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Table 1 lists the terminology in the model namespace of the IFF Model Theory Ontology.
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Models
nod
A “possible world” or model for a type language provides an interpretation
o . : ) . var(A) rel(A)
for all types. It traditionally associates sets (domains) with entity types and
relations with relation types. These associations must respect the various refer(A) l sign(A) ll
typings. The notion of model introduced in the IFF Model Theory Ontology -
is framed in terms of the Information Flow notion of a classification along ent(A) sign(refer(A))

with a suitable notion of a hypergraph. This is a new formulation of model,
and introduced here for the first time. However, these IFF models can be
placed in the traditional perspective. This section axiomatizes the namespace
for models and their morphisms. These form a category called Model.

Figure 1: Model

o A model (model-theoretic structure) A = efer(A), sign(A)Uis a hypergraph of classifications — a two

dimensional construction (Figure 1) consisting of

— areference semidesignation 15 = refer(A) = [inst(refer(A)), typ(refer(A)): var(A) — ent(A) and
— asignature designation da = sign(A) = Ohst(sign(A)), typ(sign(A)): rel(A) = sign(refer(A)),
where the signature classification of the reference semidesignation is the target classification of the

signature designation
sign(refer(A)) = tgt(sign(A)).

typ(refer(A))
var(A) var(A) —> typ(ent(A))
refer(A) i —  refer(A) ema)
ent(A) var(A) univ(A)
Figure 2a: Reference Figure 2b: Reference
Semidesignation — abstract Semidesignation — details
typ(sign(A))
rel(A) typ(rel(A)) —> sign(typ(refer(A)))
sign(A) || I relca) sign(A) Fsign(refer(a))
i fer(A
sign(refer(4)) tuple(A) —— tuple(refer(A))
inst(sign(A))
Figure 3a: Signature Figure 3b: Signature
Designation - abstract Designation - details

(1) (SET$cl ass nodel)
(SET$cl ass structure)
(= structure nodel)
(2) (SET.FTN$function reference)
(= (SET. FTN$source reference) nodel)
(= (SET. FTN$t arget reference) cls. sdsgn$seni desi gnati on)
(3) ET. FTN$f uncti on signature)
( SET. FTN$sour ce signature) nodel)
(SET. FTN$t ar get si gnature) cls. dsgn$desi gnati on)

Inmnwym

(
(
(

(4) (= (SET.FTN$conposition [reference cls.sdsgn$signature])
( SET. FTN$conposi tion [signature cls.dsgn$target]))
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# = typ(arity(A))

0, = typ(sign(A)) arity(typ(refer(A)))
typ(rel(A)) —> sign(typ(refer(A))) —> [l var(A)
0a = Sign(A) refer-arity(A)
Frela) bsign(refer(;‘)) = sign-arity(-[A) FEsup(var(a))

tuple(A) —> tuple(refer(A)) —> U var(A)
0o = inst(sign(A)) inst-arity(refer(A))

#y= inst(arity(A))
Diagram 1: Signature, reference-arity and arity designations

o For convenience of theoretical presentation, we introduce model terminology for the composition of
the reference function and the arity function for semidesignations: a reference-arity function refer-
arity(A) = sign-arity(refer(A)).

(5) (SET.FTN$function reference-arity)
(= (SET. FTN$source reference-arity) nodel)

(= (SET. FTN$t arget reference-arity) cls.dsgn$desi gnation)
(= reference-arity (SET. FTN$conposition [reference cls.sdsgn$sign-arity]))

o For any model A the composition (Diagram 1) of the signature designation with the reference arity
designation defines an arity designation #, = [#, #;= arity(A) = sign(A) - refer-arity(A).
(6) (SET. FTN$function arity)

(= (SET. FTN$source arity) nodel)
(= (SET. FTN$target arity) cls.dsgn$designation)
(forall (?a (nodel ?a))
(= (arity ?a)
(cl's.dsgn$conposition [(signature ?a) (reference-arity ?a)])))

o  For convenience of practical reference, we introduce additional model terminology for the source and
target components of these designations. The source of the signature designation is called the relation
classification of A and denoted rel(A). The classification of the reference semidesignation is called the
entity classification of A and denoted ent(A). The set of the reference semidesignation is called the set
of logical variables of A and denoted var(A). In summary, we provide terminology for the following
sets/classifications:

— the entity classification ent(A) = cla(refer(A)),
— the relation classification rel(A) = src(sign(A)), and
— the variable set var(A) = set(refer(A)).
This results in the following presentations of the signature, arity and reference designations:
— signature designation dp = [d,, 0, sign(A) : rel(A) - sign(refer(A)),
— arity designation #, = [#, #,[= arity(A) : rel(A) - sup(var(A)), and
— reference semidesignation 15 = refer(A) with set var(A) and classification ent(A).
One canonical definition of the set of variables is the Cartesian product var(A) = typ(ent(A))xNatno.
Then the reference type function is the projection function
typ(refer(A)) = 1 : typ(ent(A))xNatno - typ(ent(A)).

(7) (SET. FTN$function entity)
(= (SET. FTN$source entity) nodel)
(= (SET. FTN$target entity) cls$classification)
(= entity (SET. FTN$conposition [reference cls.sdsgn$classification]))

(8) (SET.FTN$function relation)
(= (SET. FTN$source rel ati on) nodel)
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(= (SET. FTN$t arget rel ation) cls$classification)
(= relation (SET. FTN$conposition [signature dsgn$source]))
(9) (SET.FTN$function variabl e)
(= (SET. FTN$source vari abl e) nodel)
(= (SET. FTN$t arget variable) cls$classification)
(= variable (SET. FTN$conposition [reference cls.sdsgn$set]))

o Let us define some further common terminology for models. The set univ(A) = inst(ent(A)) of entity
instances is called the universe (or universal domain) for A. In the entity classification ent(A), the
elements of the universe are classified by entity types. Elements of the set of relational instances tu-
ple(A) = inst(rel(A)) are called tuples or (relational) arguments. In the relation classification rel(A),
tuples are classified by relation types. Although we do not specify it, usually there is a subset of indi-
viduals indiv(A) O univ(A), whose elements are called individual designators. We use some terminol-
ogy from conceptual graphs here. Individual designators, thought of as identifiers for individuals, rep-
resent either objects or data values. A locator represents an object: a marker ‘I SBN-0- 521- 58386- 17, an
indexical ‘you’ or a name ‘K. Jon Barwi se’. A data value is represented as a literal: a string ‘xyz’, a
number ‘3. 14159°, a date 1776/ 07/ 04°, etc.

o Tuples in r [ tuple(A) are abstract, and by themselves are typeless. They are associated with concrete
reference tuples, and thus elements of the universe, via the tuple function
0, = inst(sign(A)) : tuple(A) - tuple(refer(A)).
A concrete tuple dy(r) O tuple(refer(A)) is a tuple of entity instances dy(r) O uniV(A)arity“). Thus, it as-
signs elements of the universe (entity instances) to the variables in the subset arity(r). The arity is as-
sociated with each abstract tuple r [ tuple(A) via the arity function

#, = inst(arity(A)) : tuple(A) - O var(A).

o The entity classification ent(A) = INiv(A), typ(ent(A)), Eenya)Thas the entity types of A as its types
and the elements of the universe of A as its instances. The relation classification rel(A) = Hu-
ple(A), typ(rel(A)), =reia)has the relation types of A as its types and the tuples of A as its instances.
As explained above, in the relation classification the abstract tuples map to concrete tuples. These are
called records in the context of database relations: if tuple r has relational type p, I Ereia) p, then the
concrete tuple dy(r) has the signature type 0,(p), 0o(r) Fsigngrefiay 91(p); this means that the arities are re-

lated as arity(p) O arity(r), and dy(r)(j(X)) Eenya) 01(p)(X) for each variable x 0 arity(p). Of course, al-
though a tuple r has a fixed arity arity(r) = {Xi, Xz, ... Xm} and a fixed signature 0y(r) =
{0o(N(X) | x O arity(nN} = (0o(r)(X1), 0o(r)(X2), ... 9o(r)(Xm)), a different relational classification inci-

dence I E=reia)p’ may assert arity(p') O arity(r), and 0y(r)('(X")) Eenya) 0:1(p)(X') for each variable
X" O arity(p"), where even the cardinalities (valences) differ |arity(p)| # |arity(p')|. For an example with
the same valences but different arities, a tuple with the instance signature (Sam 70) could represent an
age or a height, corresponding to two different type signatures (Per son, Year s) and (Per son, | nches).

o Here is an example that partially illustrates how frames can be represented in the IFF Model Theory
Ontology. Frames are used to represent objects, events, abstract relationships, etc. A frame has (at
least) the following parts:

— aname
— zero or more abstractions or superclasses (classes to which the concept belongs)
—  zero or more Slots or attributes that describe particular properties of the concept.

Frames use linguistic roles, such as ‘agent’, ‘patient’ and ‘instrument’ to fill verb-specific frame slots.
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Table 2: Role Frame

frame: send For example, the sentence “Adam sent the flowers to Eve by email.”
- would fill the ‘send’ frame shown in Table 2. Here is one way to

role filler represent this in the IFF Model Theory Ontology:

agent Adam — the frame name ‘send’ is a relation type,

patient Eve - each role agent , ‘patient’, ‘object’ and ‘instrument’ is a

- variable (entity type name),
object flowers — the set of roles { ‘agent’, ‘patient’, ‘object’, ‘instrument’} is
instrument  |email an arity,

— since this kind of frame is untyped, using a universal entity
type ‘Entity’ the signature of the relation type ‘send’ is

(agent: Entity, patient: Entity, object: Entity, instrument: Entity),

each role filler ‘Adam’, ‘Eve’, ‘flowers’ and ‘email’ is an element of the universe (entity instance),
there is an abstract tuple of relation type ‘send’ which is assigned this tuple of instances,

(agent: Adam, patient: Eve, object: flowers, instrument: email),

each role filling, such as ‘agent: Adam’ is a pointwise classification incidence ‘Adam’ = ‘agent’.

So frame names are represented by relation type symbols, roles are represented by variables, and role
fillers are represented by entity instances. The frame itself represents the classification incidence be-
tween the tuple and the relation type ‘send’. Frame abstractions (sub-classification) can be specified by
using sequents in the IF theories that correspond to classifications.

(10)

(11)

( SET. FTN$f uncti on uni ver se)

(= (SET. FTN$source uni verse) nodel)

(= (SET. FTN$t arget uni verse) set $set)

(= universe (SET. FTN$conposition [entity cls$instance]))

( SET. FTN$sour ce tupl e) nodel)
(SET. FTN$t arget tupl e) set $set)
t

SET. FTN$f unction tupl e)
= tuple (SET. FTN$conposition [relation cls$instance]))
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inst typ
Hypergraph® <&—— Model —— Language

Diagram 2: The Hypergraph Span of a Model

There is a derived view of a model as a “classification” of hypergraphs — the hypergraphs are classified
componentwise. A model A with components

tefer(A), sign(A), arity(A), ent(A), rel(A), var(A), univ(A), tuple(A)O

defines two hypergraphs (Diagram 2), an instance hypergraph inst(A) and a type language typ(A). The

components of the hypergraphs are defined in Table 1. From the involutionary view of classifications,

the instance hypergraph is dual to the type hypergraph. The instance hypergraph consists of

1. aset of nodes (entity instances) node(inst(A)) = inst(ent(A)) = universe(A),

2. aset of edges (relation tuples) edge(inst(A)) = inst(rel(A)) = tuple(A), and

3. ansignature function 0, : tuple(A) — tuple(refer(A)) that maps an edge t [ tuple(A) to its vertex
0y(t) of nodes.

Table 3: Hypergraph Component Definitions

Hyoa)
Hypergraph Classification | \ ... typ(rel(A)) —> O var(A) var(A)
Component Component
- " " alVDM DVD(A)\L
refer(inst(A)) | = | inst(refer(A)) | set pair
sign(inst(A)) | = | inst(sign(A)) | function SIgN(Typ(a)) ent(typ(A))
arity(inst(A)) | = | inst(arity(A)) | function . ]
name(inst(A)) | = | var(A) set Figure 4: Type Language
node(inst(A)) | = | univ(A) set Hosin
i NS
edge(inst(A)) | = | tuple(A) set tuple(A) —> O var(A) var(A)
refer(typ(A)) | = | typ(refer(A)) | function
sign(typ(A)) | = | typ(sign(A)) | function a‘“S‘N Chsa
arity(typ(A)) | = | typ(arity(A)) function _
var(typ(A)) | = | var(A) set tuple(Lhnsya)) univ(A)
enttyp(A)) | = | typ(ent(A)) set Figure 5: Instance Hypergraph

relityp(A)) | = | typ(rel(A)) set

(12) (SET. FTN$function instance)
(= (SET. FTN$source instance) nodel)
(= (SET. FTN$t arget instance) hgph$hypergraph)
(= (SET. FTN$conposi tion [instance hgph$reference])
(SET. FTN$conposi tion [reference cls.sdsgn$i nstance]))
(= (SET. FTN$conposi tion [instance hgph$si gnature
( SET. FTN$conposi tion [signature cls.dsgn$i nstance]))
(= (SET. FTN$conposition [instance hgph$arity])
(SET. FTN$conposition [arity cls.dsgn$instance]))
(= (SET. FTN$conposi tion [instance hgph$node]) universe)
(= (SET. FTN$conposi tion [instance hgph$edge]) tuple)
(= (SET. FTN$conposi tion [instance hgph$i ndex]) vari abl e)
(13) (SET. FTN$function type)
(= (SET. FTN$source type) nodel)
(= (SET. FTN$t arget type) |ang$l anguage)
(= (SET. FTN$conposi tion [type | ang$reference])

( SET. FTN$conposi tion [reference cls.sdsgn$type]))
(= (SET. FTN$conposition [type | ang$si gnature])

( SET. FTN$conposi tion [signature cls.dsgn$type]))
(= (SET. FTN$conposition [type | ang$arity])

(SET. FTN$conposi tion [arity cls.dsgn$type]))
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(e]

(= (SET. FTN$conposi tion [type | ang$entity])
( SET. FTN$conposition [entity cl s$type]))
(= (SET. FTN$conposi tion [type | ang$rel ation])
( SET. FTN$conposi tion [relation cl s$type]))
(= (SET. FTN$conposi tion [type | ang$vari abl e]) vari able)

Niype(a) eXtexpr—cIs(A)
rel(type(A)) —> rel(expr(type(A))) —> O tuple(A)

Welm) ':eXp"C%tuple(A)

tuple(A)

Diagram 3: Expression Classification & Extension Function

HexprL) = arity(expr(type(A))) €Xlexpr-cls(a)
Ovar(A) <— rel(expr(type(A))) —> O tuple(A)

uple

Ovar(A) <—— tuple(A)
#,= inst(arity(A))

F supvar(a))

Diagram 4: Arity & Extension Functions

For any model A, we extend the relation classification
rel(A) = el(type(A)) = typ(rel(A)), tuple(A)), =
to an expression classification
expr-cls(A) = Hel(expr(type(A))), tuple(A)), Eexpr-cisea
We do this in an indirect manner by first defining the extent set-valued function
ext(expr-cls(A)) : rel(expr(type(A))) - O tuple(A).
We can then define the expression classification to be the classification induced by this set-valued
function.
There is a precursor function
cmpt(A) : rel(expr(type(A))) - O tuple(A)
that defines when a tuple t [ tuple(A) is compatible with an expression ¢ [ rel(expr(type(A))):
t O cmpt(A)(e) means inst(arity(A))(t) O arity(expr(L))().
Any tuple classifiable by ¢ is also compatible with ¢: ext(expr-cls(A))(e) O cmpt(A)(p). Of course,
although a tuple that is compatible with ¢ may not be classifiable by o.

(14) (SET. FTN$function set-pair)
(= (SET. FTN$source set-pair) nodel)
(= (SET. FTN$t arget set-pair) set.pr$pair)
(= (SET. FTN$conposi tion [set-pair set.pr$setl])
(SET. FTN$conposi tion [type | ang. expr$set]))
(= (SET. FTN$conposition [set-pair set.pr$set2]) tuple)

(15) (SET. FTN$function function-pair)
(= (SET. FTN$source function-pair) nodel)
(= (SET. FTN$t arget function-pair) set.ftn.pr$pair)
(= (SET. FTN$conposition [function-pair set.ftn.pr$source]) set-pair)
(= (SET. FTN$conposi tion [function-pair set.ftn.pr$target])
( SET. FTN$conposi tion [variable set$pair]))
(= (SET. FTN$conposition [function-pair |ang.ftn.pr$functionl])
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(16)

(17)

(SET. FTN$conposi tion [type | ang. expr$arity]))
(= (SET. FTN$conposi tion [function-pair |ang.ftn.pr$function2])
( SET. FTN$conposition [instance hgph$arity]))

. FTN$f uncti on i nducti on)

SET. FTN$sour ce i nduction) nodel)

SET. FTN$t arget i nduction) cls$cl assification)

SET. FTN$conposi tion [induction cl s$instance]) tuple)
SET. FTN$conposi tion [induction cl s$type])
S
al
(

I unnwym
u

A~~~ —~
=~~~

ET. FTN$conposi tion [type | ang. expr$set]))
Il (?a (nmodel ?a))
= (induction ?a)
(set.ftn.pr$source
(set.ftn. pr$isotaxy
[(function-pair ?a) (set$super (variable ?a))]))))

(fo

SET. FTN$sour ce conpati bl e) nodel)
SET. FTN$t ar get conpati bl e) set.ftn$function)
SET. FTN$conposi tion [conpati bl e set.ftn$source])
(SET. FTN$conposi tion [type | ang. expr$set]))
(= (SET. FTN$conposi tion [conpatible set.ftn$target])
( SET. FTN$conposi tion [tupl e set $power]))
(= conpatible (SET. FTN$conposition [induction cls$extent]))

SET. FTN$f uncti on conpati bl e)
= (
= (
= (

o  There is also a strict compatible function

scmpt(A) : rel(expr(type(A))) - O tuple(A)

where t [0 ecmpt(A)(¢) means inst(arity(A))(t) = arity(expr(L))(o).

(18)

(SET. FTN$f unction strict-conpatible)
( SET. FTN$source strict-conpati bl e) nodel)
.FTN$t arget strict-conpatible) set.ftn$function)
( SET. FTN$conposi tion [strict-conpatible set.ftn$source])
(SET. FTN$conposi tion [type | ang. expr$set]))
(= (SET. FTN$conposition [strict-conpatible set.ftn$target])
( SET. FTN$conposi tion [tupl e set $power]))
(forall (?a (nodel ?a)
?t ((tuple ?a) ?t)
?e ((lang. expr$set (type ?a)) ?e))
(<=> (((strict-conpatible ?a) ?e) ?t)
(= ((lang.expr$arity (type?a)) ?e)
((hgph$edge-arity (instance ?a)) ?t))))

~~
I nn
—~
i

12/5/2002

o  For any expression ¢ O rel(expr(type(A))) there is a surjective, idempotent trim function from the set

of compatible tuples cmpt(A)(¢) to the set of strictly compatible tuples e cmpt(A)(¢)

trim(A)(@) : cmpt(A)(@) — *cmpt(A)(¢).

This function trims each tuple t [ cmpt(A)(¢) returning only the part of t that is essential in the classi-
fication t Eexpr-cis(a) @- Thus, trim(A)(e) restricts t to the subset arity(e) O arity(t).

(19)

(KIF$function trim

(= (KIF$source trim nodel)

(= (KIF$target trim SET. FTN$function)
(forall (?a (nodel ?a))

(and (= (SET.FTN$source (trim?a)) (lang.expr$arity (type?a)))

(= (SET. FTN$target (trim ?a)) set.ftn$function)
(= (SET. FTN$conposition [(trim ?a) set.ftn$target])
(cconpatabl e ?a))
(= (SET. FTN$conposition [(trim ?a) set.ftn$target])
(strict-conpatable ?a))
(forall (?e ((lang.expr$set (type ?a)) ?e)
?t (((conpatible ?a) ?e) ?t))
(= (((trim?a) ?e) ?t)
(set.ftn$conposition
[(set.ftn$inclusion []) t]
[((lang.expr$arity (type?a)) ?e)
((hgph$edge-arity (instance ?a)) ?t)])
t1)))))
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o

The extent function is defined as the cotupling of an extent tuple of functions. The functions in this
tuple are defined recursively. Some need to use the compatible function in their definition. Here are the
definitions of the component functions in the extent tuple.

— [primitive extent]
Let p O rel(type(A)) be any relation type (primitive expression) and let t O tuple(A) be any tuple.
tQd eXteXp,_dS(A)(p) ifft [ ext,e|(A)(p).

(20) (SET. FTN$function primtive-extent)
(= (SET. FTN$source primtive-extent) nodel)
(= (SET. FTN$target primitive-extent) set.ftn$function)
(= (SET. FTN$conposition [primtive-extent set.ftn$source])
( SET. FTN$conposition [type |l ang$rel ation]))
(= (SET. FTN$conposition [primtive-extent set.ftn$target])
( SET. FTN$conposi tion [tupl e set $power]))
(= primtive-extent (SET.FTN$conposition [relation cls$extent]))

— [negation extent]
Let ¢ O rel(expr(type(A))) be any expression and let t (I tuple(A) be any tuple.
tQo eXtexpr—cIS(A)(_' (P) ifft 0 Cmpt(A)(_' (P) and t OJ eXtexpr—cIs(A)((P)'

(21) (SET. FTN$function negation-extent)
(= (SET. FTN$sour ce negati on-extent) nodel)
(= (SET. FTN$t ar get negati on-extent) set.ftn$function)
(= (SET. FTN$conposi ti on [negati on-extent set.ftn$source])
(SET. FTN$conposi tion [type | ang. expr$set]))
(= (SET. FTN$conposition [negation-extent set.ftn$target])
( SET. FTN$conposi tion [tupl e set $power]))
(forall (?a (nodel ?a)
?e ((lang.expr$set (type ?a)) ?e))
(= ((negation-extent ?a) ?e)
(set$binary-intersection
[((conpatible ?a) ?e) (set$conplenent ((extent ?a) ?e))])))

Table 4: Connective operations

U = Nupley : O tuple(A)xO tuple(A) - O tuple(A)
U DOuwplea) : O tuple(A)xO tuple(A) - O tuple(A)
U Ouwplea : Otuple(A)xO tuple(A) - O tuple(A)
= = e wpen - Otuple(A)xOtuple(A) - O tuple(A)

Let ¢, v O rel(expr(type(A))) be any two expressions and let t (I tuple(A) be any tuple.
[conjunction extent]
t 0 eXtexpr-cisay(@lly) iff [t O eXtexpr-cIs(A)((P) and t [J eXtexpr-cIs(A)(W)]-

[disjunction extent]

t 0 eXtexpr-cisa) (@) iff t O cmpt(A)(eDy) and [t T eXtexpr-cisa)(®) of t T €Xtexprcisay(W)]-
[implication extent]

tQd eXtexpr—clS(A)((PD \V) ifft 0 Cmpt(A)((PD \V) and [t O eXtexpr—cls(A)((P) _p_1m lies t [ eXtexpr—cIs(A)(\V)]'
[equivalence extent]

t 0 eXtexpr-cisa) (@ = ) iff t O cmpt(A)(e = y) and [t 0 eXtexpr-cisa (@) iff t T €Xtexpr-cisia(¥)]-

(22) (SET. FTN$function connecti ve-operation)
(= (SET. FTN$sour ce connective-operation) |ang. expr$connective)
(= (SET. FTN$t arget connective-operation) set.ftn$function)
(= (SET. FTN$conposi tion [connective-operation set.ftn$source])
( SET. FTN$conposi ti on
[ (SET. FTN$conposi tion [tupl e set$power]) set.lim prd$square]))
(= (SET. FTN$conposi tion [connective-operation set.ftn$target])
( SET. FTN$conposi tion [tupl e set $power]))
(forall (?k (lang.expr$connective ?k)
?x1 ((set$power (tuple ?a)) ?x1)
?x2 ((set$power (tuple ?a)) ?x2))
(and (=> (= ?k conjunctive)
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—~
1

((connective-operation ?k) [?x1 ?x2])
(set$binary-intersection [?x1 ?x2])))
?k disjunctive)
((connective-operation ?k) [?x1 ?x2])
(set$binary-union [?x1 ?x2])))

?k inplicative)
((connective-operation ?k) [?x1 ?x2])
(set$inplication [?x1 ?x2])))

?k equi val ent)

((connective-operation ?k) [?x1 ?x2])
(set $equi val ence [?x1 ?x2])))))

—
1
\%
—_~—
Inn

—_~—
1

—_~—
1

(23) (KIF$function connective-extent)
(= (KI F$source connective-extent) nodel)
(= (KIF$target connective-extent) SET. FTN$functi on)
(forall (?a (nmodel ?a))
(and (= (SET. FTN$source (connective-extent ?a)) |ang. expr$connective)
(= (SET. FTN$t arget (connective-extent ?a)) set.ftn$function)
(= (SET. FTN$conposition [(connective-extent ?a) set.ftn$target])
((SET. FTN$const ant [ | ang. expr $connective set $set])
(set $power (tuple ?a))))
(forall (?k (lang.expr$connective ?k)
?el ((lang.expr$set (type ?a)) ?el)
?e2 ((lang. expr$set (type ?a)) ?e2))
(= (((connective-extent ?a) ?k) [?el ?e2])
(set$binary-intersection
[((conpati bl e ?a)
(((lang. expr$injection (type ?a)) ?k) [?el ?e2]))
((connecti ve-operation ?k)
[((extent ?a) ?el) ((extent ?a) ?e2)])])))

t
case(expr(type(A))) ?5 rel(expr(type(A))
indiCiype(a) \/ \jprojtype(A)

expr(type(A) var(A)

eXlexpr(a) \L Oh \L\L Oa eXtexpr(a)

O tuple(A) x [0 tuple(A) — O tuple(A)]

apply
. . O tuple(A)
Diagram 5: Quantifier Extent

— Let ¢ Orel(expr(type(A))) be any expression, let X O arity(expr(L))(¢) be any variable in its ar-
ity, and let t O tuple(A) be any tuple. Recall the projection function

T(X) : tuple(A) - tuple(A)
and the existential and universal functions
Ch,x = @ a(x) : O tuple(A) - O tuple(A) and O = [t A(X) : O tuple(A) - O tuple(A),
where
Ch, x(X) ={t O tuple(A) | s O tuple(A) such that T(x)(s) =t and s 00 X}
Oa, x(X) = {t O tuple(A) | Os O tuple(A) such that if Ti5(X)(s) = t then s O X}
for any subset of tuples X [ tuple(A).
[existential quantification extent]
t O eXteyprcisa)(((X) ) iff
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(24)

(25)

(5 O tuple(A) such that Ti(X)(S) =t and S O €Xtexpr-cis(a)(@)-

So that, eXteypr-cisa)(((X)@) = Lh, x(EXtexprcisa)(®)) — the application of a function to a source ele-
ment. Clearly, if s O cmpt(A)(¢) then Ti(X)(s) O cmpt(A)(((X) o).

[universal quantification extent]

t U eXtexpr-cisa) (X)) iff

Os O tuple(A) if Tia(x)(s) = t then s 0 eXtexpr-cisa)(®)-
So that, €Xtexpr-cisa)((0X)0) = Ta, x(EXLexprcisa)(®P))-

(SET. FTN$f uncti on quantifier-operation)
(= (SET. FTN$source quantifier-operation) |ang. expr$quantifier)
(= (SET. FTN$t arget quantifier-operation) set.ftn$function)
(= (SET. FTN$conposition [quantifier-operation set.ftn$source]) variable)
((SET. FTN$constant [l ang. expr$quantifier set$set]) (variable ?a)))
(= (SET. FTN$conposition [quantifier-operation set.ftn$target])
((SET. FTN$constant [l ang. expr$quantifier set$set]) (set$power (tuple ?a))))
(forall (?a (nodel ?a)
?k (lang. expr$quantifier ?k))
(and (=> (= ?k |l ang. expr$existential)
(= ((quantifier-operation ?a) ?k)
(set.ftn$exists (projection ?a))))
?k | ang. expr $uni versal)
((quantifier-operation ?a) ?k)
(set.ftn$forall (projection ?a))))))

(=>(
(

(KI'F$function quantifier-extent)

(= (KIF$source quantifier-extent) nodel)

(= (KIF$target quantifier-extent) SET. FTN$function)
(forall (?a (nodel ?a))

(and (= (SET.FTN$source (quantifier-extent ?a)) |ang.expr$quantifier)
(= (SET. FTN$t arget (quantifier-extent ?a)) set.ftn$function)
(= (SET. FTN$conposition [(quantifier-extent ?a) set.ftn$source])
((SET. FTN$constant [l ang. expr$quantifier set$set])
(1 ang$case (type (I ang. expr$expression ?a)))))
(= (SET. FTN$conposition [(quantifier-extent ?a) set.ftn$target])
((SET. FTN$const ant [| ang. expr$quantifier set$set])
(set $power (tuple ?a))))
(forall (?k (lang.expr$quantifier ?k))
(= ((quantifier-extent ?a) ?k)
(set.ftn$conposition
[(set.limprd2$pairing
[(set.ftn$conposition
[(l'ang$i ndication (type ?a)) (extent ?a)])
(set.ftn$conposition
[ (1 ang$projection (type ?a))
((quantifier-operation ?a) ?k)])1])
(set.ftn$apply
[(set $power (typle ?a)) (set$power (typle ?a))])1)))))

[substitution extent]
Let (¢, h) be a substitutable pair, consisting of an expression ¢ [J rel(expr(type(A))) and a substi-
tution h : dom(type(A))(h) - cod(type(A))(h). Substitutable means that the arity of ¢ matches
the domain of h

dom(type(A))(h) = arity(expr(type(A)))(¢).
There is a surjective, idempotent trim operation

trim(A)(@) : cmpt(A)(¢) — *cmpt(A)(9)
from the compatible tuples of any expression ¢ O rel(expr(type(A))) to the strictly compatible tu-
ples. Clearly, we have the identity

t O cmpt(A)(o) iff trim(A)(e)(t) O ecmpt(A)(o).
The strict tuple substitution function

*subst(A)((¢, h)) : scmpt(A)(¢[h]) - tuple(A)
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is define by composition: t — h - t
We define the strict extent of a substitution expression as follows:

tQd eXt-expr-cIs(A)((P[h]) iffth-t0 eXtexpr-cIs(A)((P)-
The full extent is then defined as:

t eXteXPT-dS(A)((P[h]) iffh - t”m(A)((p[h])(t) O eXtexpr—cIs(A)((P)'

iff subst(A)((¢, ))(trim(A)(@[h])(1) U eXtexpr-cisca (®)-
Using the trim and inclusion functions, define the (full) tuple substitution function

subst(A)((, h)) = trim(A)(e[h]) - *subst(A)((¢, h)) : cmpt(A)(¢) — tuple(A)
Then

tQo eXtexpr-cIS(A)((P[h]) iffSUbSt(A)(((Ps h))(t) O eXtexpr-cIs(A)((P)~
So that, eXtexpr—cIs(A)((P[h]) = SUbSt(A)(((P: h))_1(eXteXPT-C|S(A)((P))'

(26) (KIF$function strict-substitution)
(= (KIF$source strict-substitution) nodel)
(= (KIF$target strict-substitution) SET. FTN$function)
(forall (?a (nodel ?a))
(and (= (SET.FTN$source (strict-substitution ?a))
(rel $extent (1l ang$substitutable (Iang.expr$expression (type ?a)))))
(= (SET. FTN$target (strict-substitution ?a)) set.ftn$function)
(forall (?e ?h ((lang$substitutable (lang.expr$expression (type ?a))) ?e ?h))
(and (= (set.ftn$source ((strict-substitution ?a) [?e ?h]))
((strict-conpatible ?a)
(((lang. expr$injection (type ?a)) substitutable) [?e ?h])))
(= (set.ftn$target ((strict-substitution ?a) [?e ?h]))
(tuple ?a))
(forall (?t ((strict-conpatible ?a)
(((lang. expr$injection (type ?a)) substitutable) [?e ?h])) ?t))
(= (((strict-substitution ?a) [?e ?h]) ?t)
(set.ftn$conmposition [?h ?2t])))))

(27) (KIF$function substitution)
(= (KIF$source substitution) nodel)
(= (KIF$target substitution) SET. FTN$function)
(forall (?a (nodel ?a))
(and (= (SET. FTN$source (substitution ?a))
(rel $extent (1l ang$substitutable (Iang.expr$expression (type ?a)))))
(= (SET. FTN$t arget (substitution ?a)) set.ftn$function)
(forall (?e ?h ((lang$substitutable (lang.expr$expression (type ?a))) ?e ?h))
(and (= (set.ftn$source ((substitution ?a) [?e ?h]))
((conpati bl e ?a)
(((lang. expr$injection (type ?a)) substitutable) [?e ?h])))
(= (set.ftn$target ((substitution ?a) [?e ?h]))
(tuple ?a))
(= ((substitution ?a) [?e ?h])
(set.ftn$conposition
[((trim?a) (((lang.expr$injection (type ?a)) substitutable) [?e ?h]))
((strict-substitution ?a) [?e ?h])]))))))

(28) (SET. FTN$function substitution-extent)
(= (SET. FTN$source substitution-extent) nodel)
(= (SET. FTN$t arget substitution-extent) set.ftn$function)
(forall (?a (nodel ?a)
(and (= (set.ftn$source (substitution-extent ?a))
(rel $extent (lang$substitutable (Iang.expr$expression (type ?a)))))
(= (set.ftn$target (substitution-extent ?a))
(set $power (tuple ?a)))
(forall (?e ?h ((lang$substitutable (lang.expr$expression (type ?a))) ?e ?h))
(= ((substitution-extent ?a) [?e ?h])
((set.ftn$inverse-image ((substitution ?a) [?e ?h])) ((extent ?a) ?e))))))

o  As stated above, for any model A = lefer(A), sign(A)Cthe extent function
extent(A) : set(typ(A)) — O tuple(A)
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is defined as the cotupling of an extent tuple of functions. The expression classification
expr-cls(A) = uple(A), set(typ(A)), =0
is the unique classification associated with this set-valued function — its induction.

(29) (KIF$function extent-tuple)
(= (KIF$source extent-tuple) nodel)
(= (KIF$target extent-tuple) SET. FTN$function)
(forall (?a (nodel ?a))
(and (= (SET.FTN$source (extent-tuple ?a)) |ang. expr$ki nd)
(= (SET. FTN$t arget (extent-tuple ?a)) set.ftn$function)
(= (SET. FTN$conposition [(extent-tuple ?a) set.ftn$target])
((SET. FTN$const ant [| ang. expr $ki nd set $set]) (set$power (tuple ?a))))
= ((extent-tuple ?a) lang.expr$primtive) (primtive-extent ?a))
= ((extent-tuple ?a) |ang. expr$negative) (negation-extent ?a))
forall (?k (lang.expr$connective ?k))
(= ((extent-tuple ?a) ?k) ((connective-extent ?a) ?k)))
(forall (?k (lang.expr$quantifier ?k))
(= ((extent-tuple ?a) ?k) ((quantifier-extent ?a) ?k)))
(= ((extent-tuple ?a) |ang.expr$substitutive) (substitution-extent ?a))))

(
(
(

(30)
( SET. FTN$sour ce extent) nodel)
(SET. FTN$t ar get extent) set.ftn$set-val ued)
( SET. FTN$conposi tion [extent set.ftn$source])
(SET. FTN$conposi tion [type | ang. expr$set]))
(= (SET. FTN$conposi ti on [extent set.ftn$base]) tuple)
(forall (?a (nodel ?a))
(= (extent ?a)
((set.col.coprd$cotupling (tuple-set (type ?a))) (extent-tuple ?a))))

( SET. FTN$f uncti on extent)
(:
(:
(:

(31)
( SET. FTN$sour ce expression-cl assification) nodel)

( SET. FTN$t ar get expressi on-cl assification) cls$classification)
expressi on-cl assification

( SET. FTN$conposi tion [extent set.ftn$induction]))

SET. FTN$f uncti on expression-cl assification)

~e~~—~

o Any model A = [efer(A), sign(A)Ucan be extended to an expression model expr

expr(A), whose reference semidesignation is the same, but whose relation clas- model > model

sification is the expression classification for A.

- refer(expr(A)) = refer(A) type l l type
= [inst(refer(A)), typ(refer(A)): var(A) + ent(A),

- sign(expr(A)) language —— language
= [hst(sign(A)), sign(expr(type(A))): expr-cls(A) = sign(refer(A)). expr

The type language of the expression model is the expression language of the  Diagram 6: Commutation
type language: the model expression function commutes with the underlying  of expression with type

type function and the language expression function (Diagram 6).
(32) (SET. FTN$function expression)
( SET. FTN$sour ce expressi on) nodel)
( SET. FTN$t ar get expr essi on) nodel)
( SET. FTN$conposi ti on [expression reference]) reference)
( SET. FTN$conposi ti on [ ( SET. FTN$conposi ti on [expression signature]) cls.dsgn$source])
expression-cl assification)
(= (SET. FTN$conposi tion [ (SET. FTN$conpositi on [expression signature]) cls.dsgn$target])
( SET. FTN$conposi tion [signature cls.dsgn$target]))
(= (SET. FTN$conposi tion [ (SET. FTN$conpositi on [expression signature]) cls.dsgn$instance])
( SET. FTN$conposi tion [signature cls.dsgn$i nstance]))
(= (SET. FTN$conposi tion [ (SET. FTN$conposition [expression signature]) cls.dsgn$type])
( SET. FTN$conposi tion [type | ang. expr$si gnature]))

A~~~
I mn

o  There is a simple embedding infomorphism from any model A to its expression model expr(A), whose
relation infomorphism has identity instance function and primitive embedding type function.
embed(A) = [horiz-id(refer(A)), sign(embed(A)): A - expr(A),
where
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vert-src(sign(embed(A))) = Od(tuple(A)), atom(A)L rel(A) = expr-cls(A).

(33) (SET. FTN$function enbeddi ng)

(= (SET. FTN$sour ce expression) nodel)
( SET. FTN$t ar get expressi on) nod. i nf o$si npl e)
( SET. FTN$conposi ti on [ enbeddi ng source]) (SET. FTN$i dentity nodel))
( SET. FTN$conposi ti on [enbeddi ng target]) expression)
( SET. FTN$conposi tion [ (SET. FTN$conposi tion [ (SET. FTN$conposi tion

[ embeddi ng signature]) cls.sqgr$vertical-source]) cls.info$instance]))
(SET. FTN$conposition [tuple set.ftn$identity]))
(= (SET. FTN$conposi tion [ (SET. FTN$conposi ti on [(SET. FTN$conposition

[ embeddi ng signature]) cls.sqgr$vertical-source]) cls.info$type]))

at om

(
(
(
(
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Satisfaction

According to Chang and Keisler (Model Theory 1973), the notion of satisfaction is the cornerstone of
model theory. Satisfaction refers to a binary relation between models over a type language L and sentences
of that same language. An L-model A O mod(L) satisfies an L-sentence ¢ [ sent(L),

AE o,
when o is true when interpreted in the context A. Alternate terminology is shown in the following list (from
Chang and Keisler).

o holds in A

A satisfies o

o is satisfied in A

A'is a model of o
In this section we will define the notion of satisfaction and the related notion of representation. Since ex-
pressions are relation types for a suitable language, it does not matter whether we define these for relation
types or expressions. If we define them for the relation types of an arbitrary model, then they have been
defined for the expressions of any model A since they have been defined for the relation types of expr(A).
If we have defined them for all expression, then we have defined them for sentences, since sentences are
expressions of empty arity.

Capsule argument.

Consider any relation type p O rel(typ(A)). The type signature function

0, : typ(rel(A)) — sign(typ(refer(A)))
maps p to 0,(p) O sign(typ(refer(A))), a signature of the reference function, which is a type in the signature
classification of the reference semidesignation. The latter has an extent €Xtsigngeteray(d1(p)) O tu-
ple(refer(A)) consisting of those concrete tuples a O tuple(refer(A)) having 0,(p) as their type. By defini-
tion of the signature classification sign(refer(A)) for the reference semidesignation,

a U extsigngeteray(91(p)) iff arity(a) O arity(0;(p)) and a(x) Eenya) 01(p)(X) for all variables x O arity(d,(p)).
The set of all abstract tuples r O tuple(A) that could possibly be in the abstract extent of the relation type p
is 60_1(extsign(,efer(A))(61(p))) O tuple(refer(A)). This is the inverse image of the concrete extent along the
instance signature function

0, : inst(rel(A)) - tuple(refer(A))
This is to be compared with the actual extent ext.ea)(p) U tuple(A) in the relation classification. Since the
signature designation has an implication constraint, the following inclusion always holds

eXtreI(A)(p) O aO_l(ethign(refer(A))(al(p)))-
We say that A satisfies p when this is an equality.
Extended discussion.
Initially, there are two points to make in our discussion of satisfaction. These points refer to the signature
designation of a model

0a = [y, 0,0= sign(A) : rel(A) = sign(refer(A)).
The models in the IFF Model Theory Ontology are an abstraction of the usual structures of model theory.

In particular, tuples are an abstraction of the usual tuples and the extent of a relation type p I rel(typ(A)), a

subset of tuples, may not correspond exactly to the extent of the signature d,(p) [J sign(typ(refer(A))). This
may occur for two reasons.

— The signature designation between the relation classification and the reference signature classification
is expressed by an implication, not a logical equivalence:

I Freia) P implies 9,(r) Fsign(refer(a)) 0:(p)
for tuple r O tuple(A) and relation type p O rel(typ(A)).
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So, a classification incidence 0(I) Esigngrefercay 01(p) may hold between the concrete representation of
an abstract tuple and the signature of a relation type, but not between the abstract tuple and relation
type themselves

r '#reI(A) p-
Representation can overcome this constraint.

— For the signature 0,(p) O sign(typ(refer(A))) of a relation type p O rel(typ(A)) there may be a tuple
classification & Egjgngreferay 01(p) for some concrete tuple a [ tuple(refer(A)), where a is not the image
of any abstract relational tuple r [J tuple(A), much less the image of a tuple r O tuple(A) with

I Ereia) p-

Satisfaction can overcome this constraint.

So for each relation type p O rel(typ(A)), each concrete tuple a O tuple(refer(A)), and each concrete tuple
classification & Fgigngreter(ay 01(p), there are three possibilities.

1. There is an abstract tuple r O tuple(A) such that r =) p and a = dy(r).

2. There is an abstract tuple r 0 tuple(A) such that a = 0y(r), but I #eia) p.

3. There is no abstract tuple r 0 tuple(A) with I =gy p and a < 0(r).

—  We say that a model A represents a relation type p [ rel(typ(A)) when possibility 2 does not hold; that
is, when for all tuples r O tuple(A), r Ereya) p iff 9o(r) Esigngeteray 01(p).

—  We say that a model A satisfies a relation type p O rel(typ(A)) when possibility 3 does not hold; that is,
when there is a tuple r O tuple(A) such that s p and a = dy(r).

—  We say that a structure A strongly satisfies a relation type p O rel(typ(A)) when it both represents and
satisfies p.

Encoding.

(34) (SET.FTN$function relationally-represents)
(= (SET. FTN$source rel ational |l y-represents) nodel)

(= (SET. FTN$target rel ationally-represents) set$set)

(= relational ly-represents (SET. FTN$conposition [signature cls.dsgn$represents]))
(35) (SET. FTN$function relationally-satisfies)

(= (SET. FTN$source rel ational |l y-satisfies) nodel)

(= (SET. FTN$target relationally-satisfies) set$set)

(= relational ly-satisfies (SET. FTN$conposition [signature cls.dsgn$satisfies]))
(36) (SET. FTN$function strongly-relationally-satisfies)

(= (SET. FTN$source strongly-rel ationally-satisfies) nodel)

(= (SET. FTN$t arget strongly-relationally-satisfies) set$set)

(forall (?a (nmodel ?a))

(= (strongly-relationally-satisfies ?a)
(set$binary-intersection
[(relationally-represents ?a) (relationally-satisfies ?a)])))

(37) (SET. FTN$function expressively-represents)

(= (SET. FTN$sour ce expressivel y-represents) nodel)

(= (SET. FTN$t ar get expressivel y-represents) set $set)

(= expressively-represents

( SET. FTN$conposi tion [expression rel ationally-represents]))

(38)
( SET. FTN$sour ce expressivel y-satisfies) nodel)

( SET. FTN$t ar get expressi vel y-sati sfies) set$set)
expressivel y-satisfies

( SET. FTN$conposi tion [expression rel ationally-satisfies]))

SET. FTN$f uncti on expressivel y-satisfies)

(39) (SET. FTN$function strongly-expressively-satisfies)
(= (SET. FTN$sour ce strongly-expressivel y-satisfies) nodel)
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(= (SET. FTN$t arget strongl y-expressivel y-satisfies) set$set)
(= strongl y-expressively-satisfies

( SET. FTN$conposi ti on [expression strongly-relationally-satisfies]))

(40) (SET. FTN$function satisfies)
(= (SET. FTN$source sati sfies) nodel)
(= (SET. FTN$t arget satisfies) set$set)
(forall (?a (nmodel ?a))
(= (satisfies ?a)
(set$binary-intersection
[ (I ang$sentence (type ?a)) (expressively-satisfies ?a)])))

12/5/2002
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Review

Given any IFF language L, an IFF model (model-theoretic structure) A over language L, typ(A) = L, con-
sists of a universe of entities univ(A) and a tuple space tuple(A). Both entities and tuples are untyped a
priori. The model A types and interprets the entities and tuples via classifications — there is an entity classi-
fication ent(A) whose instance set is the universe, and there is a relation classification rel(A) whose in-
stance set is the tuple space. These two classifications provide an interpretative semantics — an entity type
g O typ(ent(A)) is interpreted as its extent €Xtenyay(e) O UNIV(A) in the entity classification and a relation
type p O typ(rel(A)) is interpreted as its extent eXtea(p) O tuple(A) in the relation classification. Any
entity (instance) a [ univ(A) is typed by an entity type € 0 typ(ent(A)) when it is classified by that type;
that is, classification and typing are the same for entities. This is not true for relation — for relation classifi-
cation is more general and freer than typing.

Any relation type p O typ(rel(A)) has an arity arityypa)(p) U var(L) consisting of a set of variables, and has
a signature consisting of a map (function) Oypa(p) : alityypay(p) — typ(ent(A)) from its arity to the set of
entity types. Similarly, any tuple (relation instance) t O tuple(A) has an arity arityinsyay(t) O var(L) consist-
ing of a set of variables, and has a signature Ginsya(t) : arityinsya(p) — UNIV(A) consisting of a map from its
arity to the set of entity instances (elements of the universe). Relational typing and relational classification
are codefinable. A tuple t Otuple(A) is typed by a relation type p O typ(rel(A)) when the tuple
t O tuple(A) is classified by the relation type p O typ(rel(A)) and the arity of t is equal to the arity of p. A
tuple t O tuple(A) is classified by a relation type p O typ(rel(A)) when a subtuple of t is typed by the rela-
tion type p O typ(rel(A)). A necessary condition in either case is that for each variable x O arityypa)(p) that
the entity t(X) is classified (and hence, typed) by p(X). Relational typing is a sub-classification of relation
classification. Relational typing is the desired classification. However, relational classification is a useful
technical device. In traditional semantics (Model Theory by Chang and Keisler), relational classification
has been used to define satisfaction. In the IFF, relational classification, along with the abstractness of tu-
ples, is used to show the existence of free models (and logics).

Any language L can be extended to a language expr(L) whose components are those of L, except that rela-
tion types are expressions and relational classification is expression classification, the classification of tu-
ples by expressions. Relational classification in L is inductively extended to an expression classification.

A model A satisfies an expression ¢ when all tuples are classified by ¢.

o  For any model A, rename the set of satisfied expressions as thm(A), the theorems of A.

(41) (SET. FTN$function theorem
(= (SET. FTN$source theorem nodel)
(= (SET. FTN$t arget theorem set$set)
(forall (?a (nodel ?a))
(set $subset (theorem ?a) (Il ang. expr$set (type ?a))))
(= theorem expressivel y-satisfies)

o For any model A, a theorem is an expression that holds for all tuples.

(forall (?a (nodel ?a))
?e ((relation (expression ?a)) ?e))
(<=> ((theorem ?a) ?e)
(forall (?t ((tuple ?a) ?t))
((expression-classification ?a) ?t ?e))))

o The theories of a model th(A) are all compatible theories satisfied by the model.

(42) (KIF$function theory)
(= (KI F$source theory) nodel)
(= (KIF$target theory) SETS$cl ass)
(forall (?a (nodel ?a))
(and (SET$subcl ass (theory ?a) th$theory)
(forall (?t (th$theory ?t) (plog$conpatible ?a ?t))
(<=> ((theory ?a) ?t)
(set $subset (th$axiom ?t) (theorem?a))))))
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o For any model A and any abstract tuple r O tuple(A), let true(r) O typ(rel(expr(A))) denote the set of
all expressions that are satisfied by r. This is intent(rel(expr(A)))(r), the intent of r in the expression
classification of A.

(43) (SET. FTN$function true)
(= (SET. FTN$source true) nodel)
(= (SET. FTN$t arget true) set.ftn$function)
(= (SET. FTN$conposition [true set.ftn$source]) tuple)
(= (SET. FTN$conposition [true set.ftn$target])
(SET. FTN$conposi tion [type | ang. expr$set]))
(forall (?a (nodel ?a))
(= (true ?a)
(cls$intent (expression-classification ?a))))

o For any model A and any abstract tuple r O tuple(A), all theorems of A are satisfied by r.

(44) (forall (?a (nmodel ?a) ?r ((tuple ?a) ?r))
(set $subset (theorem ?a) ((true ?a) ?r)))

o Every model A generates a maximal theory maxth(A), whose underlying language is the type language
of the model, and whose axioms are the theorems of the model.

(45) (SET. FTN$functi on maxi mal -t heory)
(= (SET. FTN$source maxi nal -t heory) nodel)
(= (SET. FTN$t ar get maxi nal -t heory) th$theory)
(= (SET. FTN$conposi ti on [nmaxi mal -theory th$base]) type)
(= (SET. FTN$conposi ti on [nmaxi mal -theory th$axion]) theorem

o The maximal theory of a model is closed.

(46) (forall (?a (nodel ?a))
(th$cl osed (nmaxinal -theory ?a)))

o  Every theory of a model A is a sub-theory of the maximal theory maxth(A).

(47) (forall (?a (nodel ?a) ?t (th$theory ?t))
(=> ((theory ?a) ?t) (th$subtheory ?t (maximal-theory ?a))))

o Every model A generates a logic log(A), whose component model is A and whose theory maxth(A) is
the maximal theory of A.

(48) (SET. FTN$function | ogic)
(= (SET. FTN$source | ogic) nodel)
(= (SET. FTN$t arget | ogic) | o0g$l ogic)
(= (SET. FTN$conposition [l ogic | og$nodel]) (SET. FTN$i dentity nodel))
(= (SET. FTN$conposi tion [l ogi c | og$t heory]) maxi mal -theory)
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Language Intent Infomorphism

id
Model >» Model

3
maxtN e D ﬂitmod
id

Theory= —>» Theory=

base\iém /'

Language=

Figure 6: Counit of composite adjunction w

o [The counit of the composite W = K=> * U]
0 typ, id, el=0r, base, id, €20 [hitmod, maxth, n, €0
[A™ component of the counit of w = 0] typ, id, e[t Language= — Model]

Any classification A has an associated intent infomorphism (Figure 7) idiyp(a)
gn: Otyp(A) = A typ(A) —> typ(A)
that compares that classification A with the power classification of its type Oy, (A)OP‘ £a Ea
set. The intent infomorphism is the identity function on types and the in- .
tent function on instances. The fundamental property of the intent info- O typ(A) < inst(A)
morphism is the definition of instance intent: intent(A)
tUintent(A)(i) iff i = t Figure 7: Intent Infomorphism
for all instances i [J inst(A) and all types t O typ(A). onA

In an analogous fashion, any model A has a language intent infomorphism

Ea:Utyp(A) = A
that compares that model A with the (anarchic) power model of its type language. The intent infomor-
phism €, is a two dimensional construction consisting of a reference classification quasisquare re-
fer(ea) and a signature classification square Sign(€a), where the signature infomorphism of the refer-
ence quasisquare is the vertical target of the signature square

sign(refer(ea)) = vert-tgt(sign(e,)).
The intent infomorphism is the identity language morphism on types and a modified edge-incident (in-
tent) hypergraph morphism on instances. Its entity aspect (Figure 7a) is the intent infomorphism on the

idypenta) iduypreia)
ent(typ(A)) —> typ(ent(A)) rel(typ(A)) —> typ(rel(A))
Fre
Oypenean™ | ent(ea) | Femn s relen) | Freim
= Lheia)
0 ent(typ(A)) <— univ(A) Trel((typ(A) <— tuple(A)
' univ(ea) tuple(ea)
= intent(ent(A)) = “intent(rel(A))”
Figure 7a: Intent Infomorphism Figure 7b: Modified Intent Infomorphism
on ent(A) on rel(A)

entity classification, and its relation aspect (Figure 7b) is a modified intent infomorphism on the rela-
tion classification. The instance function
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tuple(ea) : tuple(A) — tuple(d typ(A))) = O'rel(typ(A))

maps a tuple r O tuple(A) to the tuple
(arity-index(A)(r), intent(rel(A))(r)).

It is straightforward to check that rel(g,) is an infomorphism, satisfying the fundamental property:
p Otuple(ea)(r) iff 1 Ereia) p

for all tuple r O tuple(A) and all relation types p [ typ(rel(A)).

(49) (SET. FTN$function | anguage-intent-function)
( SET. FTN$sour ce | anguage-i ntent-function) nodel)
( SET. FTN$t ar get | anguage-intent-function) set.ftn$function)
( SET. FTN$conposi tion [l anguage-intent-function set.ftn$source]) tuple)
( SET. FTN$conposi ti on [l anguage-intent-function set.ftn$target])
( SET. FTN$conposi tion [type | ang$free-tuple]))
(forall (?a (nodel ?a))
(and (= (SET. FTN$conposition
[ (I'anguage-intent-function ?a) (lang$bounding-arity (type ?a))])
(cls.dsgn$i nstance (arity a)))
(= (SET. FTN$conposi tion
[ (I anguage-intent-function ?a) (lang$subset (type ?a))])
(cls$intent (relation a)))))

(
(
(
(

(50) (SET. FTN$function | anguage-intent-infonorphism
(= (SET. FTN$sour ce | anguage-i ntent-i nfonor phi sm nodel)
(= (SET. FTN$t ar get | anguage-i nt ent -i nf onor phi sm) cl s. i nf 0$i nf onor phi sm
(= (SET. FTN$conposi ti on [l anguage-i ntent-i nf onor phi sm cl s.info$source])
( SET. FTN$conposition [type | ang$free-relation]))
(= (SET. FTN$conposi tion [l anguage-intent-infonorphismcls.info$target]) relation)
(= (SET. FTN$conposi ti on [l anguage-i ntent-infonorphismcls.info$type])
( SET. FTN$conposi ti on [ (SET. FTN$conposi tion
[relation cls$type]) set.ftn$identity]))
(= (SET. FTN$conposi ti on [l anguage-i ntent-infonorphi smcls.info$instance])
| anguage-i ntent - functi on)
(51)

( SET. FTN$sour ce | anguage-intent) nodel)

( SET. FTN$t ar get | anguage-i ntent) nod. i nf 0$i nf onor phi snm

( SET. FTN$conposi ti on [l anguage-intent nod.info$source])

( SET. FTN$conposi tion [type | ang$power]))

(= (SET. FTN$conposi tion [l anguage-intent nod.info$target])
(SET. FTN$i dentity nodel ))

(= (SET. FTN$conposi ti on [l anguage-intent nod.info$type])
( SET. FTN$conposi tion [type |ang. nor$identity]))

(= (SET. FTN$conpositi on [l anguage-intent nod.info$variable])
( SET. FTN$conposi tion [variable set.invpr$identity]))

(= (SET. FTN$conposi ti on [l anguage-intent nod.info$entity])
( SET. FTN$conposition [entity cls$intent]))

(= (SET. FTN$conposition [l anguage-intent nod.info$relation])

| anguage- i nt ent - i nf onor phi sm

SET. FTN$f uncti on | anguage-intent)

Finally, in order to check that €4 is an infomorphism, the only remaining constraint to verify is the in-
stance aspect of the signature square represented by the diagram in Figure 8. The function

inst(sign(refer(ea)) : inst(sign(refer(A)) - inst(sign(refer(Od typ(A)))

maps an instance tuple r [J inst(sign(refer(A)) with arity arity(r) to the coordinate-wise intents
inst(sign(refer(ea) ))(r)x = intent(ent(A))(ry) for any x [ arity(r).

With the definition of a basic IFF model, the dia- tuple(en)

gram in Figure 8 is not commutative. It only satis- tuple(O typ(A))
fies the inequality = (Trel(typ(A)) <— tuple(A)

tuple(ea) - inst(sign(0 typ(A)))
O inst(sign(A)) - inst(sign(refer(ea))).

The solution to this problem is to revisit the defini-  jnst(sign(refer(0 typ(A )))) «<— inst(sign(refer(A)))
tion of a basic IFF model. In the notion of an IFF

inst(sign(0 typ(A))) l D J/ inst(sign(A))

inst(sign(refer(ea))

Figure 8: Instance aspect of the signature
square of the intent infomorphism
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model, there are both unary relation types (predicates) and entity types (sorts). These are connected by
the constraint that for any unary relation type p O typ(rel(A)) whose index arity is (X) and whose signa-

ture is the one-tuple (&) for some entity type e O typ(ent(A)), for any tuple r, if r Ea) p then

I'« Ereia) €. Put in more colloquial terms, if p(e) holds, then e is of type (sort) &. We need to define a no-
tion of a constrained IFF model. The constrained IFF model (call it a normal model or some such
name) further requires that

— Every entity type (sort) € [Jtyp(ent(A)) be the signature of a unary relation type (predicate)
p O typ(rel(A)), whose x™ projection is extensionally equivalent to it: p(e) holds iff e is of sort €.

— If arelation type p O typ(rel(A)) is in the extent of a tuple t O tuple(A) and an entity type (sort) €
is a component in the signature of p, then the unary relation type associated with € is in the extent
of the tuple t.

With these assumptions, Figure 8 is a commutative diagram and the intent is an infomorphism.

This function is the counit
€ = (maxth €= restrict) * €moq
of the composite adjunction w = K=> * Y, where K=> has the counit €2 and p has the counit €neg.

(52) (forall (?a (nodel ?a))
(= (language-intent ?a)
(nod. i nf o$conposi tion
[(th.rmor.spl $initial-nodel
(t h$speci al - enpt y-i ncl usi on
(maxi mal -t heory ?a))
(theory-intent ?a)])))

id\/ar(A) reI(EA)
var(A) = var(A) rel(0typ(A)) & rel(A)
refer(typ(A) | refer(en) | refer(a) sign(0 typ(A)) u Sign(ea) u sign(A)
ent(0 typ(A)) = ent(A) sign(refer(0 typ(A))) = sign(refer(A))
ent(ea) sign(refer(a))
Figure 9a: Reference Classification Figure 9b: Signature Classification
Semisquare — abstract Square — abstract
id id
var(A) ———> var(A) typ(rel(A)) —> typ(rel(A))
typ(refer(A)) _ Xtyp(refer(A)) Y‘yp(sign(A)) &zp(Sign(A))
var(A) id | =W Frel(mod(T)) id Erala)
typ(ent(A)) —> typ(ent(A)) sign(typ(refer(A))) —> sign(typ(refer(A)))
var(A) var(A) Jbt (A tuple(A _
idvar(a) = Esi B:Fr)e(f!rem(d )); tent(reI(A)g (A) Fsign(refer(a))
uyp(ent(A)) ent(A) gn( ( (T)) . .
inst(sign(mod(T))) inst(sign(A))
O typ(ent(A)) <— univ(A) tuple(refer(mod(T))) <— tuple(refer(A))
intent(ent(A)) inst(vert-tgt(¢))
Figure 10a: Reference Classification Figure 10b: Signature Classification

Semisquare — details Square - details
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Theory Intent Infomorphism

(e]

Consider the model init-mod(max-th(A)). This has the same underlying type language as A, including
the same set of variables. And, the universe univ(init-mod(max-th(A))) = univ(Otyp(A)) =
U ent(typ(A)) = U typ(ent(A)) is the universe of the power of the underlying type language. However,
by definition the set of formal tuples

fml-tuple(A) 2 tuple(init-mod(maxth(A))) O tuple(d typ(A)) = free-tuple(typ(A))
is the subset of all free tuples of typ(A) that satisfy all the theorems of max-th(A); for the special case

A = [ typ(A) the set of formal tuples equals the set of free tuples. The following fact is used repeatedly
throughout the discussions and axiomatization of the IFF Ontology (meta) Ontology.

For any abstract tuple r [ tuple(A) the free tuple
“intent(rel(A))”(r) = (arity(A)(r), {p O rel(L) | r Erea) p}) O free-tuple(typ(A)),

which is the relation intent of r, is a formal tuple of A; that is, it satisfies exactly the same relation
types (and hence expressions) as I.

This means that the free relation intent function
“intent(rel(A))” : tuple(A) - tuple(O typ(A)) = free-tuple(typ(A))

factors through the set of formal tuples fml-tuple(A). Define the relation intent function, the edge func-
tion for the instance hypergraph morphism of the theory intent infomorphism, to be this co-restriction.

(53) (SET. FTN$function formal -tuple)
(= (SET. FTN$source fornal -tupl e) nodel)
(= (SET. FTN$source fornal -tuple) set$set)
(forall (?a (nodel ?a))
(and (set$subset (formal-tuple ?a) (lang$free-tuple (type ?a))))
(forall (?r ((lang$free-tuple (type ?a)) ?r))
(<=> ((formal -tuple ?a) ?r)
(forall (?e ((theorem (maxinmal-theory ?a)) ?e))
((expression-classification ?a) ?r ?e))))))

(54) (SET. FTN$function formal-relation)
(= (SET. FTN$source formal -rel ati on) | anguage)
(= (SET. FTN$target formal -rel ation) cls$classification)
(= (SET. FTN$conposition [formal -relation cls$type]) relation)
(= (SET. FTN$conposition [formal -relation cl s$instance]) formal-tuple)
(forall (?a (nmodel ?a))
(rel $abridgnment (formal-relation ?a) (free-relation (type ?a))))
(55) (SET. FTN$function theory-intent-function)
(= (SET. FTN$source theory-intent-function) nodel)
(= (SET. FTN$t arget theory-intent-function) set.ftn$function)
(= (SET. FTN$conposition [theory-intent-function set.ftn$source]) tuple)
(= (SET. FTN$conposition [theory-intent-function set.ftn$target]) formal-tuple)
(forall (?a (nodel ?a))
(set.ftn$restriction
(theory-intent-function ?a)
(l anguage-intent-function ?a)))
(56)

( SET. FTN$sour ce theory-intent-infonorphi sm nodel)

(SET. FTN$t ar get t heory-intent-infonorphi sm cls.info$infonorphism

( SET. FTN$conposi ti on [theory-intent-infonorphismcls.info$source])

formal -rel ati on)
= ( SET. FTN$conposition [theory-intent-infonorphismcls.info$target]) relation)
= (SET. FTN$conposi ti on [theory-intent-infonorphismcls.info$type])

( SET. FTN$conposi ti on [ (SET. FTN$conposi tion

[relation cls$type]) set.ftn$identity]))

(= (SET. FTN$conposition [theory-intent-infonorphismcls.info$instance])
t heory-intent-function)

SET. FTN$f uncti on theory-intent-infonorphism
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(e]

id
Model » Model

|0& ° |d:| /nod

|
Logic ——>» Logic

h\ 0 /g

Theory™

Figure 11: Counit of composite adjunction p

[The counit of the composite 4 = A * 7]
(hit-mod, max-th, n, 0= lbg, th, id, e(I» Oinod, log, n, id0]
[A™ component of the counit of y = [hit-mod, max-th, n, et Theoryé - Model]
For every model A, there is an theory intent infomorphism
€a = intent(A) : init-mod(max-th(A)) - A
whose type component is the identity special type language morphism and whose instance component

is the intent hypergraph morphism, with entity intent as node function and modified and restricted rela-
tion intent as edge function.

(57) (SET. FTN$function theory-intent)

(= (SET. FTN$source theory-intent) nodel)

(= (SET. FTN$t arget theory-intent) nod.info$infonorphisn

(= (SET. FTN$conposi tion [theory-intent nod.info$source])

( SET. FTN$conposi tion [maxi mal -theory th$initial -nodel]))

(= (SET. FTN$conposition [theory-intent nod.info$target])
(SET. FTN$i dentity nodel))

(= (SET. FTN$conposi tion [theory-intent nod.info$type])
( SET. FTN$conposi tion [type | ang. nor.spl $identity]))

(= (SET. FTN$conposition [theory-intent nod.info$variable])
( SET. FTN$conposi tion [vari abl e set.invpr$identity]))

(= (SET. FTN$conposi tion [theory-intent nod.info$entity])
(SET. FTN$conposition [entity cls$intent]))

(= (SET. FTN$conposition [theory-intent nod.info$relation])
t heory-intent-infonorphi sm

This function is the counit
€ =10g ° €55 ° Mod
of the composite adjunction g = A * 11, where A has the counit 4 and T has the identity counit.

(58) (= theory-intent
( SET. FTN$conposi ti on [ ( SET. FTN$conposi tion
[logic log$intent]) |og.info$nodel]))

For any model A, the empty prologic T (A) has model component A and the empty theory over typ(A)
as its theory component. This prologic is actually a logic, since no axioms need to be satisfied.

(59) (SET. FTN$function enpty)
(= (SET. FTN$source enpty) nodel)
( SET. FTN$t ar get enpty) pl og$prol ogi c)
( SET. FTN$conposi tion [enpty pl og$nodel ])
(SET. FTN$i dentity nodel))
(= (SET. FTN$conposi tion [enpty pl og$t heory])
( SET. FTN$conposi tion [type | ang$enpty]))

(:
(:

For any model A, the full prologic L(A) has model component A and the full theory over typ(A) as its
theory component.
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(60) (SET. FTN$function full)

—~~—
I n

( SET.
( SET.
( SET.
( SET.
(= (SET.

( SET.

FTN$source full) nodel)

FTN$t arget full) pl og$prol ogic)
FTN$conposition [full pl og$nodel ])
FTN$i dentity nodel ))
FTN$conposition [full pl og$t heory])
FTN$conposition [type |ang$full]))

12/5/2002
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o There is a case classification case(A) = [tase(inst(A)), case(typ(A)), Fcasea)L) Whose instances (I, X)
are tuple-variable pairs for tuples r O tuple(A) = edge(inst(A)) and variables x [ inst(arity(A))(r) O
var(A), whose types (p,X) are relation-type-variable pairs for relation types p Otyp(rel(A)) =
rel(typ(A)) and variables x [I inst(arity(A))(1) O var(A), and whose classification is defined by

(r, X) Ecasea) (P, X') when I Eea) p and X =X'.
(61) (SET. FTN$function case)

(= (SET
(= (SET
(= (SET
(SET
(= (SET
(SET
(foral

o Any model A = [fefer(A), sign(A)lhas an associated indica-

(?a (nmodel ?a)

. FTN$sour ce case) nodel)

. FTN$t arget case) cl s$cl assification)
. FTN$conposi ti on
. FTN$conposi ti on
. FTN$conposi ti on
. FTN$conposi ti on

[case cl s$instance])

[i nstance hgph$case]))
[case cls$type])

[type | ang$case]))

?t ?x ((hgph$case (instance ?a)) [?t ?x])
?tau ?x1 ((lang$case (type ?a)) [?tau ?x1]))
(<=> ((case ?a) [?t ?x] [?tau ?x1])
(and ((relation ?a) ?t ?tau)

(= ?x ?x1))))

tion designation

indic(A)

= [ihdic(inst(A)), indic(typ(A)): case(A) = rel(A),
whose source is the case classification of A, whose target is
the relation classification of A, whose instance function is the
indication function for the instance hypergraph, and whose
type function is indication function for the type language.

indic(typ(A))
case(typ(A)) —> typ(rel(A))

indic(A) Frela)

Fcase(a)

case(inst(A)) —> tuple(A)
indic(inst(A))

Figure 12: Indication designation

(62) (SET. FTN$function indication)
FTN$sour ce indication) nodel)
FTN$t arget i ndi cation) cls.dsgn$designation)

A~~~
o nn

—~
1

( SET.
( SET.
( SET.
( SET.
( SET.
( SET.
( SET.
( SET.

FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on

[indication cls.dsgn$source]) case)
[indication cls.dsgn$target]) relation)
[indication cls.dsgn$instance])

[i nstance hgph$i ndication]))
[indication cls.dsgn$type])

[type | ang$indication]))

o  Any model A = [efer(A), sign(A)lhas an associated projection designation

proj(A)

= [proj(inst(A)), proj(typ(A)): case(A) = cla(var(A)),

proj(typ(A))
case(typ(A)) —> var(A)

whose source is the case classification of A, whose target is the

identity classification of the variable set of A, whose instance

FEcase(a) proj (A) =var(A)

function is the projection function for the instance hypergraph,

and whose type function is projection function for the type lan-
guage. The designation requirement that classification be pre-

case(inst(A)) — var(A)
proj(inst(A))

served is evident from the definitions of the case classification,

the projection for the instance hypergraph and the projection for

the type language.

(63) (SET. FTN$function projection)
FTN$source projection) nodel)
FTN$t ar get proj ection) cls.dsgn$desi gnation)

(
(
(
(

= (SET.
( SET.
( SET.
( SET.
( SET.
( SET.
( SET.
( SET.

FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on

Figure 13: Projection designation

[projection cls.dsgn$source]) case)
[projection cls.dsgn$target])
[variabl e set$classification]))

[ projection cls.dsgn$instance])

[i nstance hgph$projection]))
[projection cls.dsgn$type])
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( SET. FTN$conposi tion [type | ang$projection]))

o Any model A = [efer(A), sign(A)Thas an associated comediator comed(typ(A))
designation case(typ(A)) —> typ(ent(A))
=comed(A
- @ Fcase(a) comed(A) Fenta)

= [@omed(inst(A)), comed(typ(A))LL case(A) = ent(A),

whose source is the case classification of A, whose target is the case(inst(A)) > univ(A)

eptity classi.ﬁcation of A, whose instance function is the come- comed(inst(A))
diator function for the instance hypergraph, and whose type func- _ _ _ )
tion is the comediator function for the type language. Figure 14: Comediator designation

(64) (SET. FTN$function conedi at or)

( SET. FTN$sour ce comnedi ator) nodel )

(SET. FTN$t ar get conedi ator) cls. dsgn$desi gnati on)

( SET. FTN$conposi tion [conedi ator cls.dsgn$source]) case)

( SET. FTN$conposi tion [conedi ator cls.dsgn$target]) entity)
( SET. FTN$conposi tion [conedi ator cls. dsgn$i nstance])

( SET. FTN$conposi tion [instance hgph$conedi ator]))

( SET. FTN$conposi tion [conedi ator cls.dsgn$type])

( SET. FTN$conposi tion [type | ang$conedi ator]))

A~~~
o nn

—~
1

var(A) rel(A) indic(A) comed(A)

rel(A) & case(A) —3 ent(A)

refer(A) i sign(A) u = proj(A) u
ent(A) sign(refer(A)) var(A)

Diagram 7a: Model to Spanmodel - abstract version

typ(p)
set(p) —> typ(cla(p))
- ‘ F dlagp) indic(typ(A)) comed(typ(A))
typ(rel(A)) «<— case A)) —> typ(ent(A
set(p) inst(cla(p)) yp(rel(A)) pr(?/(rt;(p ))) yp(ent(A))
Fre indic(A) bﬁ{ Een
typ(sign(A)) = . oV @

typ(rel(A)) —> sign(typ(refer(A))) . .
P T Bt

proj(i ng@% =var(A)

= rel(A) = sign(refer(A))

var(A)
tuple(A) —  tuple(refer(A))
inst(sign(A))

Diagram 7b: Model to Spanmodel - detailed version

o  Associated with any model A = [Mefer(A), sign(A)Lis a spanmodel spnmod(A), whose vertex (prehen-
sion) classification is the case (role) classification of A,

— whose first designation (actuality) is the comediator designation lstspnmod(A) = comed(A) with tar-
get classification being the entity classification of A,

— whose second designation (naming) is the projection designation 2"dspnm0d(A) = proj(A) with target
classification being the variable identity classification of A, and

— whose third designation (nexus) is the indication designation 3'dspnm0d(A) = indic(A) with target
classification being the relation classification of A.
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(65) (SET. FTN$function spannodel )

(= (SET. FTN$sour ce spannodel ) nodel)

(= (SET. FTN$t ar get spannodel ) snod$spannodel )

(forall (?a (nodel ?a))

(and (= (snod$vertex (spannodel ?a)) (case ?a))
(= (snmod$first (spannodel ?a)) (conediator ?a))

(snmod$cl assificationl (spannodel ?a)) (entity ?a))
(snod$second (spannodel ?a)) (projection ?a))
(snod$cl assi fication2 (spannpbdel ?a)) (set$classification (variable ?a)))
(snmod$t hird (spannodel ?a)) (indication ?a))
(snmod$cl assification3 (spannodel ?a)) (relation ?a))))

(
(
(
(
(
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Models are connected by and comparable with infomorphisms. This section discusses  semiquartet

infomorphisms. First, we give a concise mathematical definition, and then we discuss
and formalize the various parts of this definition.

var(f) rel(f)
var(A;)) = var(Ay) rel(A;) == rel(Ay)

refer(A) i refer(f) irefer(Az) sign(A,) u sign(f) u sign(Ay)

entiA;) 2 ent(Ay) sign(refer(Ay)) = sign(refer(A,))
ent(f) sign(refer(f))

Figure 15: Model Morphism

alignment

o An infomorphism (morphism of model-theoretic structures) f = efer(f), sign(f): Ay = A, from
model A; to model A, (Figure 15) is a two dimensional construction consisting of a reference classifi-
cation semisquare refer(f) and a signature classification square sign(f), where the signature infomor-

phism of the reference semisquare is the vertical target of the signature square
sign(refer(f)) = vert-tgt(sign(f)).

(1) (SET$cl ass i nfonorphisn
(SET$cl ass struct ure- nor phi sm
(= structure-norphi sminfonorphism

(2) (SET. FTN$function source)
= (SET. FTN$sour ce source) i nfonorphism
= (SET. FTN$t ar get source) nod$nodel)

(3) . FTN$f unction target)
SET. FTN$sour ce target) i nfonorphisn

SET. FTN$t arget target) nod$nodel)

i wm
T

(4)
SET. FTN$sour ce reference) i nfonorphism
SET. FTN$t arget reference) cls. ssqr$semn square)
SET. FTN$conposition [reference cls. ssqgr$horizontal -source])
( SET. FTN$conposi ti on [source nod$reference]))
(= (SET. FTN$conposition [reference cls.sqgr$horizontal -target])
( SET. FTN$conposi tion [target nod$reference]))

SET. FTN$f unction ref erence)
=(
=(
=(

(5) ET. FTN$f uncti on signature)
( SET. FTN$sour ce si gnature) i nfonorphism
(SET. FTN$t arget si gnature) cls. sqr$square)
( SET. FTN$conposi tion [signature cls.sqgr$horizontal -source])
( SET. FTN$conposi tion [source nod$si gnature]))
(= (SET. FTN$conposi tion [signature cls.sqgr$horizontal -target])

( SET. FTN$conposi tion [target nod$signature]))

mnmnnawm

(6) (= (SET.FTN$conposition [signature cls.sqr$vertical-target])
( SET. FTN$conposition [reference cls.ssqr$signature]))

o For convenience of theoretical presentation, we introduce additional model terminology for the com-
position between the reference function and the arity function for classification squares. Associated

with an infomorphism f: A; — A; is a reference-arity classification square refer-arity(f).

(7) (SET.FTN$function reference-arity)
(= (SET. FTN$source reference-arity) infonorphism
(= (SET. FTN$t arget reference-arity) cls.sqgr$square)
(= reference-arity (SET. FTN$conposition [reference cls.ssqr$arity]))

/
dimension quartet >
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rel(f) sign(refer(f))
re(An) = rel(Ay sign(refer(A)) — sign(refer(A,))

arity(A,) u arity(f) u arity(Az) refer-arity(A;) u refer-arity(f) u refer-arity(A,)

sup(var(Ay) == sup(var(Az)) sup(var(A)) == sup(var(Ay)
sup(var(f)) sup(var(f))

Diagram 8: Reference-arity and arity classification squares

o The vertical composition (Diagram 8) of the signature classification square and the reference arity

classification square defines an arity classification square # = arity(f) = sign(f) « refer-arity(f).
(8) (SET.FTN$function arity)

(= (SET. FTN$source arity) infonorphism

(= (SET. FTN$target arity) cls.sqgr$square)

(forall (?f (infonorphism?f))

(= (arity ?f)
(cls.sqgr$vertical -conposition [(signature ?f) (reference-arity ?f)])))

o For convenience of reference, we introduce additional model theory terminology for the vertical source
and target components of these classification squares. The vertical source of the signature classification
square is called the relation infomorphism of f and denoted rel(f). The infomorphism of the reference
classification semisquare is called the entity infomorphism of f and denoted ent(f). The invertible-pair
of the reference classification semisquare is called the variable invertible pair of f and denoted var(f).

In summary, an infomorphism has the following component infomorphisms:

— the entity infomorphism ent(f) = info(refer(f)) : ent(A;) = ent(A,),

— the relation infomorphism rel(f) = vert-src(sign(f)) : rel(Ay) = rel(Ay), and
— the variable invertible pair var(f) = inv-pr(refer(f)) : var(Ay) = var(A,).
Therefore, an infomorphism can be displayed as in Figure 1.

(9) (SET.FTN$function entity)
(= (SET. FTN$source entity) infonorphism
(= (SET. FTN$t arget entity) cls.info$infonorphisn
(= entity (SET. FTN$conposition [reference cls.ssqr$infonorphisni))

(10) (SET. FTN$function rel ation)
(= (SET. FTN$source rel ation) i nfonorphisn
(= (SET. FTN$target rel ation) cls.info$infonorphism
(= relation (SET. FTN$conposition [signature cls.sqgr$vertical -source]))

(11)
(SET. FTN$sour ce vari abl e) i nfonor phism
(SET. FTN$t arget vari abl e) set.invpr$invertible-pair)

SET. FTN$function vari abl e)
= variabl e (SET. FTN$conposition [reference cls.ssqr$invertible-pair]))

(
(
(
(

o Following closely the definitions for models, let us define some further common terminology for any
infomorphism f: A; — A,.

- The universe function t Afyp(it(f)t) A
. . . . en en
univ(f) = inst(ent(f)) : univ(Az) - univ(Ay) typ(ent(Aq) yp(ent(Az)
maps objects in the universe of A to objects in the universe of A;.  Fentay Fent(az)

The entity infomc-)rphism (Figure 16) looks like UNivA) <—  univ(Ay)
ent(f) = [Wniv(f), typ(ent(f)): ent(A,) = ent(Ay), univ(f)

and the universe and entity type functions satisfy the fundamental Figure 16: Entity Infomorphism
property of infomorphisms:
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(o]

(12)

(13)

univ(f)(az) =entar) 01 iff @z Eenaz typ(ent(f))(aq)
for all objects a, [ univ(Az) and all entity types o, O typ(ent(Ay).

The tuple function

typ(rel(f))
tuple(f) = inst(rel(f)) : tuple(Az) — tuple(Ay) typ(rel(Ay)) —> typ(rel(Ay)
maps the relational tuples of A; to the relational tuples of A;. eia e
The relation infomorphism (Figure 17) looks like
rel(f) = Guple(f), typ(rel())E rel(Ay) = rel(Ay), tuple(A,) tel(f)tuple(Az)
uple

and the tuple and relation type functions satisfy the fundamen-
tal property of infomorphisms: Figure 17: Relation Infomorphism

tuple(f)(rz) Frela1) P1 iff rp Frel(a2) typ(rel(f))(pl)

for all tuples r, O tuple(A,) and all relation types py O typ(rel(A;). Since the arities of both rela-
tion types and tuples are mapped by the power infomorphism of the invertible pair of f, valences
of both relation types and tuple are preserved and arities are in bijective correspondence with their
images.

( SET. FTN$f uncti on uni verse)
(= (SET. FTN$source uni verse) i nfonorphism
(= (SET. FTN$t arget uni verse) set.ftn$function)
(= (SET. FTN$conposi tion [universe set.ftn$source])
( SET. FTN$conposi tion [target nod$uni verse]))
(= (SET. FTN$conposi tion [universe set.ftn$target])
( SET. FTN$conposi ti on [source nod$uni verse]))
(= universe (SET. FTN$conposition [entity cls.info$instance]))

ET. FTN$f uncti on tupl e)
( SET. FTN$sour ce tupl e) i nfonorphisn
(SET. FTN$t arget tuple) set.ftn$function)
( SET. FTN$conposi tion [tuple set.ftn$source])

mnmnnawm

(
(
(
(

( SET. FTN$conposi tion [target nod$tuple]))
(= (SET. FTN$conposition [tuple set.ftn$target])
( SET. FTN$conposi tion [source nod$tuple]))
(= tuple (SET. FTN$conposition [relation cls.info$instance]))

Two infomorphisms are composable when the target of the first is equal to the source of the second.

The

composition of two composable infomorphisms f;: A - A’ and f,: A’ - A" is defined in terms

of composition of their reference classification semisquares and the horizontal composition of their
signature classification squares.

(14)

(15)

(16)

( SET. LI M PBK$opspan conposabl e- opspan)

(= (class1l conposabl e- opspan) i nfonorphism
(cl ass2 conposabl e- opspan) i nf onor phi sm
(opvertex conposabl e-opspan) nod$nodel )
(first conposabl e-opspan) target)
(second conposabl e- opspan) source)

(
(
(
(

L$rel ati on conposabl e)

(RELS$cl ass1 conposabl e) i nfonorphi sm
(RELS$cl ass2 conposabl e) i nfonorphism
(

RE
= (RELS$extent conposable) (SET.LIM PBK$pul | back conposabl e- opspan))

(
(
(
(

ET. FTN$f uncti on conposi tion)
( SET. FTN$sour ce conposition) (SET.LI M PBK$pul | back conposabl e- opspan))
( SET. FTN$t ar get conposi tion) i nfonorphism
rall (?f1 (infonorphism?f1l) ?f2 (infonorphism ?f2) (conposable ?f1 ?f2))
(and (= (source (composition [?f1 ?f2])) (source ?f1l))
(= (target (conposition [?f1 ?2f2])) (target ?f2))
(= (reference (conposition [?f1 ?f2]))
(cls.ssqgr$conposition [(reference ?f1) (reference ?f2)]))
(= (signature (conposition [?f1 ?f2]))
(cl's.sqgr$horizontal -conposition [(signature ?f1) (signature ?f2)]))))

S
fo

~~~—~

Composition satisfies the usual associative law.
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(forall (?f1 (infonorphism ?f1)
?f2 (i nfonorphi sm ?f 2)
?f3 (i nfonorphi sm ?f 3)
(conposabl e ?f1 ?f2) (conposable ?f2 ?f3))
(= (composition [?f1 (conposition [?f2 ?f3])])
(composition [(conmposition [?f1 ?f2]) ?f3])))

0 For any model A, there is an identity infomorphism.

(17) (SET. FTN$function identity)
(= (SET. FTN$source identity) nod$nodel)
(= (SET. FTN$t arget identity) infonorphismn
(forall (?a (nod$nodel ?a))
(and (= (source (identity ?a)) ?a)
(= (target (identity ?a)) ?a)
(= (reference (identity ?a))
(cls.ssqgr$identity (nod$reference ?a)))
(= (signature (identity ?a))
(cls.sqgr$horizontal -identity (nod$signature ?a)))))

0 The identity satisfies the usual identity laws with respect to composition.

(forall (?f (infonorphism?f))
(and (= (conposition [(identity (source ?f)) ?f]) ?f)
(= (conposition [?f (identity (target ?f))]) ?f)))

o A simple infomorphism is an infomorphism that has an identity variable invertible pair and an identity
entity infomorphism.

(18) (SET$cl ass sinple)
( SET$subcl ass sinpl e i nf oror phi sm
(forall (?f (infonorphism?f))
(<=> (sinmple ?f)
(and (= (nod$variable (source ?f)) (nod$variable (target ?f)))
(= (variable ?f) (set.invpr$identity (nod$variable (source ?f))))

(= (nmod$entity (source ?f)) (nod$entity (target ?f)))
(= (entity ?f) (cls.info$identity (nod$entity (source ?f)))))))
Hyp(a)
reltyp(A)) —> Dl(tvazga)\) 0 var(f) var(A)  yar
reltyp
awk reI(typ(A’)?N@ O var(A) Dvp(ml var(A")
signature(ttyp(\A ) YND(A,) ent(typ(A)) Qyp(A,)l
signatute(typ(f))i ent(f) ,
signature(Typa) ent(typ(A))
Figure 18: Type Language Morphism
Hinst A)D {A) {(A)
tuple(A) —> O cons cons
ple(A) tuple(f) \—\D const(f) QSI(U
SN Hinstan > . Uhnstcay '
st T tuple(A') —>: L const(A) const(A")
signature(Ghsta) Bsya: univ(A) Chnsica

univ(f)\

signature(inst(f)) ~signature(Chsta) univ(A")

Figure 19: Instance Hypergraph Morphism

o  An infomorphism f = [lefer(f), sign(f): A = A’ defines two hypergraph morphisms,
— aninstance hypergraph morphism inst(f) : inst(A") - inst(A) (Figure 18) and
— atype special language morphism typ(f) : typ(A) — typ(A") (Figure 19).
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Of course, the special type language morphism is also a hypergraph morphism. The components of the
hypergraph morphisms are defined in Table 5. Later, we will want to extend the special type language
morphism to a special type language interpretation. The instance hypergraph morphism consists of

1. the universe function univ(f) = node(inst(f)) : univ(A') - univ(A), and

2. the tuple function tuple(f) = rel(inst(f)) : tuple(A") - tuple(A).

Table 5: Hypergraph Morphism Component Definitions

Hypergraph
Morphism
Component

Infomorphism
Component

Notion

refer(inst(f)) | =

inst(refer(f))

semiquartet

sign(inst(f)) | =

inst(sign(f))

quartet

arity(inst(f)) | =

inst(arity(f))

quartet

name(inst(f)) | =

inv(var(f))

bijection

node(inst(f)) | =

univ(f)

function

edge(inst(f)) | =

tuple(f)

function

refer(typ(f)) | =

typ(refer(f))

quartet

sign(typ(f)) | =

typ(sign(f))

quartet

arity(typ(f)) | =

typ(arity(f))

quartet

var(typ(f)) | =

dir(var(f))

bijection

ent(typ(f)) | =

typ(ent(f))

function

reltyp®) | =

typ(rel(H))

function

(19)

~e~~

(
(
(20) (
(
(
(

(= (SET.
( SET.
(= (SET.
( SET.
(= (SET.
( SET.
(= (SET.
( SET.
(= (SET.
( SET.
(= (SET.

( SET.
(= (SET.
( SET.

( SET.
( SET.
( SET.
( SET.
(= (SET.

( SET.
(= (SET.

( SET.
(= (SET.

( SET.
(= (SET.

( SET.
(= (SET.
( SET.
( SET.
( SET.

( SET.
( SET.
( SET.
( SET.

FTN$sour ce instance) infonorphism
FTN$t ar get i nstance) hgph. nor $nor phi sm)

SET. FTN$f uncti on i nstance)

FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on

[i nstance hgph. nor $sour ce])

[ source nod$i nstance]))

[i nstance hgph. nor$target])
[target npd$i nstance]))

[i nstance hgph. nor $ref erence])
[reference cls.ssqr$instance]))
[i nstance hgph. nor $si gnat ure
[signature cls.sqr$instance]))
[i nstance hgph. nor$arity])
[arity cls.sqgr$instance]))

[i nstance hgph. nor $nane])
[variabl e set.invpr$inverse]))
[i nstance hgph. nor $node]) uni verse)
[i nstance hgph. nor $edge]) tuple)

FTN$source type) i nfonorphism
FTN$t arget type) |ang. nor. spl $speci al )

SET. FTN$f uncti on type)

FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on
FTN$conposi ti on

[type | ang. nor. spl $source])

[ source nod$type]))

[type | ang. nor.spl $target])
[target nod$type]))

[type | ang. nor. spl $reference])
[reference cls.ssqr$type]))
[type | ang. nor. spl $si gnature
[signature cls.sqr$type]))
[type | ang. nor.spl $arity])
[arity cls.sqgr$type]))

[type | ang. nor. spl $vari abl e])
[variabl e set.invpr$direct]))
[type | ang. nor. spl $entity])
[entity cls.info$type]))
[type | ang. nor.spl $rel ation])
[relation cls.info$type]))
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o An infomorphism f: A = A’ defines an associated expression infomorphism
expr-info(f) = Quple(f), fin(typ(f)): expr-cls(A) = expr-cls(A")
between the expression classifications of its source and target models.
(21) (SET. FTN$function expression-i nf onor phism

(= (SET. FTN$source expressi on-i nf onorphi sn) i nf onor phi sn)
(= (SET. FTN$t ar get expressi on-i nf onor phi sn) cl s. i nf o$i nf onor phi sm
(= (SET. FTN$conposi tion [ expression-i nfonorphi smcls.info$source])
( SET. FTN$conposi ti on [source npd$expression-classification]))
(= (SET. FTN$conposi ti on [expression-infonorphismcls.info$target])
( SET. FTN$conposi tion [target npd$expression-classification]))
(= (SET. FTN$conposi ti on [ expressi on-i nf onor phi smcls.info$instance]) tuple)
(= (SET. FTN$conposi tion [ expression-infonorphismcls.info$type])
( SET. FTN$conposi tion [type |ang. expr. nor $function]))
o  Any infomorphism f: A = A’ can be extended to an ex ftn(typ(f))

pression infomorphism

expr(f) = Quple(f), ftn(typ(f))k expr(A) = expr(A")
between the expression models of its source and target, Fexpr-cls(A1) F expr-cls(A2)
whose reference semisquare is the reference semisquare
of f, but whose relation infomorphism is the expression
infomorphism for f. The type language morphism of the
expression infomorphism is the expression language mor- Figure 20: Expression Infomorphism
phism of the type language morphism: the model expres-
sion function commutes with the underlying type function and the language expression function. The
expression operator commutes with source and target embeddings.

(22) (SET. FTN$functi on expression)
(= (SET. FTN$sour ce expression) infonorphism
( SET. FTN$t ar get expr essi on) i nf onor phi sm
( SET. FTN$conposi ti on [expression source])
( SET. FTN$conposi ti on [source nod$expression]))
(= (SET. FTN$conposi tion [expression target])
( SET. FTN$conposi tion [target nod$expression]))
(= (SET. FTN$conposi ti on [expression reference]) reference)
(= (SET. FTN$conposi tion [ (SET. FTN$conposi ti on
[expression signature]) cls.sqgr$vertical -source])
expr essi on-i nf ormor phi sm
(= (SET. FTN$conposi ti on [ (SET. FTNSconposi ti on
[expression signature]) cls.sqr$vertical-target])
( SET. FTN$conposi tion [signature cls.sqr$vertical-target]))

set(typ(Ly)) —> set(typ(L2))

tuple(L;) €<— tuple(Ly)
tuple(f)

—_~—
I

(= (SET. FTN$conposi ti on [expression type])
( SET. FTN$conposi tion [type | ang. expr. nor $expression]))

(forall (?f (infonorphism?f))
(= (rod. i nf o$conposition [ (nod$enbeddi ng (source ?f)) (expression ?f)])
(nod. i nfo$conposi tion [?f (nmod$enbedding (target ?f))])))

o  Any infomorphism f: A; = A; defines a function thm(f) : thm(A;) — thm(A;) between the theorem
classes of source and target models. This is well-defined, since the (expression function of the) associ-
ated type language morphism typ(f) : typ(A1) — typ(Az) maps theorems of A; to theorems of Ay:
ftn(typ(f))(thm(A.)) O thm(Ay). Figure 20 depicts the expression infomorphism, and the following ex-
presses the fundamental condition for this infomorphism:

Let @; be any theorem of A;. Since tuple(f)(ry) = o1 iff rp = ftn(typ(f))(¢1) for any tuple r, of Ay,
clearly ftn(typ(f))(¢q) is a theorem of A,.

(23) (KIF$function theoremfunction)
(= (KIF$source theoremfunction) infonorphism
(= (KIF$target theoremfunction) SET. FTN$functi on)
(forall (?f (infonorphism ?f)
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(and (= (SET. FTN$source (theoremfunction ?f)) (nod$theorem (source ?f)))
= (SET. FTN$t arget (theoremfunction ?f)) (nod$theorem (target ?f)))
SET. TN$restriction

(theoremfunction ?f)

(set.ftn$power (Ilang.expr.nor$function (type ?f))))))

o  Any infomorphism f = Oefer(f), sign(f)C: A; = A, defines a function th(f) : th(A;) — th(A,) between
the theory classes of source and target models.

(24) (KIF$function theory-function)
(= (KI'F$source theory-function) infonorphism
(= (KIF$target theory-function) SET. FTN$functi on)
(forall (?f (infonorphism ?f)
(and (= (SET. FTN$source (theory-function ?f)) (nmod$theory (source ?f)))
(= (SET. FTN$t arget (theory-function ?f)) (nod$theory (target ?f)))
(forall (?t ((nmod$theory (source ?f)) ?t))
(= (th$axi om ((theory-function ?f) ?t))
((power (theoremfunction ?f)) (axiom?t))))))

o For any infomorphism f = [lefer(f), sign(f)C: A; = A, there is a maximal special theory morphism
maxth(f) : maxth(A;) - maxth(Az), whose underlying (base) special language morphism is the type
language morphism of f: base(maxth(f)) = typ(f). This is well defined, since by the comments above
the theorems of A; are mapped to the theorems of A,.

(25) (SET. FTN$function maxi mal -t heory)
(= (SET. FTN$sour ce maxi mal -t heory) i nfonorphisn
(= (SET. FTN$t ar get maxi nmal -t heory) th. nor. spl $speci al )
(= (SET. FTN$conposi ti on [maxi nal -theory th. nor. spl $source])
( SET. FTN$conposi ti on [source nod$nmaxi mal -theory]))
(= (SET. FTN$conposi ti on [maxi mal -theory th. nor.spl $target])
( SET. FTN$conposi tion [target nod$naxi mal -theory]))
(= (SET. FTN$conposi ti on [nmaxi mal -theory th. nor. spl $base]) type)

o Every infomorphism f: A; — A, generates a logic infomorphism log(f) : log(A;) — log(A;), whose
component infomorphism is f and whose theory morphism th(log(f)) = th(f) : th(A;) — th(A,) is the
maximal theory morphism generated by f.

(26) (SET. FTN$function | ogic)
(= (SET. FTN$source | ogi c) infonorphism
(= (SET. FTN$t arget | ogic) |og.info$infonorphism
(= (SET. FTN$conposi tion [l ogic |og.info$nodel]) (SET. FTN$i dentity infonorphism)
(= (SET. FTN$conposition [l ogic | og.info$theory]) nmaximal-theory)

o For any infomorphism f: A; - A, the empty prologic infomorphism has model component f and the
empty theory morphism over typ(f) as its theory component. This is actually a logic infomorphism.

(27) (SET. FTN$function enpty)

(= (SET. FTN$source enpty) i nfonorphism

(= (SET. FTN$t arget enpty) pl og. i nfo$i nf onor phi sn)

(= (SET. FTN$conposi tion [enpty pl og.info$source])

( SET. FTN$conposi tion [source nod$enpty]))

(= (SET. FTN$conposition [enpty plog.info$target])
( SET. FTN$conposi tion [target nod$enpty]))

(= (SET. FTN$conposi tion [enpty pl og.i nfo$nodel])
(SET. FTN$i dentity i nfonorphism)

(= (SET. FTN$conposition [enpty plog.info$theory])
( SET. FTN$conposition [type | ang. nor$enpty]))

o  For any infomorphism f : A; — A, the full prologic infomorphism has model component f and the full
theory morphism over typ(f) as its theory component.

(28) (SET. FTN$function full)

(= (SET. FTN$source full) infonorphism

(= (SET. FTN$t arget full) plog.info$i nfonorphism

(= (SET. FTN$conposition [full plog.info$source])
( SET. FTN$conposi tion [source nod$full]))

(= (SET. FTN$conposition [full plog.info$target])
( SET. FTN$conposition [target nmod$full]))

(= (SET. FTN$conposition [full plog.info$nmodel])
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(SET. FTN$i denti ty i nfonorphism)

(= (SET. FTN$conposition [full plog.info$theory])
( SET. FTN$conposition [type lang. nor$full]))
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