sentence) language)

.FINStarget select-sentence) set.pfn$partial-function)
SET.FINScomposition [select-sentence set.pfn$source]) sentence)
SET.FTINScomposition [select-sentence set.pfn$domain]) negative-sentence)

SET.FTINScomposition [select-sentence set.pfn$target]) sentence)

I 0
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(28) (= (set.pfnScomposite [negation select-sentencel)
SET.FINScomposition [sentence set.morSidentity]))
set.pfn$composite [select-sentence negation])

SET.FTINScomposition [negative-sentence set.mor$identityl]))

The (existential) quantification (constructor) function
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Iy = exists(N) : Nxsent(N) — sent(V),

embeds quantification (variable, sentence) pairs as sentences. Its range is the set of quantified sentences.
The pair (selector) partial function

3y =pr(N) : sent(N) — Nxsent(N)

returns the quantification pair that underlies a quantified sentence; it is inverse to the quantification con-
structor:

exists(N) - pr(N) = idesent(N),

pr(N) - exists(N) = idquant-sent(V)s
implying that the quantification function is injective. It is convenient to also define selectors for the vari-
able and body of a quantified sentence. There is a variable and body (selector) partial functions

var(N) : sent(N) — N,
body(N) : sent(N) — sent(N).

The pair selector is the pairing of the variable and body selectors.

(29) (SET.FINsSfunction quantification-pair-diagram)

= (SET.FTNSsource quantification-pair-diagram) name-set)

SET.FINStarget quantification-pair-diagram) set.lim.prd2$diagram)
SET.FINScomposition [quantification-pair-diagram set.lim.prd2$setl])
SET.FTINS$identity scl.objS$name-set))

SET.FTINScomposition [quantification-pair-diagram set.lim.prd2$set2]) sentence)

(

.FTINS$function quantification-pair)
SET.FINS$source quantification-pair) name-set)

SET

=

= (SET.FTINStarget quantification-pair) set.obj$set)
a
(

(
(
(
( uantification-pair

SET.FINScomposition [quantification-pair-diagram set.lim.prd2$binary-product]))
(31) T.FTNSfunction name-projection)

(SET.FTNS$source name-projection) name-set)

(SET.FTNStarget name-projection) set.morsfunction)

(SET.FTNScomposition [name-projection set.mor$source]) quantification-pair)
(SET.FTNScomposition [name-projection set.mor$target])

(SET.FTNSidentity scl.objS$name-set))

(= name-projection

(SET.FTNScomposition [quantification-pair-diagram set.lim.prd2$projectionl]))

SET.FINSfunction sentence-projection)
= (SET.FTNS$source sentence-projection) name-set)
= (SET.FTNStarget sentence-projection) set.mor$function)
= (SET.FTNScomposition [sentence-projection set.mor$source]) quantification-pair)
= (SET.FTNScomposition [sentence-projection set.morS$target]) sentence)
= sentence-projection
(SET.FTNScomposition [quantification-pair-diagram set.lim.prod2projection2]))

SET.FINSfunction quantification)

= (SET.FTNSsource quantification) scl.objSname-set)

(SET.FTNStarget quantification) set.mor$injection)

(SET.FTNScomposition [quantification set.mor$source]) quantification-pair)
(

SET.FTINScomposition [quantification set.morStarget]) sentence)

SET.FINS$function quantified-sentence)

= (SET.FTNS$source quantified-sentence) scl.obj$name-set)

= (SET.FTINStarget quantified-sentence) set.obj$set)

= quantified-sentence (SET.FTNS$Scomposition [quantification set.morSrange]))

(SET.FTNSfunction select-quantification-pair)
(= (SET.FINSsource select-quantification-pair) scl.objSname-set)
(= (SET.FINStarget select-quantification-pair) set.pfnS$partial-function)
(= (SET.FTINScomposition [select-quantification-pair set.pfn$source]) sentence)
(= (
(= (
(= s
(

elect-quantification-pair
set.lim.prd2$pairing-parametric [variable body]))

SET.FINScomposition [select-quantification-pair set.pfn$domain]) quantified-sentence)
SET.FTNScomposition [select-quantification-pair set.pfn$target]) quantification-pair)
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(36) (= (set.pfnScomposite [quantification select-quantification-pair])
(SET.FTNScomposition [quantification-pair set.mor$identityl]))
(set.pfn$composite [select-quantification-pair quantification])
(SET.FTNScomposition [quantified-sentence set.mor$identityl]))
T.FINSfunction variable)
(SET.FTNS$source variable) scl.objS$name-set)
= (SET.FTNStarget variable) set.pfn$partial-function)
(SET.FTNScomposition [variable set.pfnSsource]) sentence)
(SET.FTNScomposition [variable set.pfn$domain]) quantified-sentence)
(SET.FTNScomposition [variable set.pfn$target])
(SET.FTNSidentity scl.objS$name-set))

T.FTNSfunction body)

(SET.FTNS$source body) scl.objS$name-set)

= (SET.FTINStarget body) set.pfnSpartial-function)
(SET.FTNScomposition [body set.pfn$source]) sentence)
(SET.FTINScomposition [body set.pfn$domain]) quantified-sentence)
(SET.FTNScomposition [body set.pfn$target]) sentence)

A sentence is an atomic sentence, a negative sentence, a conjunctive sentence, or a quantified sentence; but
nothing else. Atomic sentences, negative sentences, conjunctive sentences and quantified sentences parti-
tion the set of sentences. The holds, negation, conjunction and quantification synthetic/constructor func-
tions map the set of atoms, the set of sentences, the set of sentence subsets, and the set of quantification
pairs into the set of sentences.

(39) (SET.FTNSfunction sentence)
(= (SET.FINSsource sentence) scl.objSname-set)
(= (SET.FINStarget sentence) set.objSset)

(40) (forall (?N (scl.objS$name-set °?N))
(set.obj$quaternary-partition
(sentence ?1) [(atomic-sentence ?1)
(negative-sentence ?1)
(conjunctive-sentence ?1)
(quantified-sentence ?1)1))

A text is a subset of sentences. Texts are used for the contextual definition of signatures (vocabularies).

(41) (SET.FTNSfunction text)
= (SET.FTNS$source text) scl.objSname-set)
(SET.FTNStarget text) set.objS$set)

= text (SET.FTNScomposition [sentence set.objS$power]))

Vocabulary: Objects, Functions and Relations

A role set contains the objects of its role-value components. A role set contains its role-name as a single
function and contains the functions of its role-value components. A role set contains no relations. There is a
role pair objects function and a role pair functions function

0objs(N) : role-pr(N) — g trm(N),
ftns(N) : role-pr(N) — gatrm(N),

and a role set objects function and a role set functions function:
0bjs(N) : role-set(N) — gatrm(N),
ftns(N) : role-set(N) — g trm(N).

(42) (SET.FINsfunction role-pair-objects)

(SET.FTNSsource role-pair-objects) name-set)

SET.FINStarget role-pair-objects) set.mors$function)
SET.FTINScomposition [role-pair-objects set.mor$source]) role-pair)
SET.FTINScomposition [role-pair-objects set.morS$Starget])
SET.FINScomposition [scl.obj.trm$term set.objS$power]))

role-pair-objects (set.morS$composite [role-value scl.obj.trmSterm-objects]))

(
(
(
(
(

(

SET.FINSfunction role-pair-functions)

= (SET.FTNS$source role-pair-functions) name-set)
(SET.FTINStarget role-pair-functions) set.mors$function)
(

SET.FTINScomposition [role-pair-functions set.mor$source]) role-pair)

(
(
(
(



The IFF Simple Common Logic (meta) Ontology
Robert E. Kent Page 13 May 9, 2004

(= (SET.FINScomposition [role-pair-functions set.morStarget])
(SET.FTNScomposition [scl.obj.trmSterm set.objSpower]))
(= role-pair-functions
(set .mor$composite
[(set.lim.prd2$pairing
[ (set.morscomposite
[ (set .morscomposite [role-name scl.obj.trmSelement])
(SET.FTNScomposition [scl.obj.trm$Sterm set.morSsingleton])])
(set.mor$composite [role-value scl.obj.trmSterm-functions])])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsSbinary-union])]))
(44) .FTIN$function role-set-objects)
SET.FTINS$Ssource role-set-objects) name-set)
SET.FINStarget role-set-objects) set.mor$function)
.FTNScomposition [role-set-objects set.mor$source]) role-set)
SET.FINScomposition [role-set-objects set.morS$Starget])
SET.FTINScomposition [scl.obj.trm$term set.objSpower]))
ole-set-objects
set.mor$composite
[ (SET.FINScomposition [role-pair-objects set.morSpower])
(SET.FTNScomposition [scl.obj.trm$term set.objSunion])]))
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.FINSfunction role-set-functions)
SET.FTNSsource role-set-functions) name-set)
SET.FINStarget role-set-functions) set.mor$function)
.FTNScomposition [role-set-functions set.mor$source]) role-set)
SET.FTINScomposition [role-set-functions set.morStarget])
SET.FINScomposition [scl.obj.trm$term set.objS$power]))
role-set-functions °?N)
set.mor$composition
[ (SET.FINScomposition [role-pair-functions set.morSpower])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objSunion])]))

SE
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Any atom contains a set of objects (subterms). An equation contains the objects in its two component
terms. A relater contains the objects in its term and term-sequence components. A role description contains
the objects of its property component and the objects of each role-pair in its role-set component. A similar
argument holds for functions (terms in function position). Any atom contains a set of functions. An equa-
tion contains the functions in its two component terms. A relater contains the functions in its term and term-
sequence components. A role description contains the functions of its property component and the func-
tions of each role-pair in its role-set component. Any atom may contain a single relation (terms in relation
position). An equation contains no relations. A relater contains its term as its single relation. A role descrip-
tion contains no relations. There is an atom objects function, an atom functions function and an atom rela-
tions function:

objs(N) : atm(N) — gptrm(N),
ftns(N) : atm(N) — gatrm(N),
rels(N) : atm(N) — gotrm(N).

(46) (SET.FINsSfunction atom-objects)
(SET.FTNS$source atom-objects) name-set)
SET.FTINStarget atom-objects) set.mor$function)
SET.FINScomposition [atom-objects set.mor$source]) atom)
.FTNScomposition [atom-objects set.morStarget])
SET.FTINScomposition [scl.obj.trm$term set.objSpower]))
set.mor$composite
[ (set.morsinclusion-parametric [equation atom]) atom-objects])
(set.mor$composite
[(set.lim.prd2$pairing-parametric
[ (set.morsScomposite [terml scl.obj.trm$term-objects])
(set .mor$composite [term2 scl.obj.trmSterm-objects])])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsbinary-union])]))
(= (set.morsScomposite
[ (set.morsinclusion-parametric [relater atom]) atom-objects])
(set .mor$composite
[(set.lim.prd2$pairing-parametric
[ (set.morscomposite [term scl.obj.trm$term-objects])
(set.mor$composite [term-sequence scl.obj.trm$term-sequence-objects])])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsSbinary-union])]))

(
(
(
(
(
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(= (set.morsScomposite
[ (set.morsinclusion-parametric [role-description atom]) atom-objects])
(set .mor$composite
[(set.lim.prd2$pairing-parametric
[ (set.morscomposite [property scl.obj.trm$Sterm-objects])
(set.mor$composite [role-set role-set-objects])])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsSbinary-union])]))
(47) (SET.FTNSfunction atom-functions)
SET.FTNSsource atom-functions) name-set)
.FINStarget atom-functions) set.mor$function)
SET.FTNScomposition [atom-functions set.mor$source]) atom)
SET.FTNScomposition [atom-functions set.morsStarget])
SET.FTNScomposition [scl.obj.trmSterm set.objSpower]))
set.mor$composite
[ (set.morsinclusion-parametric [equation atom]) atom-functions])
(set.mor$composite
[(set.lim.prd2$pairing-parametric
[ (set.morsScomposite [terml scl.obj.trm$term-functions])
(set.mor$composite [term2 scl.obj.trm$Sterm-functions])])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsbinary-union])]))
(= (set.morscomposite
[ (set.morsinclusion-parametric [relater atom]) atom-functions])
(set .mor$composite
[(set.lim.prd2$pairing-parametric
[ (set.morscomposite [term scl.obj.trm$term-functions])
(set.mor$composite [term-sequence scl.obj.trm$term-sequence-functions])])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsSbinary-union])]))
(= (set.morsScomposite
[ (set.morsinclusion-parametric [role-description atom]) atom-functions])
(set.mor$composite
[(set.lim.prd2$pairing-parametric
[ (set.morScomposite [property scl.obj.trm$Sterm-functions])
(set.mor$composite [role-set role-set-functions])])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsbinary-union])]))

e
P |
%)
i3]
-

SET.FTNSfunction atom-relations)
SET.FTNSsource atom-relations) name-set)
.FTNStarget atom-relations) set.mor$function)
SET.FTNScomposition [atom-relations set.mor$source]) atom)
SET.FTNScomposition [atom-relations set.mor$Starget])
SET.FTNScomposition [scl.obj.trmSterm set.objSpower]))
set.mor$composite
[ (set.morsinclusion-parametric [equation atom]) atom-relations])
((set.morsconstant-parametric
[equation (SET.FTINScomposition [term set.objSpower])]) set.objSempty))
(= (set.morscomposite
[ (set.morsinclusion-parametric [relater atom]) atom-relations])
(set .mor$composite [term (SET.FTNScomposition [scl.obj.trm$Sterm set.mor$singleton])]))
(= (set.morsScomposite
[ (set.morsinclusion-parametric [role-description atom]) atom-relations])
((set.morsconstant-parametric
[role-description (SET.FTNS$Scomposition [term set.obj$power])]) set.objSempty))
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Any sentence contains a set of objects (subterms). The objects of an atom are defined above. A negation
contains the objects in its sentence component. A conjunction contains the objects of its sentence subset
component. A quantification contains the objects of its quantification pair. Similar arguments hold for the
functions (terms in function position) and relations (terms in relation position) for any sentence.

(49) (SET.FINsSfunction sentence-objects)
(SET.FTNS$source sentence-objects) name-set)
SET.FTNStarget sentence-objects) set.morS$function)
SET.FTNScomposition [sentence-objects set.morSsource]) sentence)
SET.FTNScomposition [sentence-objects set.morStarget])
SET.FTNScomposition [scl.obj.trmSterm set.objSpower]))
set.mor$composite [holds sentence-objects]) atom-objects)
set.mor$composite [negation sentence-objects]) sentence-objects)
set.mor$composite [conjunction sentence-objects])
set.mor$composite
[ (SET.FINScomposition [sentence-objects set.morS$power])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsSunion])]))

(
(
(
(
(
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(= (set.morscomposite [quantification sentence-objects])
(set.mor$composite [sentence-projection sentence-objects]))
(50) (SET.FTNSfunction sentence-functions)
SET.FTNSsource sentence-functions) name-set)
SET.FTNStarget sentence-functions) set.mor$function)
SET.FTNScomposition [sentence-functions set.mor$Ssource]) sentence)

T
(
(
(
(SET.FTNScomposition [sentence-functions set.mor$target])
(
(
(
(
(

(
(
(
(
(

SET.FTNScomposition [scl.obj.trmSterm set.objSpower]))
set.mor$composite [holds sentence-functions]) atom-functions)
set.mor$composite [negation sentence-functions]) sentence-functions)
set.mor$composite [conjunction sentence-functions])
set.mor$composite
[ (SET.FINScomposition [sentence-functions set.mor$power])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsSunion])]))
(= (set.morsScomposite [quantification sentence-functions])
(set.mor$composite [sentence-projection sentence-functions]))

SET.FTNSfunction sentence-relations)
SET.FTNSsource sentence-relations) name-set)
SET.FTNStarget sentence-relations) set.mor$function)
SET.FTNScomposition [sentence-relations set.morSsource]) sentence)
.FINScomposition [sentence-relations set.morS$target])
SET.FTNScomposition [scl.obj.trm$Sterm set.objS$power]))
set.mor$composite [holds sentence-relations]) atom-relations)
set.mor$composite [negation sentence-relations]) sentence-relations)
set.mor$composite [conjunction sentence-relations])
set.mor$composite
[ (SET.FINScomposition [sentence-relations set.mor$power])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objSunion])]))
(= (set.morsScomposite [quantification sentence-relations])
(set .mor$composite [sentence-projection sentence-relations]))
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Any text contains a set of objects (subterms), a set of functions (terms in function position), and a set of
relations (terms in relational position). The objects of a text are the objects of the sentences in the text. A
similar argument holds for functions and relations.

(52) (SET.FINsfunction text-objects)

(SET.FTNS$source text-objects) name-set)

SET.FTNStarget text-objects) set.mor$function)
SET.FTNScomposition [text-objects set.mor$sourcel]) text)
SET.FTNScomposition [text-objects set.morStarget])

(
(
(= (
(= (
(= (
(SET.FTNScomposition [scl.obj.trmSterm set.objSpower]))
t
(

ext-objects

set.mor$composite
[ (SET.FINScomposition [sentence-objects set.morS$power])
(SET.FTNScomposition [scl.obj.trm$term set.objSunion])]))

T.FINSfunction text-functions)

(SET.FTNSsource text-functions) name-set)

(SET.FTNStarget text-functions) set.mor$function)

= (SET.FTNScomposition [text-functions set.mor$sourcel]) text)
(SET.FTNScomposition [text-functions set.mor$Starget])
(SET.FTNScomposition [scl.obj.trmSterm set.objSpower]))
text-functions

(set.mor$composite

[ (SET.FINScomposition [sentence-functions set.mor$power])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objSunion])]))

T.FINSfunction text-relations)

(SET.FTNSsource text-relations) name-set)

(SET.FTNStarget text-relations) set.mor$function)

= (SET.FTNScomposition [text-relations set.mor$sourcel) text)
(SET.FTNScomposition [text-relations set.morStarget])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objSpower]))
text-relations

(set.mor$composite

[ (SET.FINScomposition [sentence-relations set.mor$power])
(SET.FTNScomposition [scl.obj.trm$Sterm set.objsSunion])]))

For any text T, the (concrete) vocabulary voc(T) = {obj(T), ftn(T), rel(T)) of T consists of
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obj(T) < name(T), the set of names in object-position (the set of terms of 7).

ftin(T) < name(T), the set of names in function-position.

rel(T) c name(T), is the set of names in relation-position.

(
(
(
(
(
(
(
(

SET.FINSfunction vocabulary)

(SET.
.FINStarget vocabulary) set.mor$function)
.FTNScomposition [vocabulary set.mor$source]) text)
.FTNScomposition [vocabulary set.morStarget]) scl.obj.vocsSvocabulary)
.mor$composite [vocabulary scl.obj.voc$object]) text-objects)
.mor$composite [vocabulary scl.obj.voc$function])
.mor$composite [vocabulary scl.obj.voc$Srelation])

FINSsource vocabulary) name-set)

text-functions)
text-relations)

May 9, 2004



The IFF Simple Common Logic (meta) Ontology
Robert E. Kent Page 17 May 9, 2004

SCL Semantics

The semantics axiomatize in this section is called the ‘moderately’ folded semantics. The concept of a vo-
cabulary base is associated with the ‘minimally’ folded semantics. The moderately folded semantics sug-
gests using a special class to denote the universe in translating from traditional FOL to SCL. This may lead
to recognition of an adjunction, rather than an inverse relationship, between traditional FOL and the SCL.

Vocabularies

scl.obj.voc

Table 2 lists the 29 terms for the semantics of the IFF-SCL — 13 in the vocabulary namespace and 16 in the
interpretation namespace.

Table 2: Terminology for the Objective Semantic Aspect of the SCL (meta) Ontology

Other Object Morphism
scl vocabulary
.obj object object-base choice resolution
function function-base function-selector sequence-selector
-voc relation relation-base
elementary composite
scl interpretation
.obj vocabulary object function relation
int universe function-fold relation-fold
-1n indication projection application
name-value-diagram | name-value name-map
legal-sentence
satisfaction

For any name-set N, an (abstract) vocabulary V = {0bjx(V), finx(V), rel(V)) € voc(N) consists of
o objMV) c trm(N), a set of terms,

o ftny(V) c obj(V), a set of terms (in function-position), and

o rely(V) < obj(V), a the set of terms (in relation-position).

(1) (SET.FINSfunction vocabulary)
(= (SET.FINSsource vocabulary) scl.objSname-set)
(= (SET.FINStarget vocabulary) SETSclass)
KIFS$function object)
= (KIF$source object) scl.objsSname-set)
= (KIFStarget object) SET.FINsSfunction)
forall (?N (scl.objsSname-set °?N))
(and (= (SET.FINS$source (object ?N)) (vocabulary ?N))
(= (SET.FINStarget (object ?N)) set.objS$set)
(forall (?V ((vocabulary ?N) ?V))
(set.obj$subset ((object ?N) ?V) (scl.obj.trm$term ?N)))))

KIFSfunction function)

= (KIFSsource function) scl.objSname-set)
= (KIFStarget function) SET.FINSfunction)

forall (?N (scl.objS$name-set ?N))
(and (= (SET.FTNSsource (function °?N
(= (SET.FINStarget (function °?N)
(forall (?V ((vocabulary ?N) ?V)
(set.objssubset ((function ?

) (vocabulary ?N))
) set.objS$set)
)
N) ?V) ((object ?N) 2V)))))
KIFSfunction relation)
= (KIFSsource relation) scl.objSname-set)
= (KIFStarget relation) SET.FTINSfunction)
forall (?N (scl.objS$name-set ?N))
(and (= (SET.FTNS$source (relation °?N
(= (SET.FINStarget (relation °?N)
(forall (?V ((vocabulary ?N) ?V)
(set.objssubset ((relation ?

) (vocabulary °?N))

) set.objS$set)

)

N) ?V) ((object ?N) ?V)))))
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An object term is elementary when it is an elementary term. Let elemy(V) < objy(V) denote the set of ele-
mentary objects of a vocabulary. An object term is composite when it is a composite term. Let
compn(V) < obja(V) denote the set of composite objects. An object must be either elementary or compos-
ite — the elementary and composite objects comprise a partition for the set of objects: compy(V) = objp(V)

—elemp(V); objy(V) = elemy(V) + compp(V).

(5) (KIFSfunction elementary)
= (KIFSsource elementary) scl.objSname-set)
= (KIFStarget elementary) SET.FINSfunction)
forall (?N (scl.obj$name-set °?N))
(and (= (SET.FINSsource (elementary ?N)) (vocabulary ?N))
(= (SET.FINStarget (elementary °?N)) set.obj$set)
(forall (?V ((vocabulary °?N) ?V))

(= ((elementary °?N) °?V)

(
(
(
(

(set.obj$binary-intersection [((object ?N) ?V) (scl.obj.trm$elementary ?N)]1)))))

KIF$function composite)
= (KIF$source composite) scl.obj$name-set)
= (KIFStarget composite) SET.FINS$function)
forall (?N (scl.objsSname-set °?N))
(and (= (SET.FTINSsource (composite °?N)) (vocabulary °?N))
(= (SET.FINStarget (composite ?N)) set.objSset)
(forall (?V ((vocabulary °?N) ?V))
(= ((composite ?N) ?V)
(set.obj$binary-intersection
[((object ?N) ?V) (scl.obj.trm$Scomposite ?N)1)))))

(
(
(
(

(7) (forall (?N (scl.obj$name-set ?N))
?V ((vocabulary ?N) °?V))
(and (= (set$binary-union [((elementary ?N) ?V) ((composite ?N) ?V)])
((object ?N) ?V))
(= (s

For any name-set N, the vocabulary base B = {obj-basex(V), ftn-basex(V), rel-basex(V)) for a vocabu-
lary ¥V € voc(NV) is a triple of sets, where the function and relation bases ftn-base(V) and rel-base(V) are
the function and relation elementary terms (names), and the object base are the elementary object terms that
appear as arguments (the coordinates of the sequence selections of composite object terms.

o obj-basex(V) c obji(V) N N, a set of names (in object-position),
o ftn-basex(V) = ftny(V) N N, a set of names (in function-position), and
o rel-basex(V) = rely(V) N N, a the set of names (in relation-position).

Any vocabulary can be recursively generated with its base. Any two vocabularies with the same base are
equal. A vocabulary base, not a vocabulary, was the original notion of vocabulary in the SCL standards
document.

(8) (KIFSfunction object-base)
= (KIF$source object-base) scl.objS$name-set)
= (KIFStarget object-base) SET.FINS$function)
forall (?N (scl.objsSname-set °?N))
(and (= (SET.FINS$source (object-base ?N)) (vocabulary °?N))
(= (SET.FINStarget (object-base ?N)) set.objSset)
(forall (?V ((vocabulary °?N) ?V))
(set.obj$subset
((object-base ?N) ?V)
(set.obj$binary-intersection [((object ?N) ?V) °?N])))))

(
(
(
(

KIFSfunction function-base)
= (KIFS$source function-base) scl.obj$name-set)
= (KIFStarget function-base) SET.FINS$function)
forall (?N (scl.obj$name-set ?N))
(and (= (SET.FINSsource (function-base °?N)) (vocabulary °?N))
(= (SET.FINStarget (function-base ?N)) set.objsSset)
(forall (?V ((vocabulary °?N) ?V))
(= ((function-base ?N) ?V)
(set.obj$binary-intersection [((function ?N) ?V) ?NJ])))))

(
(
(
(

(10) (KIFSfunction relation-base)

et$binary-intersection [((elementary ?N) ?V) ((composite ?N) ?V)]) setSempty)))
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(= (KIFssource relation-base) scl.objS$name-set)
(= (KIFsStarget relation-base) SET.FTNS$function)
(forall (?N (scl.obj$name-set ?N))
(and (= (SET.FINS$source (relation-base ?N)) (vocabulary °?N))

(= (SET.FINStarget (relation-base ?N)) set.objSset)

(forall (?V ((vocabulary ?N) °?V))

(= ((relation-base ?N) ?V)
(set.objS$binary-intersection [((relation ?N) ?V) ?NJ])))))

(11) (forall (?N (scl.objSname-set °?N)
?V1l ((vocabulary °?N) °?V1)
?V2 ((vocabulary °?N) ?V2))
(=> (and (= ((object-base ?N) ?V1) ((object-base ?N) ?V2))
(= ((function-base ?N) ?V1) ((function-base ?N) ?V2))
(= ((relation-base ?N) ?V1) ((relation-base ?N) ?V2)))
(= 2?2Vl ?V2)))

The set of composite terms compy(V) are the terms
of the form #[t] = (¢, 7) for N-term ¢ and N-term elemy(V) C obj(V) 2D compn(V) seqN(V)

sequence t. We make the two requirements: /
t € ftny(V) and t € seq(objy(V)), that ¢ is a func- \Lseq(Oij(V))

tion term and t is a sequence of object terms. That RHOfobjv)
is, for any composite term ¢[t] € compp(V), the N m-coprod(objx(V))
term component is in function position ¢ € finy(V) chowe%) ’”fobl(V)

and the coordinates of the term sequence Tt = ftn(objn(V))

(to, t1, ..., t,1) are in object position t; € obj(V)

for all 0 <k <n. We regard the term ¢ as a symbol

that denotes a function on object terms, mapping

the objy(V)-sequence t to the object term f[t] = Figure 3: Grammar
(¢, 7). Depending on the vocabulary V, there may be

many such functions. We choose one and record this with the choice function

choicex(V) : ftny(V) — ftn(objy(V))
from the function terms of the vocabulary V to the actual functions on sequences of object terms. Closely
associated with this is a resolution injection

resy(V) : compy(V) — dom-coprod(objy(V))

from the composite terms of the vocabulary V to the coproduct of the domain tuple of functions on se-
quences of object terms. Since the application of the resolution of a composite term is itself, the resolution
function is almost left inverse to the application function for the domain coproduct:

resy(V) - apply(objx(V)) = inCIcomp(V), obj(¥)-
That is, the inclusion map of compy(V) into the set of object terms objn(V) factors through the domain
coproduct dom-coprod(objy(V)) for the set of object terms objy(¥V). The requirements that composite ob-
ject terms resolve into function terms and object term sequences means that the composition of the resolu-
tion map with the indication and projection functions for the coproduct factor through ftny(V) and
seq(objy(V)), respectively. This means that from compp(V) there are two maps — a function selector to
ftny(V) and a sequence selector to seq(objn(V)), respectively

ftny(V) : compn(V) — ftny(V),
seqn(¥) : compn(V) — seq(obju(V)).

satisfying the constraints:

ftny(V) - choicex(V) = resy(V) - indic(objy(V)) and seqn(V) = resy(V) - proj(objy(V)).
The function and sequence selectors return the components of composite object terms. We further require
that the function selector be surjective. This means that any term in ftny(¥) occurs in function position in
some term in objy(V). We do not require that the sequence selector be surjective; that is, there may be se-
quences of terms in objy(V) that do not appear in object position sequence. The resolution map (and the
function and sequence selectors) is important for defining interpretations.

(12) (KIFS$function choice)
(= (KIFsSsource choice) scl.obj$name-set)
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(= (KIFStarget choice) SET.FTINSfunction)
(forall (?N (scl.obj$name-set ?N))

(and (= (SET.FINS$source (choice ?N)) (vocabulary ?N))
(= (SET.FINStarget (choice ?N)) set.mor$function)))
( .FTNScomposition [(choice ?N) set.mor$sourcel) (function ?N))
(

SET.FTNScomposition [(choice ?N) set.morStarget])
SET.FTNScomposition [(object ?N) set.obj.seg$function]))))

[}
A,—\aﬁﬁ
[a
H

(13) (KIFS$function resolution)
(= (KIFsSsource resolution) scl.obj$name-set)
(= (KIFStarget resolution) SET.FTIN$function)
(forall (?N (scl.objS$name-set ?N))
(and (= (SET.FTINSsource (resolution ?N)) (vocabulary ?N))
(= (SET.FINStarget (resolution °?N)) set.mor$function)))
(= (SET.FINScomposition [(resolution °?N) set.mor$Ssource]) (composite ?N))
(= (SET.FTINScomposition [(resolution ?N) set.morS$target])
(SET.FTNScomposition [(object ?N) set.obj.seg$domain-coproduct]))))
(14) (KIFSfunction function-selector)
(= (KIFssource function-selector) scl.objS$name-set)
(= (KIFstarget function-selector) SET.FTNS$Sfunction)
(forall (?N (scl.obj$name-set ?N))
(and (= (SET.FINS$source (function-selector °?N)) (vocabulary °?N))
(= (SET.FINStarget (function-selector ?N)) set.morsSfunction)))
(= (SET.FINScomposition [(function-selector ?N) set.mor$source]) (composite ?N))
(= (SET.FINScomposition [(function-selector ?N) set.mor$target]) (function ?N))))
(15)

KIF$function sequence-selector)
= (KIF$source sequence-selector) scl.obj$name-set)
(KIFStarget sequence-selector) SET.FINSfunction)

(
(
(=
(forall (?N (scl.obj$name-set ?N))

SET.FTNScomposition [ (sequence-selector ?N) set.morStarget])
SET.FTNScomposition [(object ?N) set.obj.segS$sequencel))))

(and (= (SET.FINSsource (sequence-selector °?N)) (vocabulary °?N))
(= (SET.FINStarget (sequence-selector ?N)) set.morsSfunction)))
(= (SET.FINScomposition [ (sequence-selector ?N) set.mor$source]) (composite ?N))
(= (
(

(16) (forall (?N (scl.objSname-set °?N)
?V ((vocabulary ?N) °?V))
(and (= (set.mor$composition
[((resolution ?N) ?V) (set.obj.seg$indication ((object ?N) ?2V))])
(set.mor$composition
[((function-selector ?N) ?V) ((choice ?N) ?V)]))
(= (set.morsScomposition
[((resolution ?N) ?V) (set.obj.seg$Sprojection ((object ?N) ?V))])
( (sequence-selector ?N) ?V))))

Note that the only constraint on rely(¥) is that it be a subset of the set of objects terms obj(V).



The IFF Simple Common Logic (meta) Ontology
Robert E. Kent Page 21 May 9, 2004
Interpretations

scl.obj.int

elemy(V) C objx(V) 2D ComPN(V)\seqN(V)

ft
apPryapy) HW seq(obja(V))
obju(I) fin resyV)
ﬂobj(
) -coprod(objx(F))
univN(ngIcel?ﬂ,H indiéosin, | S€q(0bivD)

SS\{n(obju(V) | seq(univiI))
apply iy dom-coprod(giv(n)
fth(obj Juniv(r)

finy(I) | dom-coprod(univy(I))

iWéuniv(I)

ftn(univy(I))
An interpretation I € inty for a vocabulary V = {(objy(V), ftny(V), relx(V)) € vocy has a nonempty set
univy(I) called the universe, three functions

objx(I) : objn(V) — univy(l), ftiny(I) : finy(V) — fin(univa(I)), and rely(I) : rel\(V) — rel(univa(I)),

and two partial functions (folds)
functiony(I) : univa(I) — ftn(univa(I)) and relationy(I) : univy(l) — rel(univy(I)),
where

Figure 4: Interpretation

o the value of objy(I) on any composite term ¢[t] € compp(V) is the value of finy(I)(¢) applied to the
sequential extension seq(objy(I))(7),

o the restriction of rely(I) to finy(V)nrely(V) is equal to the restriction of finy(I) to finy(V)nrely(V)
composed with the function to relation embedding ftn2rel(univa(I)),

o the image of finy(V) under objx(I) is a subset of the domain of functiony(I)

g objn(D)(ftny(V)) < dom(functionx(I))
and functiony(I)(objx(I)(2)) = finy(I)(¢) for any ¢ € ftny(V)
obj(I) - fin(functiony(I)) = ftny(I),
o the image of rely(V) under objy(I) is a subset of the domain of relationy(I)
g objn(I)(rely(V)) c dom(relationn(I))
and relationy(I)(0bjx(I)(2)) = rely(I)(¢) for any t € rely(V)
objn(I) - ftn(relationy(I)) = rely(I).

(1) (SET.FINSfunction interpretation)
(= (SET.FINSsource interpretation) scl.objSname-set)
(= (SET.FINStarget interpretation) SETSclass)

KIF$function vocabulary)
= (KIFS$source vocabulary) scl.objSname-set)
= (KIFStarget vocabulary) SET.FINsSfunction)
forall (?N (scl.obj$name-set ?N))
(and (= (SET.FINS$source (vocabulary ?N)) (interpretation ?N))
(= (SET.FINStarget (vocabulary °?N)) (scl.obj.vocsSvocabulary ?N))))

(
(
(
(

KIFSfunction universe)
= (KIF$source universe) scl.objSname-set)
= (KIFStarget universe) SET.FINSfunction)
forall (?N (scl.objsSname-set °?N))
(and (= (SET.FINS$source (universe ?N)) (interpretation ?N))
(= (SET.FINStarget (universe °?N)) set.objS$set)))

(4) (KIFS$function object)
(= (KIFsSsource object) scl.obj$name-set)
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(= (KIFStarget object) SET.FINSfunction)

(forall (?N (scl.obj$name-set ?N))
(and (= (SET.FINS$source (object ?N)) (interpretation ?N))
(SET.FTINStarget (object ?N)) set.morsfunction)))

(= (SET.FINScomposition [(object ?N) set.mor$Ssourcel)
(SET.FTNScomposition [(vocabulary ?N) (scl.obj.vocsSobject ?N)]))
(

(= (SET.FINScomposition [(object °?N) set.morStarget]) (universe °?N))))
(5) (KIFS$function function)
(= (KIFsSsource function) scl.obj$name-set)
(= (KIFstarget function) SET.FTIN$function)
(forall (?N (scl.objS$name-set ?N))
(and (= (SET.FINS$source (function ?N)) (interpretation ?N))
(= (SET.FINStarget (function ?N)) set.morS$function)))
(= (SET.FINScomposition [(function ?N) set.morS$sourcel)
(SET.FTNScomposition [(vocabulary ?N) (scl.obj.vocs$function ?N)]))
(= (SET.FINScomposition [(function ?N) set.morsStarget])
(SET.FTNScomposition [(universe ?N) set.obj.seg$function]))))
(6)

KIFsSfunction relation)
= (KIFSsource relation) scl.objSname-set)
= (KIFStarget relation) SET.FINSfunction)
forall (?N (scl.obj$name-set ?N))

(and (= (SET.FINS$source (relation ?N)) (interpretation ?N))
SET.FTINStarget (relation ?N)) set.mor$function)))
SET.FTNScomposition [(relation ?N) set.morS$source])
SET.FTNScomposition [(vocabulary ?N) (scl.obj.vocSrelation ?N)]))
SET.FTNScomposition [(relation ?N) set.morS$Starget])
SET.FTNScomposition [(universe ?N) set.obj.segS$Srelation]))))

(
(
(
(
(
(
(
(
(
(

(7) (forall (?N (scl.obj$name-set ?N))
?I ((interpretation ?N) ?I))
(= ((set.morSrestrict ((relation ?N) ?I))
[ (set.objsbinary-intersection
[((scl.obj.voc$function ?N) (vocabulary ?I))
((scl.obj.vocsrelation ?N) (vocabulary ?I))])
(set.morS$target ((relation ?N) ?I))])
(set.mor$composition
[((set.morS$restrict ((function ?N) ?I))
[ (set.objsbinary-intersection
[((scl.obj.voc$function ?N) (vocabulary ?I))
((scl.obj.vocsrelation ?N) (vocabulary ?I))])
(set.mor$target ((function ?N) ?I))])
(set.obj.seg$function2relation ((universe ?N) ?I))1)))

(8) (KIFS$function function-fold)
(= (KIFssource function-fold) scl.objS$name-set)
(= (KIFstarget function-fold) SET.FTNS$function)
(forall (?N (scl.objSname-set ?N))
(and (= (SET.FINS$source (function-fold ?N)) (interpretation °?N))
(= (SET.FINStarget (function-fold ?N)) set.pfnsSpartial-function)))
(= (SET.FINScomposition [(function-fold ?N) set.pfn$source]) (universe ?N))
(= (SET.FINScomposition [(function-fold ?N) set.pfnS$target])
(SET.FTINScomposition [(universe ?N) set.obj.seg$function]))
(forall (?I ((interpretation °?N) ?I))
(set.obj$subset
((set.morspower ((function °?N) ?I))
((scl.obj.vocsfunction ?N) ((vocabulary ?N) ?I)))
(set.pfn$domain ((function-fold ?N) ?2I))))))
(9)

KIFsSfunction relation-fold)
= (KIFssource relation-fold) scl.objSname-set)
(KIFStarget relation-fold) SET.FTINS$function)

(
(
(=
(forall (?N (scl.obj$name-set ?N))

(and (= (SET.FINSsource (relation-fold ?N)) (interpretation °?N))
(= (SET.FINStarget (relation-fold ?N)) set.pfnSpartial-function)))
(= (SET.FINScomposition [(relation-fold ?N) set.pfn$source]) (universe ?N))
(= (

SET.FTNScomposition [(relation-fold ?N) set.pfnStarget])
(SET.FTINScomposition [(universe ?N) set.obj.seg$function]))

(forall (?I ((interpretation °?N) ?I))

(set.obj$subset
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((set.morspower ((relation ?N) ?I))
((scl.obj.vocsrelation ?N) ((vocabulary ?N) ?I)))
(set.pfn$domain ((relation-fold ?N) ?I))))))

The interpretation I contains the function objy(I) : 0obji(V) — univa(I) that defines several other functions:
o acoproduct function dom-coprod(objx(I)) : dom-coprod(objx(V)) — dom-coprod(univa(l));

o afunction function fin(objy(I)) : ftn(objx(V)) — fin(univy(I)); and

o asequence function seq(objy(I)) : seq(objx(V)) — seq(univy(l)).

We refer to these functions only indirectly. We require the interpretation to honor the choice function of the
vocabulary, as represented by the identity:

ftny(I) = choicex(V) - ftn(objx(I)).

(10) (forall (?N (scl.objSname-set °?N)
?I ((interpretation ?N) ?I))
(= ((function ?N) ?I)
(set.mor$composition
[((scl.obj.voc$choice ?N) ((vocabulary °?N) ?I))
(set.seqg.morS$function ((object ?N) ?I))]1)))

The set sequence indication functions for the sets objy(¥) and univa(I) are the horizontal source and target
for a set quartet with the two functions ftn(objy(I)) and dom-coprod(objx(I)): the quartet constraint is
dom-coprod(objy(D)) - indic(univa(I)) = indic(objx(V)) - fin(obja(I)). This results in the identities:
resy(V) - dom-coprod(inty(I)) - indic(univa(I)) = resy(V) - indic(objy(V)) - fin(obja(I)) =

ftnpm(V) - actual(objn(V)) - ftn(objx(I)) mapping composite object terms to functions of the interpretation
universe.

The set sequence projection functions for the set objx(¥) and univy(I) are the horizontal source and target
for a set quartet with the two functions seq(objy(I)) and dom-coprod(obja(I)): the quartet constraint is
dom-coprod(objy(1)) - proj(univai(I)) = proj(objy(V)) - seq(objn(I)). This results in the identities:
resy(V) - dom-coprod(inty(I)) - proj(univa(l)) = resp(V) - proj(objx(V)) - seq(objx(I)) =

seqn(V) - seq(objn(I)) mapping composite object terms to sequences of the interpretation universe.

The set sequence application functions for the sets obj(¥V) and univ(l) are the horizontal source and target
for a set quartet with the two functions objy(I) and dom-coprod(obja(I)): the quartet constraint is dom-
coprod(objx(D)) - apply(univa(l)) = apply(objx(V)) - objx(I). This results in the identities: resy(V) - dom-
coprod(int(I)) - apply(univy(I)) = resy(¥) - apply(objx(¥)) - Objs(I) = iNCloomp, obioy * Objx(I) mapping
composite object terms to elements of the interpretation universe.

(11) (KIFSfunction indication)
(= (KIFSsource indication) scl.obj$name-set)
(= (KIFsStarget indication) SET.FTN$function)
(forall (?N (scl.obj$name-set ?N))
(and (= (SET.FINS$source (indication ?N)) (interpretation ?N))
(= (SET.FINStarget (indication °?N)) set.gttS$quartet)))
(= (SET.FINScomposition [(indication °?N) set.gttshorizontal-sourcel)
(SET.FTNScomposition [(SET.FTINScomposition
[ (vocabulary ?N) (scl.obj.voc$Sobject ?N)]) set.obj.seg$Sindication]))
(= (SET.FINScomposition [(indication ?N) set.gttsShorizontal-target])
(SET.FTNScomposition [(universe ?N) set.obj.seg$indication]))
(= (SET.FINScomposition [(indication °?N) set.gttSvertical-sourcel)
(SET.FTNScomposition [(object ?N) set.seqg.mor$domain-coproduct]))
(= (SET.FINScomposition [(indication ?N) set.gttS$vertical-target])
(SET.FTNScomposition [(object ?N) set.seqg.mor$function]))
(12) IFS$Sfunction projection)

(KIFStarget projection) SET.FTNS$function)
orall (?N (scl.objsname-set °?N))
(and (=

(K
(= (KIFSsource projection) scl.obj$name-set)
(=
(£
SET.FTINS$source (projection ?N)) (interpretation ?N))
SET.FTINStarget (projection ?N)) set.gtt$Squartet)))
SET.FINScomposition [(projection ?N) set.gtt$horizontal-source])
SET.FTINScomposition [ (SET.FINScomposition
[ (vocabulary ?N) (scl.obj.vocSobject ?N)]) set.obj.segSprojection]))
(= (SET.FINScomposition [(projection ?N) set.gttShorizontal-targetl])
(SET.FTNScomposition [(universe ?N) set.obj.segS$projection]))

(
(
(
(
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SET.FTINScomposition
SET.FTINScomposition
SET.FTINScomposition
SET.FTINScomposition

projection ?N) set.gtt$Svertical-sourcel)
object ?N) set.seq.mor$Sdomain-coproduct]))
projection ?N) set.gtt$vertical-targetl])
object ?N) set.seqg.morSsequence]))

( [(
( [(
( [(
( [(

(13) (KIFsfunction application)

= (KIFS$source application) scl.obj$name-set)
= (KIFStarget application) SET.FINS$function)
forall (?N (scl.objsSname-set °?N))

(and (= (SET.FTINS$source (application ?N)) (interpretation °?N))
SET.FINStarget (application ?N)) set.gttS$quartet)))
SET.FTINScomposition [(application ?N) set.gtt$Shorizontal-sourcel)
SET.FTINScomposition [ (SET.FINScomposition

[ (vocabulary ?N) (scl.obj.voc$object ?N)]) set.obj.segSapplication]))
SET.FTINScomposition [(application ?N) set.gtt$Shorizontal-target])
SET.FINScomposition [(universe ?N) set.obj.seg$Sapplication]))
SET.FTINScomposition [(application ?N) set.gttS$vertical-sourcel)

[(
[(

(
(
(
(

(
(
(= (
(

SET.FTINScomposition object ?N) set.seq.mor$Sdomain-coproduct]))
SET.FINScomposition application ?N) set.gtt$vertical-target])

(
(
(
(
(
(object ?N))))

We could define the composite term evaluation function

evaly(V) = resy(V) - dom-coprod(objx(I)) - apply(univa(I)) : compa(V) — univy(I).
This implies the identity: evaly(V) = inCleompv), objv) - OBINI).

For any name-set /V and any interpretation I € inf(N), in general a name map is a tuple for the set pair
(N, univy(I)); that is, a name map is a function n : N — univ(I) on some subset of names N C V. However,
here we need only the special case where N is a singleton set N = {x}, where x is the quantified variable for
some quantified sentence. Hence, we define a name-map to be a pair (x, a), where x is a variable x € N and
a is a universe element a € univay(I). That is, the set of name-maps is the binary Cartesian product
Nxunivy(I). The name-map function maps a pair (x, a) € Nxunivy(I) to the augmented interpretation
mapn(I)((x, a)), which is recursively defined on the base component of vocy(]): the function and relation
base functions are the same as 7, and the object base function is a on the name x, and I otherwise. There is
an interpretation class function mapa(I) : Nxuniva(I) — int(V).

(14) (KIFsfunction name-value-diagram)
(= (KIFSsource name-value-diagram) scl.objSname-set)
(= (KIFsStarget name-value-diagram) SET.FINsSfunction)
(forall (?N (scl.obj$name-set ?N))
(and (= (SET.FINS$source (name-value-diagram ?N)) (interpretation ?N))
(= (SET.FINStarget (name-value-diagram °?N)) set.lim.prd2$diagram)
(= (SET.FINScomposition [(name-value-diagram ?N) set.lim.prd2$setl]) °?N)
(= (SET.FINScomposition [(name-value-diagram ?N) set.lim.prd2$set2])
((universe ?N) ?I))))
(15) (KIFS$function name-value)
(= (KIFSsource name-value) scl.obj$name-set)
(= (KIFStarget name-value) SET.FINS$function)
(forall (?N (scl.objS$name-set ?N))
(and (= (SET.FINSsource (name-value ?N)) (interpretation ?N))
(= (SET.FINStarget (name-value °?N)) set.obj$set)
(= (name-value °?N)
(SET.FTNScomposition
[ (name-value-diagram ?N) set.lim.prd2$binary-product]))))
(16)

KIF$function name-map)
= (KIF$source name-map) scl.objSname-set)
(KIFStarget name-map) KIF$function)

(
(
(=
(forall (?N (scl.obj$name-set ?N))

(and (= (KIFS$source (name-map ?N)) (interpretation ?N))
(= (KIFsStarget (name-map ?N)) SET.FTNS$Sfunction)
(forall (?I ((interpretation °?N) ?I))
(and (= (SET.FINSsource ((name-map ?N) ?I)) ((name-value ?N) ?I))
(= (SET.FINStarget ((name-map ?N) ?I)) (interpretation ?N))
(forall (?n (?N ?n) ?a (((universe °?N) ?I) ?a))
(and (= ((function ?N) (((name-map ?N) ?I) [?n ?a]))

((function ?N) ?I))
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(= ((relation ?N) (((name-map ?N) ?I) [?n ?al))
((relation ?N) ?I))

(forall (?m (((object-base ?N) ((vocabulary ?N) ?I)) ?m))
(and (=> (= ?m ?n)
(= (((object ?N) (((name-map ?N) ?I) [?n ?al])) °m) ?a)
(=> (not (= ?m ?n))
(= (((object ?N) (((name-map ?N) ?I) [?n ?al])) 2m)
(((

((object ?N) ?I) 2m)))))))))))
Satisfaction

When the (concrete) vocabulary of a sentence s (or a text 7) is bounded by the vocabulary of an interpreta-
tion 1, I is said to be a legal interpretation of s (or T). We use the notation I |= s to denote that sentence s is
true in interpretation I. We also say that I satisfies s. Satisfaction assumes legality. In the following, we
assume that 7 is a legal interpretation of any text to be evaluated. We temporarily ignore sequence vari-

ables.opn

Atoms:

I|=(t; = t,) iff obji(I)(t)) = Obji(I)(2).

I |= r(o) iff relx(I)(r) contains obj*pI)(0).
Boolean Sentence:

I|=—siff not7|=s.

I}= A0.

T=A(s) iffI'|=s.

T=A(s18...8,) iff T|=s1and I |= A(s3 ... 5,).
T|=v(s; ... s,) Hf I |= —=(A(=s7 .. —8,)).
I|=(s1 = 5) iff I |= v(=s; 52).

I=(sy & 5) iff I |= (51 = s52) and I |= (52 = 51).
Quantified Sentence:

I= (Y(x) B) iff mapn(D)((x, a)) |= B for all a € univp().
I'|= @3(x) B) iff 1 [= =(V(x) —B).

Text:

I= {3

I={s}iffI'|=s.

I={s1, 50, ... s5,} iff I'|l=s1and I |= {s5;, ... 5,}.

(17) (KIFsfunction legal-sentence)
= (KIFSsource legal-sentence) scl.objSname-set)
= (KIFStarget legal-sentence) RELSrelation)
forall (?N (name-set ?N))
(and (= (SET.FTINSclassl (legal-sentence ?N)) (interpretation ?N))
(= (SET.FINSclass2 (legal-sentence ?N)) (scl.obj.sntSsentence ?N))))
(forall (?I ((interpretation °?N) ?I)
?s ((scl.obj.snt$sentence ?N) ?s))
(<=> (legal-interpretation °?N) ?I ?s)
(scl.obj.voc$subvocabulary
((scl.obj.snts$vocabulary ?N) ?s)
((vocabulary ?N) ?I))))))

KIFSfunction satisfaction)

= (KIFSsource satisfaction) scl.objSname-set)
= (KIFStarget satisfaction) RELSrelation)
forall (?N (scl.obj$name-set ?N))
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(and (= (SET.FTINSclassl (satisfaction ?N)) (interpretation ?N))
(= (SET.FINSclass2 (satisfaction ?N)) (scl.obj.sntSsentence ?N))))
(RELSsubrelation (satisfaction ?N) (legal-interpretation ?N))))
(19) (forall (?N (name-set °?N))
(forall (?I ((interpretation ?N) ?I)
?s ((scl.obj.snt$sentence ?N) ?s)
((legal-interpretation ?N) ?I ?s))
(and (=> ((scl.obj.snt$equation ?N) ?s)
(<=> ((satisfaction ?N) ?I ?s)
(= (((object ?N) ?I) ((scl.obj.snt$terml ?N) ?s))
(((object ?N) ?I) ((scl.obj.sntSterm2 ?N) ?s)))))
(=> ((scl.obj.sntSrelater ?N) ?s)
(<=> ((satisfaction ?N) ?I ?s)
((((relation ?N) ?I) ((scl.obj.sntSterm ?N) ?s))
((set.seg.morSsequence ((object ?N) ?I))
((scl.obj.sntSterm-sequence ?N) ?s)))))
(=> ((scl.obj.sntSconjunctive-sentence ?N) ?s)
(<=> ((satisfaction ?N) ?I ?s)
(forall (?sl (((scl.obj.sntS$select-sentence-subset ?N) ?s) ?sl))
((satisfaction ?N) ?I ?sl))))
(=> ((scl.obj.sntSnegative-sentence ?N) ?s)
(<=> ((satisfaction ?N) ?I ?s)
(not ((satisfaction ?N) ?I ((scl.obj.snt$select-sentence ?N) ?s)))))
(=> ((scl.obj.sntSquantified-sentence ?N) ?s)
(<=> ((satisfaction ?N) ?I ?s)
(forall (?a (((universe ?N) ?I) ?a))

((satisfaction ?N)
(((name-map ?N) ?1I)
(scl.obj.snt$body ?s))))))))

[(scl.obj.sntSvariable ?s)

?al)
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SCL to FOL Translation
scl.obj.fol

We can translate any SCL kernel text (with no sequence variables) into FOL text with essentially the same
meaning. This uses various functions to translate SCL terms into FOL terms, SCL term sequences into FOL
term tuples, SCL atoms into FOL atoms, and SCL sentences into FOL sentences. For any SCL name-set N
and any SCL vocabulary ¥ € voc(N), let scl2fol(V) denote the SCL to FOL translation of sentences and
text compatible with that vocabulary. Intuitively, the FOL language (or signature) of sc/2fol(V) contains all
the object terms obj(FV), classified as constants (individual names), plus the countable sets {holds,, holds,
holds,, ...} of relation symbols with arities respectively 1, 2, 3, ... and {appo, app1, app,, ...} of function
symbols with arities respectively 1, 2, 3, ... .

In more detail, the language (signature) of L = scl2fol(V) has a set of variables var(l) =
{var(0), var(1), var(2), ...} in one-one correspondence with the natural numbers X = {0, 1, 2, ...}, has the
disjoint union obj(¥) + app(L) = obj(V) + {app(0), app(1), app(2), ...} as its set of function symbols with
valence define by val(r) = 0 for each object term ¢ € obj(V) and val(app(n)) = n+1 for each natural number
n € X (the constants are obj(V)), and has a set of relation symbols rel(L) = {hlds(0), hlds(1), hids(2), ...}
in one-one correspondence with the natural numbers X with valence define by val(holds(n)) = n+1 for
each natural number ne X. We can define special generating injections app: & — ftn(L) and
holds : ® — rel(L). The translation sc/2fol(V) maps the terms and atoms of sentences and texts into those
of scl2fol(V) by application of the following recursively defined functions.

The term function

trm : obj(V) — trm(sci2fol(V)),
where trm(n) = n, for all elementary terms (names) n € elem(V) c N, using constant embedding to terms,
and trm((z, 1)) = apply(app([t|), insert(trm(t), tuple(t))) for all composite terms ¢[t] = (¢, T) € comp(V).
The tuple function

tuple : seq(obj(V)) — tuple(sci2fol(V)),
where tuple(e) = ¢ for the empty sequence of terms, tuple((¢)obiry) = {(var(0), #)} for a singleton term tuple
t € obj(V), and tuple(t®t,) = tuple(t;)®tuple(ty) for composite sequence of terms.
The atom function

atom : atm(V) — atm(scl2fol(V)),
where afom((= t, t,)) = eqn(trm(t,), trm(t,)) for equation (= ¢, ;) € eqn(V), and
atom((t, t)) = holds(hlds(|t|), insert(trm(z), tuple(t))) for all relaters ¢ € rel(V) and t € seq(obj(V)).
The sentence function

sent : sent(V) — sent(scl2fol(V)),

where sent(s) = atom(s) for atom s € atm(V), sent((not s)) = neg(sent(s)) for sentence s € sent(V),
sent((and S)) = conj( g sent(S)) for sentence subset S € g sent(V), and sent((forall (x) s)) =
quan((x, s)) for variable x € NV and sentence s € sent(V).
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Sequences
set.obj.seq

Table 1 lists the 39 terms in the set sequence namespace of the lower core (meta) ontology (IFF-LCO). The
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8 terms in bold are terms in popular use (e.g., in the SCL kernel grammar).

Table 1: Terminology for Set Sequences

Other Object Morphism
set power sequence injection length singleton
.Obj empty-sequence empty concatenation
.seq nonempty-sequence
left-insertion left-most
left-deletion left-resolution
right-insertion right-most
right-deletion right-resolution
sequence-sequence- sequence-sequence | sequence-sequence-projectionl
diagram element-sequence sequence-sequence-projectionl
element-sequence- sequence-element element -sequence-projectionl
diagram element -sequence-projection2
s?quence—element— sequence-element-projectionl
diagram sequence-element -projection2
function relation function2relation
function-inclusion
domain-arity domain-coproduct injection indication projection
application
Basics

The set of sequences of A elements seq(A4) is the least fixpoint solution of the set equation
X=14+AxX.
Categorically, the sequence set seq(A4) is the fixpoint solution (Figure 1)

seq(A) = fixpt(A)(seq(A4)),

for the w-continuous endofunctor fixpf(4) : Set — Set on the category Set defined by
fixpt(A)(X) = 1 + AxX.

The abstract syntax of sequences is parametric: there is a name for the parameter set ‘4’ and also a name
for A-sequences ‘seq(A)’. There is a collection of synthetic/constructor operators, a collection of ana-

lytic/selector partial operators and axioms that relate the two collections.

—>» 1+A4xseq(A) €— Axseq(A)
{ea} —>» seq4) <€« —— seq'(4)

Figure 1: Sequence Fixpoint Solution

There is a collection of two synthetic/constructor injective operators on sequences:

g4 =empty(d) : 1 — seq(A)

» ,=insert(A) : A x seq(A) — seq(A),
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where the empty operator ‘e’ is the empty A-sequence, and the left insertion operator ‘»,’ inserts A-
elements into A-sequences. The coproduct copairing of these two functions is the fixpoint isomorphism

=, : 1+ Axseq(A) — seq(A).
There is a collection of analytic/selector operators on sequences with the two subgroup clusters in one-one
correspondence with the two synthetic/constructor operators (their inverse):

is-empty,: 1 — bool

Ay seqd) — 1,
where the boolean operator ‘is-empty,’ tests for the empty sequence, and the partial operator ‘A’ maps
the empty sequence to the element of the unit set.

is-nonempty : 1 — bool

left, : seq(A) — A,

left-del, : seq(A) — seq(A),
where the boolean operator ‘is-nonempty,’ tests for a nonempty sequence, the leftmost partial operator

‘left,’ selects the leftmost element of a nonempty sequence, and the left deletion partial operator ‘left-del,’
selects the remaining elements to the right of the leftmost element of a nonempty sequence.

These operators satisfy the defining FOL term abstract data type semantics: there are axioms for the ele-
mentary and composite operators.

Elementary
V(1)
(is-empty 4(4(*))
& Aq(eq(*)) = *
which states the trivial fact that the empty sequence is an empty sequence
V(a : seq(A4))
(is-empty s(a) = (e4(A4(a)) = a))
which states that the empty sequence is constructible using the empty operator.

Composite
V(a:A,a:seq(A)
(is-nonempty 4(» «(a, a))
& lefty(» 4(a, a)) = a
& left-dely(» 4(a, a)) = a)
which states that any sequence constructed by the left insertion operator is nonempty and is decomposable
into the original A-element and A-sequence.
V(a : seq(A4))
(is-nonempty 4(a) = (» 4(left4(a), left-del(a)) = a))
which states that every nonempty sequence is constructible using the insertion operator from the pair of its
components.

For any set A4, a finite sequence a = (ay, ai, as, ..., a,_1) of length n € X is any list of n elements of A4; that
is, a; € A for all 0 <k <n. Let seq(A) denote the set of all finite sequences over A. Another way to de-
scribe this is that a : In — A4 is a map from In = {0, 1, 2, ..., n—1}, the interval of natural numbers below n,

to A. Clearly, there is a length function
|-l4 = len(A4) : seq(4) — X.

The set of sequences is the coproduct of the n™ power tuple of sets
seq(A) =%, x A"

For each natural number n € X, there is a coproduct injection
1 : A" — seq(A).
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(1) (KIFS$function power)

= (KIFSsource power) set.obj$set)
(KIFStarget power) set.dgm.tplStuple)

(
(
(=
(forall (?a (set.objS$set ?a))

(and (= (set.dgm.tpl$index (power ?a)) natnoSnatural-number))
(forall (?n (natno$natural-number °?n))
(= ((set.dgm.tplS$set (power ?a)) ?n)

((set.lim.prd.finSpower ?a) ?n)))))

(2) (SET.FTNS$function sequence)
(= (SET.FTINSsource sequence) set.objSset)
(= (SET.FINStarget sequence) set.objSset)
(= (sequence (SET.FTINScomposition [power set.col.coprdS$coproduct]))
(3) (KIFS$function injection)
(= (KIFSsource injection) set.objS$set)
(= (KIFsStarget injection) SET.FTNS$function)
(forall (?a (set.obj$set ?a))
(and (= (SET.FINSsource (injection ?n)) natno$natural-number)
(= (SET.FINStarget (injection ?n)) set.morsfunction)
(= (SET.FINScomposition [(injection ?n) set.mor$sourcel)
((set.dgm.tplsset (power ?a)) ?n))
(= (SET.FINScomposition [(injection ?n) set.mor$targetl])
(sequence ?a))
(forall (?n (natnoSnatural-number ?n))
(= ((injection ?a) ?n)
((set.col.coprdsinjection (power ?a)) ?n)))))
(4) .FTIN$function length)

SET.FTNS$Ssource length) set.obj$set)
SET.FTINStarget length) set.mor$function)
SET.FINScomposition [length set.mor$source]) sequence)
SET.FINScomposition [length set.morS$target])

((SET.FINSconstant [set.objS$set set.obj$set]) natno$natural-number))
(forall (?a (set.obj$set ?a)

?n (natnoS$natural-number ?n))

(= (set.morsScomposition [((injection ?a) ?n) (length ?a)l)

((set.morsconstant [((set.dgm.tpl$set (power ?a)) ?n) natno$natural-number]) ?n)))

P |

Any element @ € A can be embedded as a singleton sequence (a)4 € seq(A4) of length 1. Hence, there is a
singleton function

(-)4=8gIn(A) : A — seq(A),

which satisfies the constraint: (-)4 ° |-|4 = A4(1), the function with constant value 1. This asserts “the length
of a singleton sequence is 1”.

(5) (SET.FTINS$function singleton)
(= (SET.FINSsource singleton) set.objS$set)
(= (SET.FINStarget singleton) set.morS$function)
(= (SET.FTINsScomposition [singleton set.mor$source]) (SET.FTN$Sidentity set.objS$set))
(= (SET.FINScomposition [singleton set.morStarget]) sequence)
(forall (?a (set.obj$set ?a))
(= (set.morsScomposition [(singleton ?a) (length ?a)l)
(set.morSconstant [?a natnoSnatural-number] natno$l)))
Any two sequences a = (ag, aj, ..., d,-1) and b = (by, by, ..., a,,-1) can be concatenated, resulting in the se-
quence a ®4 b = (ag, ay, ..., Ay-1, bo, by, ..., an-1) € S€Q(A) of length n + m. Hence, there is a concatenation
function

@4 = conc(A) : seq(A) x seq(A) — seq(A),

which satisfies the constraint: @4 ° |-|4= (|-|4 X |-|.¢) ° +. This asserts, “the length of a concatenated sequence
is the sum of the lengths of the two component sequences”. Concatenation also satisfies the associative law:
(CZ@A b)@AC:a®A (b@AC).

(6) (SET.FINSfunction sequence-sequence-diagram)

= (SET.FTNS$source sequence-sequence-diagram) set.objSset)

(SET.FTNStarget sequence-sequence-diagram) set.lim.prd2$diagram)

= (SET.FTNScomposition [sequence-sequence-diagram set.lim.prd2Ssetl]) sequence)
(

SET.FINScomposition [sequence-sequence-diagram set.lim.prd2$set2]) sequence)
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(7) (SET.FTINS$function sequence-sequence)

= (SET.FTNS$source sequence-sequence) set.obj$set)
(SET.FTNStarget sequence-sequence) set.objSset)
sequence-sequence

(SET.FTNScomposition [sequence-sequence-diagram set.lim.prd2Sbinary-product])

(
(
(
(

(8) (SET.FINSfunction sequence-sequence-projectionl)
(= (SET.FINSsource sequence-sequence-projectionl) set.obj$set)
(= (SET.FINStarget sequence-sequence-projectionl) set.mor$function)
(= (SET.FTINScomposition [sequence-sequence-projectionl set.mor$source]) sequence-sequence)
(= (SET.FINScomposition [sequence-sequence-projectionl set.mor$Starget]) sequence)
(= sequence-sequence-projectionl
(SET.FTNScomposition [sequence-sequence-diagram set.lim.prd2$projectionl])
(9) (SET.FINSfunction sequence-sequence-projection2)
(= (SET.FINSsource sequence-seguence-projection2) set.obj$set)
(= (SET.FINStarget sequence-sequence-projection2) set.mor$function)
(= (SET.FINScomposition [sequence-sequence-projection2 set.mor$source]) sequence-sequence)
(= (SET.FINScomposition [sequence-sequence-projection2 set.mor$Starget]) sequence)
(= sequence-sequence-projection2
(SET.FTNScomposition [sequence-sequence-diagram set.lim.prd2$projection2])
(10) .FINSfunction concatenation)

SE

SET.FTINStarget concatenation) set.morsSfunction)
SET.FTINScomposition [concatenation set.mor$sourcel) sequence-sequence)
SET.FINScomposition [concatenation set.mor$target]) sequence)

(SET
( (SET.FTNS$source concatenation) set.objSset)
(= (
(= (
(= (

(11) (forall (?a (set.objS$set ?a))
(= (set.morscomposition [(concatenation ?a) (length ?a)]l)
(set .mor$composition [(set.mor$binary-product [(length ?a) (length ?a)]l) natnoS$sum])))

There is a distinguished empty sequence €4 = ()4 € seq(A4) of length 0. Hence, there is an empty function
e4=empty(4) : 1 — seq(A),

which satisfies the constraint: €4 ° |-|,= 0. This asserts, “the length of the empty sequence is 0”. Empty also

satisfies the unit laws: €4 ®4a = a = a ®4 €4. A sequence is empty when it is equal to the empty sequence.

Let seq‘(4) c seq(A) denote the set of all finite nonempty sequences over 4. The singleton function fac-
tors through the set of nonempty sequences.

(12) (SET.FINsSfunction empty)
(SET.FTNS$source empty) set.objsSset)
(SET.FTNStarget empty) set.mor$function)
(SET.FTNScomposition [empty set.morS$source])
((set.morsconstant [setS$set set.objS$set]) set.objSunit)
(= (SET.FTINScomposition [empty set.morStarget]) sequence)
(forall (?a (set.obj$set ?a))
(= (set.morscomposition [(empty ?a) (length ?a)]) natno$zero))

(
(
(
(

SET.FINS$function empty-sequence)
= (SET.FTNSsource empty-sequence) set.objS$set)
= (SET.FTNStarget empty-sequence) set.objS$set)
forall (?a (set.obj$set ?a))
(= (empty-sequence) (set.mor$image (empty ?a))))

(
(
(
(

SET.FTINS$function nonempty-sequence)
= (SET.FTNS$source nonempty-sequence) set.obj$set)
= (SET.FTINStarget nonempty-sequence) set.objS$set)
forall (?a (set.objs$set ?a))
(= (nonempty-sequence)
(set.obj$difference [(sequence ?a) (empty-sequence ?a)l)))

(
(
(
(

Any element a € A of A can be inserted onto the left side of a sequence (ao, ai, az, ..., a,-1) € Seq(A4) of
length n, getting another sequence (a, ag, a;, dz, ..., a,-1) € Seq(A) of length n + 1. Hence, there is a left
insertion function

» = left-ins(A) : A x seq(A) — seq(A),
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which satisfies the constraint: »4° |-|4 = T, © |-|4 ° (-)+1, which asserts that “the length of an left inserted
sequence is the one plus the length of the component sequence”. Concatenation and left insertion are re-
lated by the constraint: » 4= ((-)4 X idseq(1)) ° ®©4, Which asserts that left insertion can be defined as the con-
catenation of the singleton crossed with the identity”.

(15) (SET.FINsSfunction element-sequence-diagram)
(= (SET.FINSsource element-sequence-diagram) set.objS$set)
(= (SET.FINStarget element-sequence-diagram) set.lim.prd2$diagram)
(= (SET.FINScomposition [element-sequence-diagram set.lim.prd2S$setl])
(SET.FTNSidentity set.objS$set))
(= (SET.FINScomposition [element-sequence-diagram set.lim.prd2$set2]) sequence)
(16) (SET.FINsSfunction element-sequence)
(= (SET.FINSsource element-sequence) set.objsSset)
(= (SET.FINStarget element-sequence) set.objsSset)
(= element-sequence
(SET.FTNScomposition [element-sequence-diagram set.lim.prd2$binary-product])
(17) (SET.FINsSfunction element-sequence-projectionl)
(= (SET.FTINSsource element-sequence-projectionl) set.objS$set)
(= (SET.FINStarget element-sequence-projectionl) set.morsSfunction)
(= (SET.FINScomposition [element-sequence-projectionl set.mor$source]) element-sequence)
(= (SET.FINScomposition [element-sequence-projectionl set.morS$Starget])
(SET.FTNSidentity set.objS$set))
(= element-sequence-projectionl
(SET.FTNScomposition [element-sequence-diagram set.lim.prd2$projectionl])
(18) (SET.FINsfunction element-sequence-projection2)
(= (SET.FTINSsource element-sequence-projection2) set.objS$set)
(= (SET.FINStarget element-sequence-projection2) set.morsSfunction)
(= (SET.FINScomposition [element-sequence-projection2 set.mor$source]) element-sequence)
(= (SET.FINScomposition [element-sequence-projection2 set.mor$target]) sequence)
(= element-sequence-projection2
(SET.FTNScomposition [element-sequence-diagram set.lim.prd2$projection2])
(19)

SET.FTNSfunction left-insertion)
= (SET.FTNSsource left-insertion) set.obj$set)
(SET.FTNStarget left-insertion) set.mor$function)
(SET.FTNScomposition [left-insertion set.morsSsource]) element-sequence)
(SET.FTNScomposition [left-insertion set.morStarget]) sequence)
orall (?a (set.obj$set ?a))
(= (left-insertion ?a)
(set.mor$composition
[ (set.mor.prd2$binary-product [(singleton ?a) (set.morSidentity (sequence ?a))])
(concatenation ?a)l)))

(
(
(
(
(
(

ol

(20) (forall (?a (set.objS$set ?a))
(= (set.morscomposition [(left-insertion ?a) (length ?a)l)
(set .mor$composition [(set.mor$Scomposition [
(element-sequence-projection2 ?a) (length ?a)]) natno$successor])))

Any nonempty sequence a € Seq'(A) resolves into a leftmost element left,(a) € A and a lefi-deletion se-
quence left-del (a) € seq(A). Hence, there is a leftmost partial function and a left deletion partial function
whose product pairing called left resolution is a bijection between seq’(4) and the binary product
A x seq(A)

left, : seq(A) — A,
left-del : seq(A) — seq(A),
left-res = (left,, left-del,) : seq*(4) — A x seq(A),
both with domain seq*(4), which satisfies the abstract syntax axioms discussed below.

(21) (SET.FTNSfunction leftmost)

(SET.FTNS$source leftmost) set.objS$set)

SET.FINStarget leftmost) set.pfn$partial-function)
SET.FTINScomposition [leftmost set.pfnSsource]) sequence)
SET.FINScomposition [leftmost set.pfn$domain]) nonempty-sequence)

SET.FINScomposition [leftmost set.pfn$Starget]) (SET.FTINSidentity set.objS$set))

(
(
(
(
(
(
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(22) (SET.FTNSfunction left-deletion)

(= (SET.FINSsource left-deletion) set.obj$set)

(= (SET.FINStarget left-deletion) set.pfnS$partial-function)

(= (SET.FINScomposition [left-deletion set.pfnS$source]) sequence)

(= (SET.FINScomposition [left-deletion set.pfnSdomain]) nonempty-sequence)

(= (SET.FINScomposition [left-deletion set.pfnStarget]) sequence)
(23) ET.FTNSfunction left-resolution)

I 0

(SET.FTNS$source left-resolution) set.objsSset)
(SET.FTNStarget left-resolution) set.morsbijection)
(SET.FTNScomposition [left-resolution set.pfn$source]) nonempty-sequence)
= (SET.FTNScomposition [left-resolution set.pfnS$target]) element-sequence)
forall (?a (set.objs$set ?a))
(= (left-resolution ?a)
(set.lim.prd2Spairing
[ (set.pfnsfunction (leftmost ?a))
(set.pfn$function (left-deletion ?a))l)))

(
(
(
(
(
(

(24) (forall (?a (set.objS$set 7a))
(= (set.morscomposition [(left-resolution ?a) (left-insertion ?A)])
(set.mor$inclusion [ (nonempty-sequence ?a) (sequence ?a)l)))

(25) (forall (?a (set.objS$set 2a))

(
(and (= (set.mor$composition [(left-insertion ?a) (leftmost ?a)]l)
(element-sequence-projectionl ?a))
(= (set.morscomposition [(left-insertion ?a) (left-deletion ?a)])
(element -sequence-projection2 ?a))))
Any element @ € A of A can be inserted onto the right side of a sequence (ag, ay, az, ..., a,-1) € Seq(A) of

length n, getting another sequence (ay, ai, ay, .., a,-1, a) € Seq(A) of length n + 1. Hence, there is a right
insertion function

<, = right-ins(A) : seq(4) x A — seq(A),
which satisfies the constraint: <4 ° |-|4= 7, © |-|4 ° (-)+1, which asserts that “the length of an right inserted

sequence is the one plus the length of the component sequence”. Concatenation and right insertion are re-

lated by the constraint: <4 = (idsequ) X (-)4) ° ®4, Which asserts that right insertion can be defined as the
concatenation of the identity crossed with the singleton”.

(26) (SET.FINsfunction sequence-element-diagram)
(= (SET.FINSsource sequence-element-diagram) set.objS$set)
(= (SET.FINStarget sequence-element-diagram) set.lim.prd2$diagram)
(= (SET.FINScomposition [sequence-element-diagram set.lim.prd2S$setl]) sequence)
(= (SET.FINScomposition [sequence-element-diagram set.lim.prd2$set2])
(SET.FTNSidentity set.objS$set))
(27) (SET.FINsSfunction sequence-element)
(= (SET.FINSsource sequence-element) set.objS$set)
(= (SET.FINStarget sequence-element) set.objSset)
(= sequence-element
(SET.FTNScomposition [sequence-element-diagram set.lim.prd2$binary-product])
(28) (SET.FINsfunction sequence-element-projectionl)
(= (SET.FINSsource sequence-element-projectionl) set.objS$set)
(= (SET.FINStarget sequence-element-projectionl) set.morsSfunction)
(= (SET.FINScomposition [sequence-element-projectionl set.mor$source]) sequence-element)
(= (SET.FINsScomposition [sequence-element-projectionl set.mor$target]) sequence)
(= sequence-element-projectionl
(SET.FTNScomposition [sequence-element-diagram set.lim.prd2$projectionl])
(29) .FIN$function sequence-element-projection2)

SET.FTINStarget sequence-element-projection2) set.mor$function)

SET.FINScomposition [sequence-element-projection2 set.mor$source]) sequence-element)
SET.FINScomposition [sequence-element-projection2 set.mor$target])

(SET.FTNSidentity set.objS$set))

(= sequence-element-projection2

(SET.FTNScomposition [sequence-element-diagram set.lim.prd2$projection2])

T
(SET.FTNS$source sequence-element-projection2) set.obj$set)
(
(
(

(30) (SET.FINsfunction right-insertion)
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SET.FTINS$source right-insertion) set.objS$set)
SET.FINStarget right-insertion) set.morsSfunction)

= (SET.FTNScomposition [right-insertion set.morS$target]) sequence)
forall (?a (set.objs$set ?a))
(= (right-insertion ?a)

(set .mor$composition

[ (set.mor.prd2$binary-product [ (set.mor$identity (sequence ?a))

(concatenation ?a)l)))

(31) (forall (?a (set.objS$set 7a))
(= (set.morScomposition [(right-insertion ?a) (length ?a)])
(set.mor$composition [(set.morScomposition [

May 9, 2004

SET.FINScomposition [right-insertion set.mor$source]) sequence-element)

(singleton ?2a)l)

(sequence-element-projectionl ?a) (length ?a)]) natno$successor])))

Any nonempty sequence a € S€q‘(4) resolves into a rightmost element right,(a) € A and a right-deletion
sequence right-del (a) € seq(A). Hence, there is a rightmost partial function and a right deletion partial
function whose product pairing called right resolution is a bijection between seq‘(4) and the binary prod-

uct seq(4) x A
right, : seq(4) — A,
right-del, : seq(A) — seq(A),
right-res , = (right-del,, right,) : seq'(4) — seq(A4) x A,

both with domain seq*(4), which satisfies the abstract syntax axioms discussed below.

(32) (SET.FINSfunction rightmost)
(= (SET.FINSsource rightmost) set.objS$set)
(= (SET.FINStarget rightmost) set.pfnS$partial-function)
(= (SET.FINScomposition [rightmost set.pfnS$source]) sequence)
(= (SET.FINScomposition [rightmost set.pfnSdomain]) nonempty-sequence)
(= (SET.FINScomposition [rightmost set.pfnStarget]) (SET.FTNSidentity set.objSset))
(33) (SET.FINsfunction right-deletion)
(= (SET.FINSsource right-deletion) set.objsSset)
(= (SET.FINStarget right-deletion) set.pfnSpartial-function)
(= (SET.FINScomposition [right-deletion set.pfn$source]) sequence)
(= (SET.FINScomposition [right-deletion set.pfn$domain]) nonempty-sequence)
(= (SET.FINScomposition [right-deletion set.pfnS$target]) sequence)
(34) ET.FTINSfunction right-resolution)

0

(SET.FTINS$source right-resolution) set.objS$set)
(SET.FTNStarget right-resolution) set.mor$bijection)

(
(
(
(
(
(

forall (?a (set.obj$set ?a))
(= (right-resolution ?a)
(set.lim.prd2sSpairing
[ (set.pfnsSfunction (right-deletion ?a))
(set.pfn$function (rightmost ?a))l)))

(35) (forall (?a (set.objS$set 2a))
(= (set.morscomposition [(right-resolution ?a) (right-insertion ?A)])
(set.mor$inclusion [ (nonempty-sequence ?a) (sequence ?a)l)))

(36) (forall (?a
(and (=

(set.obj$set ?a))
(set.mor$composition [(right-insertion ?a) (rightmost ?a)])
(sequence-element-projection2 ?a))

(= (

(sequence-element-projectionl ?a))))

(SET.FTNScomposition [right-resolution set.pfnSsource]) nonempty-sequence)
(SET.FTNScomposition [right-resolution set.pfnStarget]) sequence-element)

set.mor$composition [(right-insertion ?a) (right-deletion ?a)l)
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Relations and Functions

For any set A, a relation (relational extension) P € rel(A) on A is a subset P c seq(A) of finite sequences
of A. The set of all relations is the powerset of rel(4d) = gseq(A). A function (functional extension)
@ € fin(A) on A is a partial function ¢ : seq(4) — A which is total on each arity. The latter assertion means
that if x € dom(¢) then ¢ is defined on all of A, There is an ftn2rel injection

ftn2rel(A) : ftn(4) — sel(A)
that embeds functions as relations. The image of ftn2rel(A) is the subset of functional relations.

(37) (SET.FTNSfunction function)

= (SET.FTNS$source function) set.objS$set)

= (SET.FTNStarget function) set.objS$set)

forall (?a (set.obj$set ?a))

(and (set.objssubset (function ?a) ((SETshom partial-function) [(sequence ?a) ?al]))
(forall (?n (natno$natural-number °?n))
(or (not (set.objsSintersects ((set.dgm.tplsSset (power ?a)) ?n) (function ?a)))
(set.objS$subset ((set.dgm.tpl$set (power ?a)) ?n) (function ?a))))))

(SET.FTNS$source sequence) set.objS$set)
(SET.FTNStarget sequence) set.objS$set)

SET.FTNSfunction relation)
= relation (SET.FTINScomposition [sequence set.objS$power]))

(
(
(
(

(39) (SET.FTNSfunction function2relation)
= (SET.FTNS$source function2relation) set.obj$set)
= (SET.FTNStarget function2relation) set.mor$injection)
= (SET.FTNScomposition [function2relation set.mor$source]) function)
= (SET.FTNScomposition [function2relation set.morS$target]) relation)
forall (?A (set.objs$set ?A) ?f ((function ?a) ?f))
?x ((sequence ?A) ?x) ?a (?A ?a))
(<=> (((function2relation ?a) ?f) ((right-insert ?A) [?x ?al))
(and ((set.pfn$domain ?f) ?x)
(= (?f ?x) ?a))))

(
(
(
(
(
(

Quite a bit of the function concepts and axiomatization below come from the fact that (seq(A), A) form an
interesting set pair. The function inclusion function maps the set of functions of a set A4 into the class of
functions.

(40) (KIFSfunction function-inclusion)
= (KIFS$source function-inclusion) set.objS$set)
= (KIFStarget function-inclusion) SET.FINSfunction)
forall (?A (set.obj$set ?A))
(and (= (SET.FTNSsource (function-inclusion ?a)) (function ?3))
(= (SET.FINStarget (function-inclusion ?a)) set.ftn$function)
(= (function-inclusion ?A)
(SET.FTNSinclusion [ (function ?A) set.morS$function]))))

The arity set of ¢ is the subset #.4(@) = arity,(¢) = {n € X | ¢ defined on A"}. The domain of ¢ is the subset
of sequences dom4(¢) = U, ¢ #¢) A”". The tuple domain function

dom(A) : ftn(4) — g seq(A)
can serve as a colimit arity.

(41) (SET.FINSfunction domain-arity)
(SET.FTNS$source domain-arity) set$set)
SET.FTINStarget domain-arity) set.col.artSarity)

(
(SET.FTNScomposition [domain-arity set.col.artsSindex]) function)
(
(

SET.FINScomposition [domain-arity set.col.artS$base]) sequence)
SET.FINScomposition [domain-arity set.col.art$function]) domain)

(
(
(
(
(
(
Any set 4 has a set of domain cases

dom-coprod(A) =, dom-arity(L)

=2 oe fin) dom(A)(e)

={(9,a)| 9 € ftn(L), a € dom(A)(¢)},
that is the coproduct of its index arity.
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For any set A and any function ¢ € ftn(A) there is a case injection function:
inj(A)(¢) : dom(A)(¢) — dom-coprod(A)

defined by inj(A)(@)(a) = (¢, a) for all A-sequence a € dom(A4)(p). Obviously, the injections are injective.
They commute with projection and inclusion.

(42) (SET.FINsSfunction domain-coproduct)

(= (SET.FINSsource domain-coproduct) set.objsSset)

(= (SET.FINStarget domain-coproduct) set.objs$set)

(= domain-coproduct (SET.FTINScomposition [domain-arity set.col.art$colimit]))
(43)

(KIF$source injection) set.objS$set)
(KIFStarget injection) SET.FTINS$Sfunction)

KIF$function injection)
= injection (SET.FTNS$composition [domain-arity set.col.art$injection]))

(
(
(
(

Any set A defines indication and projection functions based on its domain arity:
indic(A) : dom-coprod(A) — ftn(A),
proj(A) : dom-coprod(A) — seq(A).

These are defined by
indic(A)((, a)) = ¢ and proj(A)((9, a)) =a

for all function ¢ € ftn(A) and all A-sequences a € dom(A4)(o).

(44) (SET.FTNSfunction indication)

(= (SET.FINSsource indication) set.objsSset)

(= (SET.FINStarget indication) set.morsfunction)

(= (SET.FTINScomposition [indication set.mor$source]) domain-coproduct)

(= (SET.FINScomposition [indication set.morS$target]) function)

(= indication (SET.FTNScomposition [domain-arity set.col.art$indication]))
(45) ET.FTINSfunction projection)

T
(SET.FTNS$source projection) set.objS$set)

(SET.FTNStarget projection) set.morS$function)

(SET.FTNScomposition [projection set.morSsource]) domain-coproduct)
(

p

o nnwn

SET.FTINScomposition [projection set.morStarget]) sequence)
rojection (SET.FTNScomposition [domain-arity set.col.artSprojection]))

Any set A defines an application function:
x = apply(A) : dom-coprod(A) — A.
This function corresponds to the slot-filler function for frames. Pointwise, it is defined by

apply(A)((9, @) = ¢(a)
for all functions ¢ € ftn(A) and all sequences a € dom(A)(¢p). Abstractly, it is the comediator of the copro-
duct cotuple (cocone) consisting of the collection of functions regarded as functions,

{¢ : dom(A)(9) — A | ¢ € ftn(A)}.
The application function commutes with the injection function and the function itself. If the indexed se-

quences in dom-coprod(A4) are viewed as roles (prehensions), the application is a reference function from
roles to objects (actualities).

(46)
(SET.FTNS$source application) set.objsSset)
(SET.FTINStarget application) set.morsfunction)
(SET.FTNScomposition [application set.mor$source]) domain-coproduct)
(SET.FTNScomposition [application set.mor$target])
(SET.FTNSidentity set.objSset))
(forall (?A (set.objS$set ?A))
(= (application ?A)
((set.col.artScotupling (domain-arity ?A)) (function-inclusion ?A))))

SET.FTNSfunction application)

(
(
(
(
(



	The Object Aspect of SCL
	SCL Syntax
	Terms
	Term Constructors
	Objects and Functions
	Booleans
	Selectors

	Sentences
	Vocabulary: Objects, Functions and Relations


	SCL Semantics
	Vocabularies
	Interpretations
	Satisfaction
	Atoms:
	Boolean Sentence:
	Quantified Sentence:
	Text:


	SCL to FOL Translation

	Appendix
	Sequences
	Basics
	Elementary
	Composite

	Relations and Functions



