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This namespace axiomatizes Hypergraph the category of hypergraphs and hypergraph morphisms. This is
one of the basic categories of the IFF Ontology (meta) Ontology (IFF-OO).

Things still to do:

The tables of terminology need to be updated.

Move the diagram terminology from the colimit/limit namespaces to a namespace of its own.

Some changes need to be made to colimits.

The work on limits has just started. This effort has focused attention on the rather involved limit con-
structions in Set” the set semipair category and Set the basic category of sets and set functions.
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Table 1 lists the basic terminology in the namespace of hypergraphs.
Table 1: Basic Terminology for the Namespace of Hypergraphs
Category Functor Natural Transformation Adjunction
hgph hypergraph reference signature arity reflection
case edge node name indication
spangraph comediation
projection
eta
hgph. fbr (hypergraph ?x) (inclusion ?x) (signature ?x) (arity ?x) (reflection ?x)
(reference ?x) (indication °?x)
(case ?x) (comediation ?x)
(edge ?x) (node ?x) (projection ?x)
(name ?x) (eta ?x)
(spangraph ?x)
(direct-image ?x)
(inverse-image ?x)
Class/Collection Function Other
hgph.obj object reference signature edge-arity
= hypergraph reference-arity
edge node name
tuple
arity case injection
indication comediation projection
arity-morphism case-signature
spangraph
hgph. fbr.obj (object ?x) (inclusion ?x)
= (hypergraph ?x) (reference ?x) (signature ?x) (edge-arity ?x)
(edge ?x) (node ?x) (name ?x)
(spangraph ?x)
(direct-image ?x) (inverse-image ?x)
(direct-connection ?x)
(inverse-connection ?x)
hgph.mor morphism source target composable-
reference signature edge-arity opspan
reference-arity composable
edge node name
composition identity
eta tuple
arity-morphism case
indication projection comediation
spangraph
hgph. fbr.mor (morphism ?h) (inclusion ?h) composable-
(isomorphism ?h) (source ?h) (target ?h) opspan
(reference ?h) (signature ?h) (edge-arity ?h) composable
(edge ?h) (node ?h) (name ?h)
(composition [?hl ?h2]) (identity ?x)
(spangraph ?h)
(direct-image ?h) (inverse-image ?h)




The IFF Namespace of Hypergraphs
Robert E. Kent Page 3 May 8§, 2003

Table 2 lists the colimit terminology in the namespace of hypergraphs.

Table 2: Colimit Terminology for the Namespace of Hypergraphs

Class/Collection | Function Other

hgph.col (initial ?x)
(counique ?x)

hgph.col (diagram ?x)
.coprd2 = (pair ?x)

hypergraphl ?x) (hypergraph2 ?x)
edge-diagram ?x) (node-diagram ?x)

(cocone ?x) cocone-diagram ?x)

opvertex ?x)

opfirst ?x) (opsecond ?x)
edge-cocone ?x) (node-cocone ?x)
colimiting-cocone ?x)

colimit ?x)

injectionl ?x) (injection2 ?x)
comediator ?x)

hgph.col (diagram ?x)
.coeq = (parallel-
pair ?x)

origin ?x) (destination ?x)

morphisml ?x) (morphism2 ?x)

case-diagram ?x) (edge-diagram ?x) (node-diagram ?x)
indication ?x) (comediation ?x) (projection ?x)
endorelation ?x)

(cocone ?x) cocone-diagram ?x)

opvertex ?x)

morphism ?x)

case-cocone ?x) (edge-cocone ?x) (node-cocone ?x)
colimiting-cocone ?x)

colimit ?x) = (coequalizer ?x)

canon °?x)

comediator ?x)

hgph.col (diagram ?x) hypergraphl ?x) (hypergraph2 ?x) (vertex ?x)

.psh = (span ?x) first ?x) (second ?x)
opposite ?x)
pair ?x)
case-diagram ?x) (edge-diagram ?x) (node-diagram ?x)
coequalizer-diagram ?x) = (parallel-pair ?x)

(cocone ?x) cocone-diagram ?x)

opvertex ?x)

opfirst ?x) (opsecond ?x)

binary-coproduct-cocone ?x)

coequalizer-cocone ?x)

case-cocone ?x) (edge-cocone ?x) (node-cocone ?x)
colimiting-cocone ?x)

colimit ?x) = (pushout ?x)

injectionl ?x) (injection2 ?x)

comediator ?x)

hgph.col (endorelation
.endo ?X)

hypergraph ?x) = (base ?x) (subrelation ?x)
edge ?x) (node ?x)

(cocone ?x) quotient ?x) (canon ?x) (matches ?x)
kernel ?x) (respects ?x)

comediator ?x)
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The Context of Hypergraphs
hgph

Categories

A useful category specified within the IFF Lower Core (meta) Ontology (IFF-LCO) is Hypergraph, the

category of hypergraphs and their morphisms. This category is axiomatized in the hypergraph namespace
of the IFF-LCO.

The notion of a hypergraph of sets is not new, but we use a specific formulation that may be new to the
literature. The notion of a hypergraph is closely related to the notion of a spangraph. In fact, this document
establishes the fact that the context of hypergraphs is categorically equivalent to the context of spangraphs.
As a result, the terminology that we use for hypergraphs is similar to the terminology that we use for span-
graphs.

(1) (CATScategory hypergraph)

(CATSobject hypergraph) hgph.obj$object)
CATS$morphism hypergraph) hgph.mor$morphism)
CATS$source hypergraph) hgph.mor$source)
CATStarget hypergraph) hgph.mor$target)
CATS$composable hypergraph) hgph.mor$composable)
CATS$composition hypergraph) hgph.mor$composition)
CATS$identity hypergraph) hgph.mor$identity)

(
(
(
(
(
(

Functors
Spangraph Set®

SQPhT naV Tn:l—index
edge

* = refer

Set «—— Hypergraph __3, "Set*

case T, = Set
node

Set Set

Figure 1: Hypergraph Category and Component Functors

Here is a list of the outer shell functors that are axiomatized in this namespace (Figure 1). The reference
functor is basic. As derivative notions, composing this with the projection functors in the set semipair cate-
gory Set* gives the component node and name functors to the category Set and the set bijection subcate-
gory Set™. There is no component vertex functor for hypergraphs, but in its place is the case functor. There
is also a spangraph functor linking the context of hypergraphs with the categorically equivalent context of
spangraphs.
o # = refer: Hypergraph — Set" : The reference functor maps a hypergraph to its reference pair con-
sisting of the name set and the node set, and maps a hypergraph morphism to its reference semi-quartet
consisting of the name bijection and the node function.

o name: Hypergraph — Set™ : The name functor maps a hypergraph to its name set and maps a hyper-
graph morphism to its name bijection. This functor is not basic — it is the composition of the reference
functor with the semipair index functor.

o node: Hypergraph — Set : The node functor maps a hypergraph to its node set and maps a hyper-
graph morphism to its node function. This functor is not basic — it is the composition of the reference
functor with the semipair set functor.

o edge: Hypergraph — Set : The edge functor maps a hypergraph to its edge set and maps a hyper-
graph morphism to its edge function.

o case: Hypergraph — Set : The case functor maps a hypergraph to its case set defined as the copro-
duct of the edge arity, and maps a hypergraph morphism to its case function defined as the coproduct
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of the edge arity morphism. The case functor is defined by (components of) the arity natural transfor-
mation.

o sgph: Hypergraph — Spangraph : The spangraph functor connects the hypergraph category to the
spangraph category. It maps a hypergraph to its associated spangraph that is calculated via the case
construction. The edge, node and name components are the same. The vertex set is constructed as the
case set of the edge arity function. It consists of edge-name pairs, where the name is in the arity of the
edge. The indication, comediation and projection components for the spangraph are those of the case
construction. The bijection is the identity function on the case set. Any spangraph has an associated
hypergraph, which is axiomatized in the spangraph namespace. The hypergraph associated with the
spangraph is the original hypergraph. The same is true for morphisms. Hence, the composition of the
spangraph functor with the hypergraph functor (defined in the spangraph namespace) is the identity
functor on the context of hypergraphs. This property is one half of the categorical equivalence between
spangraphs and hypergraphs.

UNCSfunctor reference)

(FUNCssource reference) hypergraph)
FUNCStarget reference) spr$semipair)
)

(
(FUNCsSobject reference) hgph.objs$reference)
(FUNCSmorphism reference) hgph.mor$reference)

LI | R [ e

FUNCSsource name) hypergraph)
FUNCStarget name) set.semi$semi)
FUNCS$object name) hgph.objS$name)
FUNCSmorphism name) hgph.mor$name)
name (FUNCScomposition [reference spr$index]))

UNCS$functor name)
(
(
(
(

o nonon ="

FUNCSsource node) hypergraph)
FUNCStarget node) setSset)
FUNCS$object node) hgph.objS$node)
FUNC$morphism node) hgph.morS$node)
node (FUNCScomposition [reference spr$set]))

UNCSfunctor node)
(
(
(
(

oo =

FUNCS$source edge) hypergraph)
FUNCStarget edge) setSset)
FUNCSobject edge) hgph.objS$edge)
FUNCS$morphism edge) hgph.morS$edge)

LI | | [ e

UNCsfunctor edge)
(
(
(
(

FUNCSsource case) hypergraph)
FUNCStarget case) setSset)
FUNCS$object case) hgph.objS$Scase)
FUNC$Smorphism case) hgph.morS$case)

LI | [ B

UNCSfunctor case)
(
(
(
(

UNCsfunctor spangraph)

FUNCS$source spangraph) hypergraph)
FUNCStarget spangraph) sgphS$spangraph)
FUNCSobject spangraph) hgph.objS$spangraph)
FUNCSmorphism spangraph) hgph.mor$spangraph)

o non =

(
(
(
(

(8) (= (FUNCScomposition [spangraph sgph$hypergraphl])
(FUNCSidentity hypergraph))

The spangraph functor is fully defined by four identities. These assert that the edge, node and name com-
ponents are equivalently related through the spangraph functor, and that the spangraph vertex component is
equivalently related to the hypergraph case component: sgph e vert = case, sgph - edge = edge,
sgph - node = node and sgph - name = name.

(9) FUNCScomposition [spangraph sgph$vertex]) case)
FUNCScomposition [spangraph sgphS$edge]) edge)
FUNCScomposition [spangraph sgphS$node]) node)

FUNCScomposition [spangraph sgph$name]) name)

(
(
(
(
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Natural Transformations

In general, any natural transformation a: F; = F,: A— B with B as its target category, is logically
equivalent to a functor F: A — B with the arrow category B as its target category, where the source and
target functors are defined as the composition with the (vertical) source and target projection functors F; =
F-m and F, = F-m,. The naturality constraint is identified with the quartet constraint (Diagram 11).
Originally, in the formalization there were functors corresponding to the signature, arity, indication, come-
diation and projection natural transformations. All of these natural transformations have Set as their target
category. The corresponding functors had the arrow category Set" as their target category. However, even-
tually these were deemed too confusing. The current representation corresponds more closely to the stan-
dard representation of category theory. However, for convenience of presentation, the arrow category Set
in the guise of the horizontal category of the double category of set quartets Set”, is still used as the target
of the component aspects of all of these natural transformations.

Here is a list of the IFF-LCO outer shell natural transformations that are

axiomatized in this namespace (Figure 2). The component signature natural f

. . . . A —> A
transformation is basic — all the remaining natural transformations are de-
rived from the reference functor and the signature natural transformation. F,
The component arity natural transformation is derived as the composition of Fi(4)) —> Fi(4y)
signature with reference arity. The arity natural transformation defines the
case functor. The indication, comediation and projection component func- G(AI)J/ a J/G(Az)

tions of hypergraphs (part of the case construction) define indication, come-
diation and projection component natural transformations. The source func- Fy(4) ? Fi(42)
tor for all three is the case functor. The target of indication is the edge func- 2

tor, the target of comediation is the node functor, and the target of projection
is the name functor composed with the inclusion functor for the set bijection
subcategory. Naturality is expressed by the defining conditions for the indi-
cation, comediation and projection quartets of hypergraph morphisms.

Diagram 11: Naturality
as Quartet Constraint

Hypergraph
dge
edge refer e
Hypergraph —» Set i 2 |
"amel # | Tincl = name Sett tu_ple) Set
Sett —>» Set® Ttll # | Tincl
pE
Sett —>» Set®
e
Hypergraph Hypergraph
edge {/ case ) node n\
— id — Set’
nam
i,U, Agph
& Hypergraph
Set®™ € Set

Figure 2: Hypergraph Category and Component Natural Transformations

o 9 = sign : edge = refer - tuple : Hypergraph — Set : This is the signature natural transformation
whose source is the edge functor, whose target is the composition of the reference and semipair tuple
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functors, and whose component at any hypergraph is the signature function. The component signature
function maps edges to their reference tuple. Its source is the edge set and its target is the tuple set of
the reference set pair.

o # = arity : edge = name - power - incl: Hypergraph — Set : This is the arity natural transforma-
tion, whose source is the edge functor, whose target is the composition of the name functor, the set-
semi power functor and the inclusion functor, and whose component at any hypergraph is the edge-
arity function. The component edge arity function maps edges to their arity subset of names. Its source
is the edge set and its target is the power of the name set. The arity natural transformation is not basic —
it is definable as the vertical composition: # =0 * (1,efer © #).

o «=indic: case = edge: Hypergraph — Set : This is the indication natural transformation, whose
source is the case functor, whose target is the edge functor, and whose component at any hypergraph is
the indication function. The indication function maps cases to their (hyper) edges.

o » = comed : case = node: Hypergraph — Set : This is the comediation natural transformation,
whose source is the case functor, whose target is the node functor, and whose component at any hyper-
graph is the comediation function. The comediation function maps cases to their nodes via their signa-
tures.

o i =proj:case = name . incl: Hypergraph — Set : This is the projection natural transformation,
whose source is the case functor, whose target is the composition of the name functor with the set-semi
inclusion functor, and whose component at any hypergraph is the projection function. The projection
function maps cases to their names (labels).

O M : iduypergraph = refer - hgph : Hypergraph — Hypergraph : This is the eta natural transformation
whose component at any hypergraph is the eta hypergraph morphism ng : G — hgph(refer(G)).

(10) (NATSnatural-transformation signature)
(NATS$source-category signature) hypergraph)
NATStarget-category signature) setSset)
NATSsource-functor signature)

FUNCScomposition [signature-functor arr$projectionl]))
NATStarget-functor signature)

FUNCScomposition [signature-functor arr$Sprojectionl]))

NATScomponent signature) hgph.obj$signature)

(
(
(
(

(
(
(
(= (
(
(

(=

NATSnatural-transformation arity)
(NATSsource-category arity) hypergraph)
(NATStarget-category arity) setS$Sset)
(NATS$source-functor arity)

(FUNCScomposition [arity-functor arr$projectionl]))
(

(

NATStarget-functor arity)
FUNCScomposition [arity-functor arrSprojection2]))
(NATScomponent arity) hgph.objS$edge-arity)
arity
(NATS$vertical-composition
[signature
(NATShorizontal-composition [(NATSvertical-identity reference) sprSarityl)]l))

NATS$natural-transformation indication)
(NATSsource-category indication) hypergraph)
NATStarget-category indication) set$set)
NATSsource-functor indication)

FUNCS$composition [indication-functor arr$projectionl]))
NATStarget-functor indication)

FUNCScomposition [indication-functor arr$projection2]))
NATScomponent indication) hgph.objs$indication)

(
(
(
(

(
(
(
(
(
(

NATS$natural-transformation comediation)

= (NATSsource-category comediation) hypergraph)
NATStarget-category comediation) setSset)
NATSsource-functor comediation)

FUNCScomposition [comediation-functor arr$Sprojectionl]))
NATStarget-functor comediation)

FUNCS$composition [comediation-functor arr$projection2]))
NATScomponent comediation) hgph.objS$comediation)

(
(
(
(
(
(
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(14) (NATSnatural-transformation projection)

(NATSsource-category projection) hypergraph)

NATStarget-category projection) set$set)

NATSsource-functor projection)

FUNCScomposition [projection-functor harr$Sprojectionl]))
NATStarget-functor projection)

FUNCScomposition [name (FUNCS$inclusion [set.semi$semi set.objS$object])]))
NATScomponent projection) hgph.objsSprojection)

(
(
(
(
(
(

NATS$natural-transformation eta)

(NATSsource-category eta) hypergraph)

NATStarget-category eta) hypergraph)

NATSsource-functor eta) (FUNCS$identity hypergraph))

NATStarget-functor eta) (FUNCS$Scomposition [reference spr$Shypergraph]))
NATScomponent eta) hgph.objSeta)

These natural transformations satisfy several kinds of identities. The first set of identities assert that the
indication, comediation and projection components are equivalently related through the spangraph functor:
Lsgon © <= ¢ lggpn° > =»,and lggpp o & = &.

(16) (= (NATShorizontal-composition
[ (NATSvertical-identity spangraph) sgphS$indication]) indication)

(17) (= (NATShorizontal-composition

[ (NATSvertical-identity spangraph) sgphS$comediation])]) comediation)
(18) (= (NATShorizontal-composition

[ (NATSvertical-identity spangraph) sgphS$projection])]) projection)

The second set of identities express the fact that bijection and realization are identity for the spangraph im-

age: Lsgpn © == lcase and Lggpn © N = 15gpn.

(19) (= (NATShorizontal-composition [(NATSvertical-identity spangraph) sgphsSbijection])
(NATSvertical-identity case))

(20) (= (NATShorizontal-composition [(NATSvertical-identity spangraph) sgphSrealization])
(NATSvertical-identity spangraph))

The third set of identities express the triangle identities required for the adjunction below: 1xgon ° N = 1ngpn

and ne Lroter = lrefer

(21) (= (NATShorizontal-composition [(NATS$vertical-identity sprS$Shypergraph) etal)
(NATSvertical-identity spr$hypergraph))

(22) (= (NATShorizontal-composition [eta (NATSvertical-identity reference)])
(NATSvertical-identity reference))

refer 4 hgph
n, 1

Ne = eta(G)
G —> hgph(refer(G)) refer(G) A = refer(hgph(A)) hgph(A)
\ hgph(h) J/ o \ T refer(g) T g
g o
hgph(A) A refer(G) G
Diagram 1a: Universal Morphism Diagram 1b: Couniversal Morphism
Adjunctions

We want to verify that the reference adjunction p = {refer, hgph, 0, 1) : Hypergraph — Set* forms an
adjunction (actually a reflection) (Diagrams la, 1b). This adjunction links the contexts of hypergraph and
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semipairs by reference — the category Set' is a reflective subcategory of the category Hypergraph with the
reference functor refer : Hypergraph — Set" as the reflector. To do this we need to verify that the hyper-
graph inclusion functor

hgph : Set" — Hypergraph
is the right adjoint left inverse (rali) of the reflection p = (refer, hgph, n, 1) : Hypergraph — Set*". In
other words, given any hypergraph G, we want to verify that the reference set pair refer(G) is the free pair
over G. More abstractly, we want to verify that the reference and hypergraph functors participate in an ad-
junction where
o the reference functor refer : Hypergraph — Set™ is the left adjoint,
o the hypergraph functor hgph : Set' — Hypergraph is the right adjoint,

o for any hypergraph G the eta hypergraph morphism ng : G — hgph(refer(G)) is the G™ component of
the unit natural transformation 1 : iGhypergraph = refer > hgph, and

o the counit natural transformation is the identity 1se, = hgph ° refer.

name(g) edge(g)
name(G) ——=> index(4) edge(G) —— tuple(A)
refer(G) refer(g) A sign(G) \L SIgn(g) \L I'dtup/e(A)
node(G) ——>  sel(A4) tuple(refer(G)) —— tuple(A)
node(g) tuple(refer(g))
Figure 3: Hypergraph Morphism g
id sign(G)
name(G) —> name(G) edge(G) ——> tuple(refer(G))
refer(G) referne) refer(G) sign(G) l sign(ne) J/"d
node(G) ——- node(G) tuple(refer(G)) —— tuple(refer(G))
id id

Figure 3: Hypergraph Morphism ng

[Universal morphism] More concretely, we want to verify (Diagram la) that for any hypergraph G, the
pair {ng, refer(G)) consisting the reference set pair refer(G) and the eta hypergraph morphism ng =
eta(G) : G — hgph(refer(G)), forms a universal morphism from G to hgph. To verify this, we need to
show that for every pair (g, A) consisting of a set pair 4 and a hypergraph morphism g : G — hgph(A),
there is a unique semiquartet o : refer(G) — 4 with ng - hgph(a) = g. Define the quartet a = refer(g). This
is easily seen to be unique — just look at the reference aspect of the equation: refer(g) = re-
fer(ne) - refer(hgph(w)) = refer(hgph(a)) = a.

[Couniversal morphism] Alternately, we want to verify (Diagram 1b) that for any set pair K, the pair
(hgph(A), id4) consisting of the pair 4 embedded as a hypergraph hgph(A4) and the identity semiquartet
id4 : refer(hgph(A)) — A, forms a couniversal morphism to A from refer. To verify this, we need to show
that for every pair (G, o) consisting of a hypergraph G and a semiquartet o : refer(G) — A, there is a unique
hypergraph morphism g : G — hgph(A4) with refer(g) = a. Just define g, where refer(g) = o and edge(g) =
sign(G) - tuple(o,).

(23) (ADJsadjunction reflection)

= (ADJSunderlying-category reflection) hypergraph)

(ADJSfree-category reflection) spr$semipair)
(ADJSleft-adjoint reflection) reference)

(
(
(
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(= (ADJsright-adjoint reflection)

( (ADJSunit reflection) eta)
(= (ADJScounit reflection) (NATS$identity (FUNCSidentity spr$semipair)))

spr$hypergraph)
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The Contexts of Hypergraph Fibers
hgph. fbr

Fiber Categories

For any set X representing a fixed set of names, there is a fiber hypergraph subcategory

Hypergraph(X) < Hypergraph

consisting of all hypergraphs whose name set is X and all hypergraph morphisms whose name bijection is
idx : X — X. Since Hypergraph is the origin, all the functors and natural transformations for the full cate-
gory of hypergraphs can be restricted to fibers.

(1) (KIFSfunction hypergraph)
= (KIF$source hypergraph) set.objsSobject)
= (KIFStarget hypergraph) CATScategory)
forall (?x (set.objsobject ?x))
(and (CATSsubcategory (hypergraph ?x) hgphsShypergraph)
(= (CATSobject (hypergraph ?x))
(hgph. fbr.objsobject ?x))
(CATSmorphism (hypergraph ?x))
(hgph. fbr.mor$morphism (set.mor$identity ?x)))
(CATS$source (hypergraph ?x))
(hgph. fbr.morsSsource (set.mor$identity °?x)))
(CATStarget (hypergraph ?x))
(hgph. fbr.morstarget (set.morSidentity ?x)))
(
(
(
(
(
(

CATS$composable (hypergraph ?x))

hgph. fbr.mor$composable [(set.mor$identity ?x) (set.mor$identity ?x)1))
CATS$composition (hypergraph ?x))

hgph.fbr.mor$composition [(set.morsidentity ?x) (set.morS$identity °?x)1))
CATS$identity (hypergraph ?x))

hgph.fbr.mor$identity ?x))))

hgph(Y)
- — >
Spangraph(x) Set® Spangraph(Y) =, Hypergraph(Y)

Y & sgph(h W hgph(hy
sgph(X)T name(X) Tﬂba — index(X) \ sgph(h%: gph(h) haph(X) =
X

edge(X) v = ref 5 —>
Set «— Hypergraph(X§—>re er%()etJ‘(X) Spangraph(X) < Hypergraph(X)

. h(X) .
case(X) Tt = Set incl(X) Sgph( incl(X)
X2 (X)
node(X) hgph

—>

Set Set Spangraph = Hypergraph
: yperg
sgph

Diagram 2: Hypergraph Fiber Categories, Functors, Natural Transformations and Adjunctions

Fiber Functors

For any set X representing a fixed set of names, here is a list of the outer shell fiber functors that are axio-
matized in this namespace (Diagram 2). The component fiber reference functor is basic. As derivative no-
tions, composing this with the fiber projection functors in the fiber set semipair category Setl(X) gives the
component fiber node and name functors to the category Set and the set bijection subcategory Set™. There
is no component fiber vertex functor for hypergraphs, but in its place is the fiber case functor. There is also
a fiber spangraph functor linking the fiber context of hypergraphs with the categorically equivalent fiber
context of spangraphs.

o Incl(X): Hypergraph(X) — Hypergraph : The inclusion functor embeds the fiber category Hyper-
graph(X) into the full category of hypergraphs.
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o == refer(X): Hypergraph(X) — Set"(X) : The fiber reference functor maps a hypergraph with name
set X to its reference pair consisting of the name set X and the node set, and maps a hypergraph mor-
phism with name bijection idy to its reference semi-quartet consisting of the name bijection idy and the
node function.

o name(X): Hypergraph(X) — Set™ : The fiber name functor maps a hypergraph with name set X to
that name set and maps a hypergraph morphism with name bijection idy to that name bijection. This fi-
ber functor is not basic — it is the composition of the fiber reference functor with the semipair fiber in-
dex functor.

o node(X): Hypergraph(X) — Set : The fiber node functor maps a hypergraph with name set X to its
node set and maps a hypergraph morphism with name bijection idy to its node function. This functor is
not basic — it is the composition of the fiber reference functor with the semipair fiber set functor.

o edge(X): Hypergraph(X) — Set : The fiber edge functor maps a hypergraph with name set X to its
edge set and maps a hypergraph morphism with name bijection idy to its edge function.

o case(X): Hypergraph(X) — Set : The fiber case functor maps a hypergraph with name set X to its
case set defined as the coproduct of the edge arity, and maps a hypergraph morphism to its case func-
tion defined as the coproduct of the edge arity morphism. The fiber case functor is defined by (compo-
nents of) the fiber arity natural transformation.

o sgph(X): Hypergraph(X) — Spangraph(X) : The fiber spangraph functor connects the fiber hyper-
graph category to the fiber spangraph category. It maps a hypergraph with name set X to its associated
spangraph that is calculated via the case construction. The edge, node and name components are the
same. The vertex set is constructed as the case set of the edge arity function. It consists of edge-name
pairs, where the name is in the arity of the edge. The indication, comediation and projection compo-
nents for the spangraph are those of the case construction. The bijection is the identity function on the
case set. Any spangraph with name set X has an associated hypergraph with name set X, which is
axiomatized in the fiber spangraph namespace. The hypergraph associated with the spangraph is the
original hypergraph. The same is true for morphisms. Hence, the composition of the fiber spangraph
functor with the fiber hypergraph functor is the identity functor on the fiber context of hypergraphs.
This property is one half of the fiber categorical equivalence between spangraphs and hypergraphs.

(2) (KIFSfunction inclusion)
(= (KIFsSsource inclusion) set.objS$object)
(= (KIFstarget inclusion) FUNCS$functor)
(forall (?x (set.objS$object ?x))
(and (= (FUNCSsource (inclusion ?x)) (hypergraph ?x))
(= (FUNCStarget (inclusion ?x)) hgphshypergraph)
(= (FUNCSobject (inclusion ?x))
(SET.FTNS$inclusion [ (hgph.fbr.objS$object ?x) hgph.obj$object]))
(= (FUNCSmorphism (inclusion ?x))
(SET.FTNSinclusion
[ (hgph.fbr.morSmorphism (set.mor$identity ?x)) hgph.mor$morphism]))))
(3) (KIFSfunction reference)
(= (KIFssource reference) set.objS$object)
(= (KIFstarget reference) FUNCSfunctor)
(forall (?x (set.objS$object ?x))
(and (= (FUNCsSsource (reference ?x)) (hypergraph ?x))
(= (FUNCStarget (reference ?x)) (spr.fbrsSsemipair ?x))
(= (FUNCSobject (reference ?x)) (hgph.fbr.objS$reference ?x))
(= (FUNCSmorphism (reference ?x)) (hgph.fbr.mor$Sreference (set.mor$identity ?x)))
(FUNCSrestriction (reference ?x) hgphSreference)))
(4) IFSfunction name)

(KIFStarget name) FUNC$Sfunctor)

K
= (KIFSsource name) set.objsSobject)
forall (?x (set.objsobject ?x))

name ?x) (FUNCScomposition [(reference ?x) (spr.fbr$index ?x)]1))

(and (= (FUNCs$source (name ?x)) (hypergraph ?x))
(FUNCStarget (name ?x)) set.semi$semi)
(FUNCSobject (name ?x)) (hgph.fbr.obj$name ?x))
(FUNCSmorphism (name ?x)) (hgph.fbr.mor$name (set.mor$identity ?x)))
(
UNCsrestriction (name ?x) hgphS$name)))

L A | R 1}
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(5) (KIFSfunction node)

= (KIFSsource node) set.objsobject)
= (KIFStarget node) FUNC$functor)

f

(
(
(
(forall (?x (set.objS$object ?x))

node ?x) (FUNCScomposition [(reference ?x) (spr.fbr$set ?x)]))

(and (= (FUNCSsource (node ?x)) (hypergraph ?x))
= (FUNCStarget (node ?x)) setSset)
= (FUNCSobject (node ?x)) (hgph.fbr.objsnode ?x))
= (FUNCSmorphism (node ?x)) (hgph.fbr.mor$Snode (set.mor$identity ?x)))
=
F

UNCsSrestriction (node ?x) hgph$node)))
(6) (KIFSfunction edge)
(= (KIFssource edge) set.obj$object)
(= (KIFsStarget edge) FUNCS$Sfunctor)
(forall (?x (set.objS$object ?x))
(and (= (FUNCssource (edge ?x)) (hypergraph ?x))
(= (FUNCStarget (edge ?x)) setSset)
(= (FUNCSobject (edge ?x)) (hgph.fbr.objsedge ?x))
(= (FUNCSmorphism (edge ?x)) (hgph.fbr.morsedge (set.mor$identity ?x)))
(FUNCsSrestriction (edge ?x) hgphS$Sedge)))
(7) (KIFSfunction case)
(= (KIFsSsource case) set.objS$object)
(= (KIFStarget case) FUNCS$functor)
(forall (?x (set.objsSobject ?x))
(and (= (FUNCSsource (case ?x)) (hypergraph ?x))
(= (FUNCStarget (case ?x)) setSset)
(= (FUNCSobject (case ?x)) (hgph.fbr.objsScase ?x))
(= (FUNCSmorphism (case ?x)) (hgph.fbr.morScase (set.mor$identity ?x)))
(FUNCsSrestriction (case ?x) hgphS$case)))
(8) (KIFS$function spangraph)
(= (KIFsSsource spangraph) set.objS$object)
(= (KIFsStarget spangraph) FUNCSfunctor)
(forall (?x (set.objS$object ?x))
(and (= (FUNCSsource (spangraph ?x)) (hypergraph ?x))
(= (FUNCStarget (spangraph ?x)) (sgph.fbrS$spangraph ?x))
(= (FUNCSobject (spangraph ?x)) (hgph.fbr.obj$spangraph ?x))
(= (FUNCSmorphism (spangraph ?x)) (hgph.fbr.mor$spangraph (set.mor$Sidentity ?x)))
(FUNCSrestriction (spangraph ?x) hgphS$spangraph)))
(9) (= (FUNCScomposition [spangraph sgph$hypergraphl])

(FUNCSidentity hypergraph))

The fiber spangraph functor is fully defined by four identities. These assert that the fiber edge, node and
name components are equivalently related through the fiber spangraph functor, and that the fiber spangraph
vertex component is equivalently related to the fiber hypergraph case component: sgph(X) - vert(X) =
case(X), sgph(X) - edge(X) = edge(X), sgph(X) > node(X) = node(X) and sgph(X) - name(X)
name(X).

(10) (forall (

%

set.obj$object ?x))

?x

(and (= (FUNCscomposition [(spangraph ?x) (sgph.fbr$vertex ?x)]) (case ?x))
(= (FUNCScomposition [ (spangraph ?x) (sgph.fbrSedge ?x)]) (edge ?x))
(= (FUNCScomposition [ (spangraph ?x) (sgph.fbrs$node ?x)]) (node ?x))
(= (FUNCScomposition [ (spangraph ?x) (sgph.fbrSname ?x)]) (name °?x))))

For any set bijection & : X — Y there is a direct image functor
k"' : Hypergraph(X) — Hypergraph(¥)

along h and an inverse image functor

k™" : Hypergraph(Y) — Hypergraph(X)
along h. These two functors are inverse to each other. Hence, the two fiber categories are isomorphic

Hypergraph(X) = Hypergraph(Y).

(11) (KIFsfunction direct-image)

= (KIFSsource direct-image) set.morSbijection)
= (KIFStarget direct-image) FUNC$functor)

£

orall (?h (set.morSbijection ?h))

(
(
(
(
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o
B
[o}

(FUNCSsource (direct-image ?h))
(FUNCStarget (direct-image ?h))
(FUNCSobject (direct-image ?h))
(FUNCSmorphism (direct-image ?h

(hypergraph (set.mor$source ?h)))
(hypergraph (set.mor$target ?h)))
(hgph. fbr.objsdirect-image ?h))
(hgph. fbr.morsdirect-image ?h))

)) ))

(12) (KIFsfunction inverse-image)

= (KIF$source inverse-image) set.mor$bijection)
= (KIFS$target inverse-image) FUNCS$functor)
forall (?h (set.mor$bijection ?h))

(and ( FUNCSsource (inverse-image ?h))
FUNCStarget (inverse-image ?h))
FUNCS$object (inverse-image ?h))
FUNCSmorphism (inverse-image ?h

(
(
(
(

hypergraph (set.morS$Starget ?h
hypergraph (set.mor$source ?h
hgph.fbr.obj$inverse-image ?h
hgph. fbr.mor$inverse-image ?h

(
(
(
(

(
(
( ))

(13) (forall (?h
(and (=

(set.mor$bijection ?h))

(FUNCScomposition [(direct-image ?h) (inverse-image ?h)])
(FUNCsSidentity (hypergraph (set.mor$source ?h))))
(
(

(= (FUNCScomposition [(inverse-image ?h) (direct-image ?h)])

FUNC$identity (hypergraph (set.mor$target ?h))))
(FUNCSisomorphic (hypergraph (set.mor$source ?h)) (hypergraph (set.morS$target ?h)))))

Fiber Natural Transformations

For any set X representing a fixed set of names, here is a list of the IFF-LCO outer shell fiber natural trans-
formations that are axiomatized in this namespace (Figure 4). The component fiber signature natural trans-
formation is basic — all the remaining fiber natural transformations are derivable from the fiber reference
functor and the fiber signature natural transformation. The component fiber arity natural transformation is
derived as the composition of fiber signature with fiber reference arity. The fiber arity natural transforma-
tion defines the fiber case functor. The fiber indication, comediation and projection component functions of
hypergraphs (part of the fiber case construction) define fiber indication, comediation and projection com-
ponent natural transformations. The source functor for all three is the fiber case functor. The target of indi-
cation is the fiber edge functor, the target of comediation is the fiber node functor, and the target of projec-
tion is the fiber name functor composed with the inclusion functor for the set bijection subcategory.

Hypergraph(x)
edge(X) refe edge(X)
Hypergraph(x) —>» Set ox |
name(X)i #e | Tincl = name(X) Setl(X)tuple(X); Set
Sett ——>» Set" nml # | Tincl
7 A\ 4
Set® —>» Set"
P
"lypergraph(® Hypergraph(x)
refer(X)
< >
name case(X) =
vl & hgph(x)
- Hypergraph(Xx)
Set®™ € Set

Figure 4: Hypergraph Category and Component Natural Transformations

o dx = sign(X) : edge(X) = refer(X) o tuple(X) : Hypergraph(X) — Set : This is the fiber signature
natural transformation whose source is the fiber edge functor, whose target is the composition of the
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fiber reference and semipair fiber tuple functors, and whose component at any hypergraph with name
set X is the fiber signature function.

o #y = arity(X) : edge(X) = name(X) ° power ° incl: Hypergraph(X) — Set : This is the fiber arity
natural transformation, whose source is the fiber edge functor, whose target is the composition of the
fiber name functor, the set-semi power functor and the inclusion functor, and whose component at any
hypergraph with name set X is the fiber edge-arity function. The fiber arity natural transformation is
not basic — it is definable as the vertical composition: #y = dx * (1rerenx) © #x).

o <« = indic(X) : case(X) = edge(X) : Hypergraph(X) — Set : This is the fiber indication natural
transformation, whose source is the fiber case functor, whose target is the fiber edge functor, and
whose component at any hypergraph with name set X is the fiber indication function.

o y=comed(X) : case(X) = node(X) : Hypergraph(X) — Set : This is the fiber comediation natural
transformation, whose source is the fiber case functor, whose target is the fiber node functor, and
whose component at any hypergraph with name set X is the fiber comediation function.

o iy=proj(X): case(X) = name(X) . incl: Hypergraph(X) — Set : This is the fiber projection natu-
ral transformation, whose source is the fiber case functor, whose target is the composition of the fiber

name functor with the set-semi inclusion functor, and whose component at any hypergraph with name
set X is the fiber projection function.

O Myx: iOuypergraphexy = refer(X) - hgph(X) : Hypergraph(X) — Hypergraph(X) : This is the fiber eta
natural transformation whose component at any hypergraph G with name set X is the fiber eta hyper-

graph morphism Ny : G — hgph(X)(refer(X)(G)).

(14) (KIFsfunction signature)
(= (KIFsSsource signature) set.objS$object)
(= (KIFsStarget signature) NATSnatural-transformation)
(forall (?x (set.objS$object ?x))
(and (= (NATS$source-category (signature ?x)) (hypergraph ?x))
(= (NATStarget-category (signature ?x)) set$set)
(= (NATSsource-functor (signature ?x)) (edge ?x))
(= (NATStarget-functor (signature ?x))
(FUNCScomposition [(reference ?x) (spr.fbrsStuple ?x)]1))
(= (NATScomponent (signature ?x)) (hgph.fbr.obj$signature ?x))
(NATSrestriction (signature ?x) hgphS$signature)))
(15) (KIFsfunction arity)
(= (KIFSsource arity) set.objS$object)
(= (KIFStarget arity) NATS$natural-transformation)
(forall (?x (set.objS$object ?x))
(and (= (NATSsource-category (arity ?x)) (hypergraph ?x))
(= (NATStarget-category (arity ?x)) setS$set)
(= (NATSsource-functor (arity ?x)) (edge ?x))
(= (NATStarget-functor (arity ?x))
(FUNCScomposition [ (FUNC$Scomposition
[ (name ?x) set.semi$power]) (FUNCS$inclusion [set.semi$semi set$set])]))
(= (NATScomponent (arity ?x)) (hgph.fbr.obj$edge-arity ?x))
(= (arity ?x)
(NATSvertical-composition
[ (signature ?x)
(NATShorizontal-composition
[ (NATSvertical-identity (reference ?x)) (spr.fbrSarity ?x)1)1))
(NATSrestriction (arity ?x) hgphSarity)))
(16) IFSfunction indication)

(KIFStarget indication) NATSnatural-transformation)

K
= (KIFSsource indication) set.objsSobject)
forall (?x (set.objsobject ?x))

o
=
a

(NATS$source-category (indication ?x)) (hypergraph ?x))
(NATStarget-category (indication ?x)) set$set)
(NATSsource-functor (indication ?x))
(
(

(

( (case ?x))

( NATStarget-functor (indication ?x)) (edge ?x))

( NATScomponent (indication ?x)) (hgph.fbr.objsindication ?x))))
(

NATSrestriction (indication ?x) hgph$indication)))

(17) (KIFS$function comediation)
(= (KIFSsource comediation) set.objsSobject)
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(= (KIFStarget comediation) NATSnatural-transformation)

(forall (?x (set.objS$object ?x))

(and (= (NATS$source-category (comediation ?x)) (hypergraph ?x))
(NATStarget-category (comediation ?x)) setSset)
(NATSsource-functor (comediation ?x))

(
(

_ (case ?x))
= (NATStarget-functor (comediation ?x)) (node ?x))
= (NATScomponent (comediation ?x)) (hgph.fbr.objS$comediation ?x))))

(
(
(
(
(

NATSrestriction (comediation ?x) hgphS$comediation)))

(18) (KIFsfunction projection)
(= (KIFSsource projection) set.obj$object)
(= (KIFstarget projection) NATS$natural-transformation)
(forall (?x (set.objS$object ?x))
(and (= (NATS$source-category (projection ?x)) (hypergraph ?x))
(= (NATStarget-category (projection ?x)) setSset)
(= (NATSsource-functor (projection ?x)) (case ?x))
(= (NATStarget-functor (projection ?x))
(FUNCScomposition [(name ?x) (FUNCSinclusion [set.semi$semi setS$set])]))
(= (NATScomponent (projection ?x)) (hgph.fbr.objsSprojection ?x))))
(NATSrestriction (projection ?x) hgphS$projection)))
(19)

KIFSfunction eta)

= (KIF$source eta) set.objS$object)

= (KIFStarget eta) NATSnatural-transformation)
forall (?x (set.objsSobject ?x))

(and (= (NATS$source-category (eta ?x)) (hypergraph ?x))
(NATStarget-category (eta ?x)) (hypergraph ?x))
(NATSsource-functor (eta ?x)) (FUNCS$identity (hypergraph ?x)))
(

(

(
(
(
(

(
(
(

NATStarget-functor (eta ?x))

FUNCScomposition [(reference ?x) (spr.fbrShypergraph ?x)1))
(= (NATScomponent (eta ?x)) (hgph.fbr.obj$eta ?x))))
(NATSrestriction (eta ?x) hgphSeta)))

These natural transformations satisfy several kinds of identities. The first set of identities assert that the
fiber indication, comediation and projection components are equivalently related through the fiber span-

graph functor: 1sgonx ° <x = <x lsgonw) © >x =>x, and lggpny) © dx = tx.

(20) (forall (?x (set.objS$object ?x))
(and (= (NATShorizontal-composition
[ (NATSvertical-identity (spangraph ?x)) (sgph.fbr$indication ?x)1])
(indication ?x))
(= (NATshorizontal-composition
[ (NATSvertical-identity (spangraph ?x)) (sgph.fbr$comediation ?x)])])
(comediation °?x))
(= (NATshorizontal-composition
[ (NATSvertical-identity (spangraph ?x)) (sgph.fbrS$projection ?x)1)1)
(projection ?x))))

The second set of identities express the fact that fibe bijection and realization are identity for the fiber
spangraph image: 1sgonx) © =x = lcasex) and lsgonay) © Nx = lsgpney)-

(21) (forall (?x (set.objS$object ?x))
(and (= (NATShorizontal-composition
[ (NATSvertical-identity (spangraph ?x)) (sgph.fbr$bijection ?x)])
(NATSvertical-identity (case ?x)))
(= (NATshorizontal-composition
[ (NATSvertical-identity (spangraph ?x)) (sgph.fbrS$realization ?x)])
(NATSvertical-identity (spangraph ?x)))))

The third set of identities express the triangle identities required for the fiber adjunction below: 1pgpnx) © Nx
= lhgph(X) and Nx ° lrefer(X) = lrefer(X)'

(22) (forall (?x (set.objS$object ?x))
(and (= (NATShorizontal-composition
[ (NATSvertical-identity (spr.fbrshypergraph ?x)) (eta ?x)])
(NATSvertical-identity (spr.fbr$Shypergraph ?x)))
(= (NATshorizontal-composition
[(eta ?x) (NATSvertical-identity (reference ?x))])
(NATSvertical-identity (reference ?x)))))
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Fiber Adjunctions

For any set X representing a fixed set of names, there is a fiber reference adjunction py = (re-
fer(X), hgph(X), nx, 1) : Hypergraph(X) — Set*(X) (actually a reflection). This adjunction links the con-
texts of hypergraph fibers and semipair fibers by reference — the fiber category Set*(X) is a reflective sub-
category of the fiber category Hypergraph(X) with the fiber reference functor re-
fer(X) : Hypergraph(X) — Set"(X) as the reflector. That is, the fiber reference and fiber hypergraph func-
tors participate in an adjunction where

o the fiber reference functor refer(X) : Hypergraph(X) — Set'(X) is the left adjoint,

o the fiber hypergraph functor hgph(X) : Set"(X) — Hypergraph(X) is the right adjoint,

o for any hypergraph G the fiber eta hypergraph morphism Ny ¢ : G — hgph(X)(refer(X)(G)) is the G"
component of the unit fiber natural transformation Ny : idypergrapnixy = refer(X) = hgph(X), and

o the counit natural transformation is the identity 1seti(x) = hgph(X) ° refer(X).

KIFSfunction reflection)

= (KIF$source reflection) set.objsobject)
= (KIFStarget reflection) ADJSadjunction)
forall (?x (set.objsobject ?x))

(and (= (ADJSunderlying-category (reference ?x)) (hypergraph ?x))
(= (ADJsSfree-category (reference ?x)) (spr.fbrSsemipair ?x))
(= (ADJsleft-adjoint (reference ?x)) (reference ?x))
(= (ADJSright-adjoint (reference ?x)) (spr.fbrshypergraph ?x))
(= (ADJSunit (reference ?x)) (eta ?x))
(= (

ADJ$counit (reference ?x)) (NATSidentity (FUNC$Sidentity (spr.fbrS$Ssemipair ?x))))))
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Hypergraphs

hgph.obj
e

This section discusses hypergraphs. First, we give a concise edge(G) > pname(G) name(G)

mathematical definition (Figure 5), and then we discuss and
formalize the various parts of this definition. BG\ refer-afity(G)
A hypergraph G = {refer(G), sign(G)) consists of
— areference set pair x¢ = refer(@)
— asignature function dg = Sign(G)
that satisfy the pullback constraint

tgt(sign(G)) = tuple(refer(G)).

(1) (SETS$class object)
(SETS$class hypergraph)
(= hypergraph object)

Figure 5: Hypergraph

(2) (SET.FTNSfunction reference)
(= (SET.FINSsource reference) object)
(= (SET.FINStarget reference) set.pr$pair)
(3) (SET.FTINS$function signature)
(= (SET.FTINSsource signature) object)
(= (SET.FINStarget signature) set.mor$morphism)

(4) (= (SET.FINScomposition [signature set.morsStarget])
(SET.FTNScomposition [reference set.prStuplel))

For convenience of theoretical presentation, we introduce additional hypergraph terminology for the com-
position between the reference function and the tuple arity function

—  reference-arity function refer-arity(G) = tuple-arity(+¢) : tuple(refer(G)) — g name(G).

(5) (SET.FTINS$function reference-arity)
(SET.FTNS$source reference-arity) object)
(SET.FTNStarget reference-arity) set.morSmorphism)

reference-arity (SET.FTNScomposition [reference set.pr$Stuple-arity]))

(
(
(
(

The set function composition of the signature function with the reference arity function defines the
— edge-arity function #; = edge-arity(G) = sign(G) - refer-arity(G).

(6) (SET.FINSfunction edge-arity)

= (SET.FTNSsource edge-arity) object)
= (SET.FTNStarget edge-arity) set.morSmorphism)
forall (?g (object ?2g))

(= (edge-arity ?9)

(set.ftn$composition [(signature ?g) (reference-arity ?2g)])))

For convenience of practical reference, we introduce additional hypergraph terminology for the source and
target components of these functions. The source of the signature function is called the edge set of G' and
denoted edge(G). The second component of the reference pair is called the node set of G and denoted
node(G). The first component of the reference pair is called the name set of G and denoted name(G). In
summary, we provide terminology for the following sets:

— the edge set edge(G) = src(sign(G)),
— the node set node(G) = set2(refer(G)), and
— the name set name(G) = set1(refer(G)).

This results in the following presentations of the reference, signature and arity functions:
—  reference pair refer(G) = (name(G), node(G)),
— signature function dg = Sign(G) : edge(G) — tuple(refer(G)), and

tuple(x¢) node(G)
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— edge-arity function #; = edge-arity(G) : edge(G) — gpname(G).

Names refer to nodes — a tuple in fuple(refer(G)) maps a name to its referent node. We assume that each
hypergraph has an adequate, possibly denumerable, set of names name(G). This generalizes the usual case
where sequences are used — the advantage for this generality is elimination of the dependency on se-
quences. One way to return to sequences is to define name(G) = indexxnode(G) for some index set such
as index = Natno.

The hyperedges in a hypergraph are many-sorted, which means that the component nodes in their signa-
tures are named. For any hyperedge &€ edge(G), the signature of € is a function
dg(€) : arity(G)(e) — node(G). The set of names arity(G)(e) that reference the nodes in the signature of a
hyperedge € € edge(G) is called its (edge) arity. The arity of hyperedges can overlap. Hence, d¢(g) is a
tuple of nodes with indexing set arity(G)(e) < name(G).

An external arity form for a hyperedge is (g, xy, X, ... x,), where arity(G)(g) = {xi, xa, ... x;). An external
signature form for a hyperedge is (g, x; : vi, X3 : V2, ... X, : V), Where dg(e)(xy) = v, forall 1 <k <n.

(7) (SET.FTINS$function edge)
(SET.FTNSsource edge) object)
(SET.FTINStarget edge) set.objS$object)

edge (SET.FTNScomposition [signature set.mor$source]))

(SET.FTNS$Ssource node) object)
(SET.FTNStarget node) set.objS$object)

SET.FTNSfunction node)
= node (SET.FTINScomposition [reference set.prS$set2]))

(
(
(
(

(SET.FTNS$Ssource name) object)
(SET.FTINStarget name) set.objS$object)

SET.FTNSfunction name)
= name (SET.FTINScomposition [reference set.prS$setl]))

(
(
(
(

The composition of the reference operator and the hypergraph operator (in the semipair namespace) is
called the tuple operator: tuple = refer - hgph. The tuple operator is like a closer operator.

(1) For any hypergraph G, tuple(G) is “above” G, in the sense that there is a hypergraph morphism
from G to tuple(G), namely Mg : G — tuple(G);

(2) The tuple operator is idempotent: tuple - tuple = tuple.

(10)
(SET.FTNS$source eta) hgph.objS$object)
(SET.FTNStarget eta) hgph.objS$object)

SET.FINS$function tuple)
= tuple (SET.FTN$Scomposition [reference set.prS$hypergraphl))

(source (eta ?g)) ?9)

?g (hgph.obj$object ?g))
; (target (eta ?g)) (tuple ?29g))))

(12) (= (SET.FTINScomposition [tuple tuple]) tuple)
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Case and Spangraphs

In studies of natural language, the syntactic position of the argument of a verb correlates significantly with
the meaning of the argument as a participant in either the action of the verb or the state indicated by the
verb. These semantic relations between the verb and its arguments are called thematic roles or case rela-
tions. In frame systems, they are represented by slots in the frame for the corresponding verb. In the IFF
verbs correspond to relations and hyperedges.

Any hypergraph G = {refer(G), sign(G)) has a coproduct arity
#c = arity(G) : edge(G) — g name(G).

ET.FINSfunction arity)

(SET.FTNS$source arity) object)
SET.FTINStarget arity) set.col.artSarity)
SET.FTINScomposition [arity set.col.art$index]) edge)
SET.FINScomposition [arity set.col.art$base]) name)
SET.FINScomposition [arity set.col.art$function]) edge-arity)

(13)

o nn wn

Any hypergraph G has a set of thematic roles or case relations or cases

case(G) = Y arity(G) inj(G)(¢)
=Y ; cedge() arity(G)(e) #6(e) ——> case(G)
={(z.x) | £ € edge(G), x € arity(G)(&)}, c | P

that is the coproduct of its arity. In terms of frames, elements of case(A)
can be regarded as frame-slot pairs. The set case(A4) is rather large; this
large cardinality will be handled properly with hypergraphs by adding a2 pjagram 3: Coproduct
denotation or indexing function. In addition, for any hypergraph G and any

hyperedge € € edge(G) there is a case injection function:

inj(G)(g) : #4(e) = arityg(e) — case(G)

defined by inj(G)(e)(x) = (g, x) for all hyperedges € € edge(G) and all names x € arity(G)(g). Obviously,
the injections are injective. They commute (Diagram 3) with projection and inclusion.

name(G)

(14) (SET.FTNSfunction case)

(= (SET.FINSsource case) object)

(= (SET.FINStarget case) set.obj$object)

(= case (SET.FTINScomposition [arity set.col.art$coproduct]))
(15) (KIFsfunction injection)

(KIF$source injection) object)
(KIFStarget injection) SET.FTINS$Sfunction)
injection (SET.FTINS$Scomposition [arity set.col.art$injection]))

(
(
(
(

Any hypergraph G defines indication and projection functions (Diagram 4) based on its arity:

indic(G) : case(G) — edge(G), case(G)
proj(G) : case(G) — name(G). indic(G) / \l proj(G)
These are defined by #c; name(G)
indic(G)(g, x) = & and proj(G)(e, x) = x edge(G) ——> gpname(G)
for all hyperedges € € edge(G) and all names x € arity(G)(e). Diagram 4: Indication and Projection
(16) (SET.FTNSfunction indication)
(= (SET.FTINSsource indication) object)
(= (SET.FINStarget indication) set.morSmorphism)
(= indication (SET.FTINScomposition [arity set.col.art$indication]))
(17)

(SET.FTNS$source projection) object)
(SET.FTNStarget projection) set.mor$morphism)

SET.FINS$function projection)
= projection (SET.FINScomposition [arity set.col.artSprojection]))
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Any hypergraph G defines a morphism (Diagram 5) from its arity to
the arity of its reference pair:

arity-mor(G) = {(sign(G), id) : arity(G) — arity(refer(G)).
This arity morphism will be used to define a case function between
the case set axiomatized here and the case set of the reference pair.
Since both of these are coproducts of arities, this case function will
be define as the coproduct of the arity morphism. This case function
is used to define comediation.

(18) ET.FINSfunction arity-morphism)

(SET.FTNS$source arity-morphism)
.FTNS$target arity-morphism)
.FTNScomposition
.FTNScomposition
.FTNScomposition
.FTNScomposition
.FTNScomposition
.FTNScomposition

object)

[arity-morphism set.col.art
[arity-morphism set.col.art
[refer set.prSarityl))

[arity-morphism set.col.art
[arity-morphism set.col.art
[ (SET.FINScomposition [name

S

(
(
(
(
(

(
(

Any hypergraph G has a function (Diagram 6)
case-sign(G) : case(G) — case(refer(G)),

that satisfies the following constraints:
case-sign(G) - index(refer(G)) = index(G) - sign(G),

case-sign (G) - proj(refer(G)) = proj(G).
Pointwise, this is defined by

case-sign(G)((e, x)) = (dg(e), x)

for all hyperedges € € edge(G) and all names x € arity(G)(e). Ab-
stractly, this is defined to be the coproduct of the arity morphism of G.

It is the mediating function for the signature function dg =

sign(G) : edge(G) — tuple(refer(G)), regarded as a coproduct cocone
over the reference pair coproduct arity.

(19) (SET.FINsfunction case-signature)
(SET.FTNS$source case-signature)
SET.FTINStarget case-signature)
SET.FTINScomposition
SET.FTINScomposition
(SET.FTNS$Scomposition
case-signature

(SET.FTNS$Scomposition

object)
set.mor$morphism)
[case-signature set.mor$source])
[case-signature set.morS$target])
[reference set.prScase]))

(
(
(= (
(= (
(= (

(=

Any hypergraph G defines a comediation function:
g = comed(G) : case(G) — node(G).

This function is the slot-filler function for frames. Pointwise, it is de-
fined by

comed(G)((g, x)) = dg(e)(x)
for all hyperedges ¢ € edge(G) and all names x € arity(G)(s). Ab-
stractly, it is the comediation — hence the name — of the coproduct cotu-
ple (cocone) consisting of the collection of edge signatures regarded as
functions,

{dq(e) : arity(G)(e) — node(G) | € € edge(G)}.

.mor$index])
.morSbasel])
set$power])

May 8, 2003

arity(G)
edge(G) ——> gpname(G)

sign(G) J/ J/ id

tuple(refer(G)) —> @ name(G)
arity(refer(G))

Diagram 5: Arity Morphism

set.col.art.morSarity-morphism)
.mor$source] )
.mor$target])

arity)

signature)

set.morsidentityl))

case(G)
,'ndex(Gy \l proj(G)

case-sign(G)

3 case(refer(G))| id id
G

index(refeer(G)/ \l proj(refer(G))
name(@)

tuple(refer(G)) —> @ name(G)

#mmqm

Diagram 6: Case-tuple function

case)

[arity-morphism set.col.art.mor$coproduct]))

case(G) comed(G)
case-sign(G) \J/ node(G)
case(refer(G@)) = comed(refer(G))

Diagram 7: Comediator

However, a simpler definition is at hand: the hypergraph comediation can be defined (Diagram 7) as the
composition of the case-signature function and the reference pair comediation. The comediation function
commutes with the injection and signature functions of any hyperedge. If the indexed names in case(G)
are viewed as roles (prehensions), the comediation is a reference function from roles to objects (actualities).

(20) (SET.FTNSfunction comediation)
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(SET.FTNS$source comediation) object)
(SET.FTNStarget comediation) set.morsSmorphism)
(SET.FTNScomposition [comediation set.mor$source]) case)
(SET.FTNScomposition [comediation set.mor$source]) node)
rall (?g (object ?2g))
(= (comediation ?2g)
(set.ftn$composition [(case-signature ?g) (set.pr$Scomediation (reference ?29))])))

L L [ | 1}

o

te
edge(G) ——> g@name(G)
5 \ %*G) nexus prehensions  actualities
¢ indic(f) comed(f)
tuple(*¢) edge(G) «<— verf(G) —— node(G)
= roj J/
name(G) proj(f)
, name(G)
*G
names
node(G)

Figure 6: From hypergraph to spangraph

Associated with any hypergraph G is a spangraph (Figure 6)

sgph(G)

=(vert(sgph(G)), <sgpna), €dge(SgPh(G)), >sgonc), NOAE(SGPN(G)), Lsgpnia), Name(sgph(@))),
whose vertex set is the case set of G, whose source (nexus), target (actualities) and label (prehensions)
functions are

<sgph(a) = indic(G) : case(G) — edge(G),
»sgoh(e) = comed(G) : case(G) — node(G), and

Y sgon@ = Proj(G) : case(G) — name(G).

(21) (SET.FINSfunction spangraph)
(SET.FTNS$source spangraph) object)
SET.FTINStarget spangraph) sgph.objS$object)
SET.FTINScomposition [spangraph sgph.objSvertex]) case)
SET.FTINScomposition [spangraph sgph.objsSedge]) edge)
SET.FINScomposition [spangraph sgph.objs$node]) node)
SET.FINScomposition [spangraph sgph.objS$name]) name)
SET.FTINScomposition [spangraph sgph.objs$indication]) indication)
]
)

SET.FTINScomposition [spangraph sgph.objS$comediation]) comediation)
SET.FINScomposition [spangraph sgph.obj$projection]

projection)
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Hypergraph Fibers
hgph. fbr.obj

We define the fiber for the name class function, so that hgph(X) = name™'(X) c hgph = obj(Hypergraph)
is the class of hypergraphs whose name set is X. Fibers are used when modeling the name bijection is oner-
ous. They are needed when axiomatizing limits and colimits. All of the terminology for hypergraphs is used
in the name fiber namespace.

(1) (SET.FTNS$function object)

SET.FINSfunction hypergraph)

= hypergraph object)

SET.FTINSsource object) set.objS$object)
SET.FINStarget object) (SETSpower hgph.objS$object))

= object (SET.FTINSfiber hgph.objS$name))

For any set X representing a fixed set of names, there is an inclusion fiber class function

incl(X) : hgph(X) — hgph
that injects the hypergraph fiber class into the hypergraph class.

(2) (KIFSfunction inclusion)
= (KIFS$source inclusion) set.obj$object)
= (KIFStarget inclusion) SET.FTIN$function)
forall (?x (set.objsSobject ?x))
(and (= (SET.FINS$source (inclusion ?x)) (object ?x))
(= (SET.FINStarget (inclusion ?x)) hgph.objS$object)
(= (inclusion ?x) (SET.FTNSinclusion [(object ?x) hgph.objS$object]))))

(
(
(
(

For any set X representing a fixed set of names, there are the following fiber class functions.
refer(X) = incl(X) - refer : hgph(X) — hgph — pr
sign(X) = incl(X) - sign : hgph(X) — hgph — ftn
edge-arity(X) = incl(X) - edge-arity : hgph(X) — hgph — ftn

(3) (KIFSfunction reference)
(= (KIFssource reference) set.objS$object)
(= (KIFstarget reference) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINSsource (reference ?x)) (object ?x))
(= (SET.FINStarget (reference ?x)) set.prSpair)
(= (SET.FINScomposition [(reference ?x) set.prSsetl])
((set.ftnsSconstant [(object ?x) set.objS$object]) ?x))
(SET.FTINSrestriction (reference ?x) hgph.objsreference)))
(4) IFSfunction signature)

(KIFStarget signature) SET.FTINSfunction)
orall (?x (set.objsobject ?x))
(and (= (SET.FINSsource (signature ?x)) (object ?x))
(= (SET.FINStarget (signature ?x)) set.morSmorphism)
(SET.FTINSrestriction (signature ?x) hgph.objS$signature)))

K
= (KIF$source signature) set.objS$object)
£

(5) (forall (?x (set.obj$object ?x))
(= (SET.FINScomposition [(signature ?x) set.morS$targetl])
(SET.FTNScomposition [(reference ?x) set.prS$Stuplel)))

KIF$function edge-arity)

= (KIF$source edge-arity) set.objsobject)

= (KIFStarget edge-arity) SET.FINSfunction)

forall (?x (set.objsobject ?x))

(and (= (SET.FINSsource (edge-arity ?x)) (object ?x))
(= (SET.FINStarget (edge-arity ?x)) set.morS$morphism)
(= (SET.FINScomposition [(edge-arity ?x) set.morS$target])
((set.ftnsSconstant [(object ?x) set.obj$object]) (set$power ?x)))

(SET.FTNSrestriction (edge-arity ?x) hgphS$edge-arity)))

(7) (forall (?x (set.objS$object ?x))
(= (SET.FINsScomposition [(edge-arity ?x) set.morS$target])
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(SET.FTNScomposition [ (SET.FTINScomposition
[ (reference ?x) set.pr$setl]) setS$power])))

For any set X representing a fixed set of names, we define fiber terminology for the edge, node and name
functions.

edge(X) = incl(X) - edge : sgph(X) — sgph — set
node(X) = incl(X) - node : sgph(X) — sgph — set
name(X) = incl(X) - name : sgph(X) — sgph — set

(8) (KIFSfunction edge)
= (KIF$source edge) set.objsobject)
= (KIFStarget edge) SET.FINsSfunction)
forall (?x (set.objsSobject ?x))
(and (= (SET.FTINS$source (edge ?x)) (object ?x))
(= (SET.FINStarget (edge ?x)) set.objS$Sobject)
(SET.FTNSrestriction (edge ?x) hgph.objS$edge)))

(
(
(
(

KIFSfunction node)
= (KIFSsource node) set.objsobject)
= (KIFStarget node) SET.FINSfunction)
forall (?x (set.objsSobject ?x))
(and (= (SET.FINS$source (node ?x)) (object ?x))
(= (SET.FINStarget (node ?x)) set.objS$object)
(SET.FTNSrestriction (node ?x) hgph.objS$node)))

(
(
(
(

(10) (KIFS$function name)
= (KIFSsource name) set.objsobject)
= (KIFStarget name) SET.FINSfunction)
forall (?x (set.objsSobject ?x))
(and (= (SET.FINS$source (name ?x)) (object ?x))
(= (SET.FINStarget (name ?x)) set.objS$Sobject)
(SET.FTNSrestriction (name ?x) hgph.objS$name)
(= (name ?x)
(SET.FTNScomposition [(inclusion ?x) hgph.objS$name]))
(= (name ?x)
((SET.FINsSconstant [(object ?x) set.objS$object]) ?x))))

For any set X representing a fixed set of names, there is a fiber class function

sgph(X) : hgph(X) — sgph(X)
that restricts the spangraph class function to hypergraph and spangraph fibers.

(11) (KIFsfunction spangraph)
(= (KIFsSsource spangraph) set.objS$object)
(= (KIFsStarget spangraph) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (spangraph ?x)) (object ?x))
(= (SET.FINStarget (spangraph ?x)) (sgph.fbr.objsobject ?x))
(SET.FTNSrestriction (spangraph ?x) hgph.objS$spangraph)))
h id
X Y edge(Gx) ——> edge(Gy)
refer(Gy) ref(> i(Gy)) refer(h*'(Gy)) Sig”(GX)J/ sign(>u(Gy)) | sign(h*(Gy))
node(Gxy) ——> node(Gy) tuple(refer(Gy)) — tuple(refer(h*'(Gy)))
id tuple(refer(» ,(Gy)))

Diagram 8: Direct Image and Direct Connection
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For any set bijection & : X — ¥ the direct image ™' : hgph(X) — hgph(¥) along h is a fiber operator that
maps X-hypergraphs to ¥-hypergraphs. For any hypergraph Gy with name set X, the direct image h*'(Gy)
has the same edge and node sets as Gy, but has name set Y.

There is a direct connection hypergraph morphism »4(Gy) : Gy — h*'(Gy).

(12) (KIFsfunction direct-image)
(= (KIFsSsource direct-image) set.mors$bijection)
(= (KIFstarget direct-image) SET.FINSfunction)
(forall (?h (set.mor$bijection ?h))
(and (= (SET.FINSsource (direct-image ?h)) (object (set.mor$source ?h)))
(= (SET.FINStarget (direct-image ?h)) (object (set.morStarget ?h)))
(= (SET.FINScomposition [(direct-image ?h) (edge (set.mor$target ?h))])
(edge (set.mor$source ?h)))
(= (SET.FINScomposition [(direct-image ?h) (node (set.mor$target ?h))])
(node (set.morS$source ?h)))
(= (SET.FINScomposition [(direct-image ?h) (name (set.mor$target ?h))])
((set.ftnSconstant
[ (object (set.morSsource ?h)) set.obj$object]) (set.mor$target ?h)))
(= (SET.FINScomposition [(direct-image ?h) (reference (set.morS$target ?h))])
(SET.FTNScomposition
[ (node (set.morSsource ?h)) (set.pr$Scouple (set.morS$Starget ?h))]))
(forall (?g ((object (set.morS$source ?h)) ?2g)
(and (= (signature ((direct-image ?h) ?2g))
(set.ftn$composition
[ (signature ?2g)
(set.sgttstuple (hgph.mor$Sreference (direct-connection ?h)))1))
(= (edge-arity ((direct-image ?h) ?2g))
(set.ftn$composition [(edge-arity ?g) (set.ftnSpower ?h)1))))))
(13)

KIFSfunction direct-connection)
= (KIFS$source direct-connection) set.mor$bijection)

= (KIFStarget direct-connection) SET.FTINS$function)

forall (?h (set.morS$bijection ?h))

(and (= (SET.FINSsource (direct-connection ?h)) (object (set.mor$source ?h)))
SET.FTINStarget (direct-connection ?h)) (hgph.fbr.morsmorphism ?h))
SET.FTINScomposition [(direct-connection ?h) (hgph.fbr.mor$source ?h)])
SET.FINS$identity (object (set.morsSsource ?h))))

SET.FINScomposition [(direct-connection ?h) (hgph.fbr.mor$target ?h)])
direct-image ?h))
SET.FTINScomposition [
SET.FINScomposition [
SET.FINScomposition [
[
[

(
(
(
(

direct-connection ?h) (hgph.fbr.mor$edge ?h
edge (set.mor$source ?h)) set.mor$identityl]
direct-connection ?h) (hgph.fbr.mor$node ?h
SET.FTINS$Scomposition node (set.morS$source ?h)) set.mor$identity]
SET.FTINScomposition [(direct-connection ?h) (hgph.fbr.mor$name ?h
(set.ftnSconstant [(object (set.morS$Ssource ?h)) set.morSbijection

(
(
(
(
(
(
( (
( (
( (
( (
(

(

)
)
)
)
)
) ?h))))
The direct image of a composition is the composition of the direct image operators of the components:

(f- g =f"g" for any two composable bijections f: X — ¥ and g : ¥ — Z.
The direct image of an identity is the identity operator:

(idy)"" = id for any set X.

(14) (forall (?f (set.morS$bijection ?f)
?g (set.morsbijection ?g)
(set .mor$composable ?f ?2g))
(= (direct-image (set.ftnScomposition [?f ?2g]))
(SET.FTNScomposition [(direct-image ?f) (direct-image ?g)])))

(15) (forall (?x (set.objS$object ?x))
(= (direct-image (set.morS$identity ?x))
(SET.FTNS$identity (object ?x))))
The direct connection of a composition is the composition of the direct connection component operators:
> (@) Gx = () (G = (" - g")(Gx) = g™ (" (Gx)
=>4GY) 1 >l T (Gx) : Gx > f(Gy) = g7 (F(G)
for any two composable bijections f: X - Y andg: ¥ — Z.
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The direct connection of an identity is the identity operator:
» iux(Gx) = id(GY) for any set X.

In particular, for the a bijection /& : X — ¥ and its inverse image A~ : ¥ — X, we get
> (Gx) [, 111 )hfl(hH(GX)) = )(h -1(Gx) = P iax(Gx) = id(Gy)

so that »,_;(h"'(Gy)) is the inverse of » ,(GYy).

(16) (forall (?f (set.morSbijection ?f) ?g (set.mor$bijection ?g) (set.mor$Scomposable ?f ?2g)
?G ((object (set.mor$source ?f)) ?G))
(= ((direct-connection (set.ftn$composition [?f ?g])) ?G)
( (hgph.fbr.mor$composition [?f ?g])
[((direct-connection ?f) ?G)
((direct-connection ?g) ((direct-image ?f) ?2G))1)))

(17) (forall (?x (set.obj$object ?x)
?G ((object ?x) ?2G))
(= ((direct-connection (set.morS$identity °?x)) ?2G)
((hgph.fbr.mor$identity ?x) ?G)))

For any set bijection h : X — ¥ the inverse image h™" : hgph(¥) — hgph(X) along & is a fiber operator that
maps Y-hypergraphs to X-hypergraphs. The inverse image operator is defined to be the direct image along
the inverse ™' : ¥ — X.

There is an inverse connection hypergraph morphism <,(Gy) : Gy — h™'(Gy), for any Y-hypergraph Gy, so
that <,(h"'(Gy)) = » (B (Gy)) : ' (Gy) — h™'(h™'(Gy)) = Gx for any X-hypergraph Gy is the inverse of
the direct connection »,(Gy) : Gy — h™'(Gy). Inverse connection is defined to be the direct connection
along the inverse function <,(Gy) = »,_1(Gy) : Gy — (h"")"(Gy).

(18) (KIFsfunction inverse-image)
= (KIF$source inverse-image) set.mor$bijection)
= (KIFStarget inverse-image) SET.FTINSfunction)
forall (?h (set.mor$bijection ?h))
(and (= (SET.FINS$source (inverse-image ?h)) (object (set.mor$Starget ?h)))
(= (SET.FINStarget (inverse-image ?h)) (object (set.mor$source ?h)))
(

(= (inverse-image ?h) (direct-image (set.ftnSinverse ?h)))))

(
(
(
(

KIFSfunction inverse-connection)
= (KIF$source inverse-connection) set.mor$bijection)
= (KIFS$target inverse-connection) SET.FTINSfunction)
forall (?h (set.mor$bijection ?h))

(and (=

(
(
(
(

(SET.FTNSsource (inverse-connection °?h))

(object (set.morS$target ?h)))

(SET.FTNStarget (inverse-connection ?h))
(hgph. fbr.morsmorphism (set.ftn$Sinverse ?h))

(= (SET.FINScomposition [(inverse-connection ?h) (hgph.fbr.morStarget ?h)])

( )))

(

(

(

(hgph. fbr.mor$source ?h)])

SET.FINS$identity (object (set.morsStarget ?h
SET.FINScomposition [(inverse-connection ?h
inverse-image ?h))

inverse-connection ?h) (direct-connection (set.ftn$inverse ?h)))))

The direct and inverse image operators are inverse to each other: idhgony, = "' - ™" and idhgpnexy = b~ - ™
for any set bijection 2 : ¥ — X.

The direct and inverse connection operators are inverses of each other.

(20) (forall (?h (set.morSbijection ?h))

(
(and (= (SET.FINScomposition [(direct-image ?h) (inverse-image ?h)])
(SET.FTNSidentity (object (set.mor$source ?h))))
(= (SET.FINScomposition [(inverse-image ?h) (direct-image ?h)])
(SET.FTNS$identity (object (set.morsStarget ?h))))))
(21) (forall (?h (set.morS$bijection ?h)

?G ((object (set.mor$source ?h)) ?G))
(= ((hgph.fbr.morScomposition [?h (set.ftn$Sinverse ?h)])
[((direct-connection ?h) ?G)
((inverse-connection ?h) ((direct-image ?h) ?2G))])
((hgph.fbr.mor$identity (set.mor$source ?h)) ?2G)))
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Hypergraph Morphisms
hgph.mor

Hypergraphs are connected by and comparable with hypergraph morphisms. This section discusses hyper-
graph morphisms. First, we give a concise mathematical definition, and then we discuss and formalize the
various parts of this definition.

name(f) edge(f)
name(G) —=> name(Gy) edge(G;) ——> edge(Gy)
refer(G) refer(f) refer(G,) sign(G,) l sign(f) J/ sign(G»)
node(G,) ——= node(G,) tuple(refer(G))) —— tuple(refer(G,))
node(f) tuple(refer(f))

Figure 7: Hypergraph Morphism

A hypergraph morphism f = {refer(f), sign(f)) : G, — G, from hypergraph G, to hypergraph G, (Figure 7)
is a two dimensional construction consisting of

—  areference semiquartet *,= refer(f) and
—  asignature quartet Sign(f),
where the tuple function of the reference semiquartet is the vertical target of the signature quartet

tuple(refer(f)) = vert-tgt(sign(f)).

(1) (SETS$class morphism)

(2) (SET.FTINSfunction source)

(= (SET.FINSsource source) morphism)

(= (SET.FINStarget source) hgph.objS$object)
(3) (SET.FTNS$function target)

(= (SET.FINSsource target) morphism)

(= (SET.FINStarget target) hgph.objS$object)

ET.FTNSfunction reference)

SET.FTINSsource reference) morphism)

SET.FINStarget reference) set.sgtt$semiquartet)

SET.FINScomposition [reference set.sgttS$source]

SET.FTINScomposition [source hgph.obj$reference]
]
]

o n n

(
(
(
(

)
))
(= (SET.FINScomposition [reference set.sqgttS$target])
SET.FINScomposition [target hgph.objS$reference])

)

SET.FTINS$source signature) morphism)

SET.FTINStarget signature) set.gttSquartet)
SET.FINScomposition [signature set.gttS$horizontal-source])
SET.FINScomposition [source hgph.obj$signature]))
SET.FTINScomposition [signature set.gtt$horizontal-target])
SET.FTINScomposition [target hgph.obj$signature]))

(SET.FTNSfunction signature)
(=
(=
(=

(=

(6) (= (SET.FINsScomposition [signature set.gtt$Svertical-target])
(SET.FTNScomposition [reference set.sgttStuplel))
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tuple(refer(f))
tuple(refer(G,)) —— tuple(refer(G,))

. refer-arity(f) = .
refer-arity(G,) J/tuple-arity(refer(f)) refer-arity(G,)

gname(G;) ——> g name(G,)
g name(f)

Figure 8: Reference-arity quartet

For convenience of theoretical presentation, we introduce additional hypergraph terminology for the com-
position between the reference function to semiquartets and the tuple arity function from semiquartets to
quartets. Associated with a hypergraph morphism f: G| — G, is a reference-arity quartet refer-arity(f)
(Figure 8).

(7) (SET.FTINS$function reference-arity)
(SET.FTNS$source reference-arity) morphism)
(SET.FTNStarget reference-arity) set.gttSquartet)

reference-arity (SET.FTNScomposition [reference set.sgtt$tuple-arityl]))

edge(f)
edge(G,) —> edge(G»)

edge-arity(Gl)J/ edge-arity(f) ledge-arity(Gz)

gname(G;)) ——> g@name(Gy)
g name(f)

Figure 9: Edge-arity quartet

The vertical composition of the signature quartet with the reference-arity quartet defines the edge arity
quartet #,= edge-arity(f) = sign(f) « refer-arity(f) (Figure 9).

(8) (SET.FINSfunction edge-arity)
(SET.FTINS$source edge-arity) morphism)
(SET.FTNStarget edge-arity) set.gttSquartet)
forall (?f (morphism ?f))
(= (edge-arity ?f)
(set.gtt$vertical-composition [(signature ?f) (reference-arity ?£)]1)))

(
(=
(=
(

For convenience of reference, we introduce additional hypergraph terminology for the vertical source
(function;) and target components (function,) of these (semi)quartets. The vertical source of the signature
quartet is called the edge function of f and denoted edge(f). The second function of the reference semi-
quartet is called the node function of f'and denoted node(f). The first function (bijection) of the reference
semiquartet is called the name bijection of f and denoted name(f). In summary, a hypergraph morphism
has the following component functions:

— the edge function edge(f) = vert-src(sign(f)) : edge(G,) — edge(G,),
— the node function node(f) = fn2(refer(f)) : node(G,) — node(G,), and
— the name bijection name(f) = fn1(refer(f)) : name(G,) — name(Gy,).
This results in the following presentations of the reference, signature and arity (semi)quartets:
— the reference semiquartet refer(f) = (name(f), node(f)) : refer(src(f)) — refer(tgt(f)),
—  the signature quartet sign(f) = (edge(w), tuple(refer(G))) : sign(src(f)) — sign(tgt(f)), and
— the edge-arity quartet
edge-arity(f) = (edge(f), g name(f)) : edge-arity(src(f)) — edge-arity(tgt(f)).
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Therefore, a hypergraph morphism can be displayed as in Figure 7.

The edge-arity quartet asserts the preservation of hyperedge arity: edge(f) - #¢; = #61 - gpname(f). This
means that the G,-arity of the image of any hyperedge € € edge(G)) is the direct-image of the G-arity of
the hyperedge: #(edge(f)(e)) = g name(f)(#a1(¢)); or symbolically,

if (g, x1, X2, ... x,) then (edge(f)(g), name(f)(x,), name(f)(x,), ... name(fH)(x,)).
The signature quartet asserts the preservation of hyperedge signature: edge(f) - dg; = dg, * tuple(refer(f)).
This means that the G,-signature of the image of any hyperedge € € edge(G,) is the image of the G-
signature of the hyperedge: dg2(edge(f)(e)) = tuple(refer())(dgi(¢)); or,

if (g, x1 1 v, X2 1 Vo, o Xy & V)

then (edge(f)(g), name(f)(x,) : node(f)(vy), ... name(f)(x,) : node(f)(vy,)).

Since the tuple function fuple(refer(f)) preserves arity up to isomorphism, the edge function edge(f) also
does this.

(9) (SET.FTINS$function edge)
(= (SET.FINSsource edge) morphism)
(= (SET.FINStarget edge) set.mor$morphism)
(= edge (SET.FTINScomposition [signature set.gtt$vertical-source]))
(10) (SET.FTNSfunction node)
(= (SET.FTINSsource node) morphism)
(= (SET.FINStarget node) set.mor$morphism)
(= node (SET.FINScomposition [reference set.sgtt$function2]))
(11)

(SET.FTNS$source name) morphism)
(SET.FTNStarget name) set.morSbijection)

SET.FTNSfunction name)
= name (SET.FTINScomposition [reference set.sgtt$functionl]))

Two hypergraph morphisms are composable when the target of the first is equal to the source of the second.
The composition of two composable hypergraph morphisms fi : G — G’ and f; : G’ — G” is defined in
terms of the horizontal composition of their reference semiquartet and signature quartet.

(12) (SET.LIM.PBKSopspan composable-opspan)
(= (SET.LIM.PBKSclassl composable-opspan) morphism)
(= (SET.LIM.PBKSclass2 composable-opspan) morphism)
(= (SET.LIM.PBKSopvertex composable-opspan) hgph.objsobject)
(= (SET.LIM.PBKSopfirst composable-opspan) target)
(= (SET.LIM.PBKSopsecond composable-opspan) source)
(13) (RELSrelation composable)
(= (RELSclassl composable) morphism)
(= (RELSclass2 composable) morphism)
(= (RELSextent composable) (SET.LIM.PBKS$pullback composable-opspan))
(14) ET.FINSfunction composition)

S
= (SET.FTNSsource composition) (SET.LIM.PBKSpullback composable-opspan))
= (SET.FTNStarget composition) morphism)
forall (?fl1 (morphism ?f1) ?f2 (morphism ?£f2)
(composable ?f1 ?£f2))

(and (= (source (composition [?f1l ?£f2])) (source ?£f1l))
(= (target (composition [?fl ?£f2])) (target ?£f2))
(= (reference (composition [?fl ?£2]))

(=

signature (composition [?f1 ?£f2]))

(

(

(set.sgttscomposition [(reference ?f1l) (reference ?£2)]))

(

(set.gttShorizontal-composition [(signature ?fl) (signature ?£2)1))))

Composition satisfies the usual associative law.

(forall (?fl1 (morphism ?f1)
?f2 (morphism ?£2)
?f3 (morphism ?£3)
(composable ?fl ?f2) (composable ?f2 ?£3))
(= (composition [?f1l (composition [?f2 ?£3])1)
(composition [(composition [?f1 ?£f2]) ?£3]1)))
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For any hypergraph G, there is an identity hypergraph morphism.

(15) (SET.FINSfunction identity)
= (SET.FTNS$source identity) hgph.obj$object)
= (SET.FTNStarget identity) morphism)
forall (?g (hgph.objS$object ?g))
(and (= (source (identity ?2g)) ?2g)
(target (identity ?29g)) ?9)
(reference (identity ?2g))
(set.sgttsidentity (hgph.objS$reference ?g)))
(signature (identity ?9g))
(set.gttShorizontal-identity (hgph.obj$signature ?g)))))

The identity satisfies the usual identity laws with respect to composition.

(forall (?f (morphism ?f))
(and (= (composition [(identity (source ?f)) ?f]) ?2f)
(= (composition [?f (identity (target ?£f))]1) ?f)))

edge-arity(G@)

id id
de -
refer-arit
a&tuple(refer(G))ﬁ g name(G) refe r(nG)name(G)
SigNMe) \_ id
~a \ ﬂafer—arity(G)
id .
tuple(refer(G)) id node(G)

Diagram 9: Eta Hypergraph Morphism

For every hypergraph G, there is a special hypergraph morphism (Diagram 9)

Mg : G — hgph(refer(G))
from G to the hypergraph of its reference pair, where

refer(Ng) = idwetenc), Vert-sre(edge(ng)) = sign(G),
and Vert'tgt(edge(n(;)) = idtuple(refer(G))-

SET.FTNSfunction eta)
= (SET.FTNSsource eta) hgph.objsobject)
= (SET.FTNStarget eta) morphism)
forall (?g (hgph.objS$object ?g))

(and (= (source (eta ?g)) ?29)
target (eta ?g)) (set.prShypergraph (hgph.objSreference ?g)))
reference (eta ?9))
set.sgtt$identity (hgph.objsSreference ?g)))
set.gtt$vertical-source (signature (eta ?g)))
hgph.obj$signature ?g))
set.gtt$vertical-target (signature (eta ?g)))
set.mor$identity (set.prS$tuple (hgph.objs$reference ?g))))))

(16)

(
(
(
(
(
(
(
(

The composition of the reference operator and the hypergraph operator (in the semiquartet namespace) is
called the tuple operator: tuple = refer - hgph. The tuple operator is idempotent: tuple - tuple = tuple.

(17)
(SET.FTNS$source eta) hgph.mor$morphism)
(SET.FTNStarget eta) hgph.mor$morphism)

SET.FINSfunction tuple)
= tuple (SET.FTNScomposition [reference set.sqgtt$hypergraphl))

(18) (= (SET.FINScomposition [tuple tuple]) tuple)



The IFF Namespace of Hypergraphs
Robert E. Kent Page 31 May 8, 2003

Case and Spangraph Morphisms

Any hypergraph morphism f = (refer(f), sign(f)) : G — G, defines a coproduct arity morphism, whose set
quartet is edge arity

arity(f) = (edge(f), goname(f)) : arity(G,) — arity(G,).

SET.FINS$function arity-morphism)

= (SET.FTNSsource arity-morphism) morphism)

= (SET.FTNStarget arity-morphism) set.col.art.mor$Sarity-morphism)
forall (?f (morphism ?f))

(19)

(and (= (set.col.art.mor$source (arity-morphism ?f)) (hgph.objS$arity (source ?f)))

(= (set.col.art.morStarget (arity-morphism ?f)) (hgph.objSarity (target ?f)))

(= (set.col.art.mor$index (arity-morphism ?f)) (edge ?f))

(= (set.col.art.mor$base (arity-morphism ?f)) (name ?f))))

case(G)
indlic(G)) case(f)
indic(f) Proj(f)
se(G) name(f)

in 'c(Gz)/ ohame(f)
edge(f)&&/ #(,‘2 namXGZ)

edge(G,) ——> @ name(G,)

Diagram 10: Case function = Coproduct
of the Arity of a Hypergraph Morphism

Any hypergraph morphism f = (refer(f), sign(f)) : G, — G, defines a case function case(f)
>arity(f) : case(G,) = > arity(G,) — Y arity(G,) = case(G,). The pointwise definition is:

case(f)((¢, x)) = (edge(f)(e), name(f)(x))
for any hyperedge € € edge(G)) and any name x € arity(G,)(g). This is well defined since f preserves hy-
peredge arity. The abstract definition (Diagram 10) is in terms of the coproduct of the arity morphism.

(20) (SET.FTNSfunction case)
= (SET.FTNS$source case) morphism)
= (SET.FTNStarget case) set.morSmorphism)

forall (?f (morphism ?f))

(and (= (set.mor$source (case ?f)) (hgph.objsScase (source ?f)))
(= (set.morstarget (case ?f)) (hgph.objS$case (target ?f)))
(= (case ?f)
(

set.col.art.mor$coproduct (arity-morphism ?£f)))))

indic(Gy) proj(Gy)
edge(G,) <— case(G;) ——> name(G))

edge(f)J/ indic(f) cask(f) proj(f) lname(n

edge(G,) <— case(G,) —> name(G,)
indic(G,) proj(G,)

Diagram 11: Indication and Projection Quartets

The case function is the vertical source for two quartets (Diagram 11):
an indication quartet indic(f) and a projection quartet proj(f).

— The commutativity case(f) - indic(G,) = indic(G)) - edge(f), a property of the coproduct of arities
(preservation of index), is obvious from the pointwise definition of the case function.
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— The commutativity case(f) - proj(G,) = proj(G,) - name(f), a property of the coproduct of arities
(preservation of projection), is also obvious from the pointwise definition of the case function.

Even though the name function name(f) : name(G) — name(G,) and its power g name(f) are bijections,

the case function case(f) : case(G;) — case(G,) is not necessarily a bijection since the edge function

edge(f) : edge(G;) — edge(G,) need not be bijective. By the preservation of hyperedge arity, the index

quartet is a fibration: for any hyperedge €, € edge(G)) and any name x, € arity(G,)(edge(f)(s;)) there is a

name x| € arity(G,)(g,) such that name(f)(x,) = x,.

(21) (SET.FTNSfunction indication)
(= (SET.FINSsource indication) morphism)
(= (SET.FINStarget indication) set.gtt$fibration)
(forall (?f (morphism ?f))
(and (= (set.gttShorizontal-source (indication ?f)) (hgph.obj$indication (source ?f)))
(= (set.gttshorizontal-target (indication ?f)) (hgph.objs$indication (target ?f)))
(= (set.gttsvertical-source (indication ?f)) (case ?f))
(= (set.qgttsvertical-target (indication ?f)) (edge ?f))))
(22) (SET.FINsfunction projection)
(= (SET.FINSsource projection) morphism)
(= (SET.FINStarget projection) set.gttSquartet)
(forall (?f (morphism ?f))
(and (= (set.gttShorizontal-source (projection ?f)) (hgph.obj$projection (source ?f)))
(= (set.gttshorizontal-target (projection ?f)) (hgph.objsSprojection (target ?f)))
(= (set.gttsvertical-source (projection ?f)) (case ?f))
(= (set.gttsvertical-target (projection ?f)) (name ?f))))

*g = comed(G))
case(G,) ——> node(G))

case(nl comed(f) lnode(f)

case(G,) —> node(G,)
# g, = comed(Gy)

Diagram 12: Comediator Quartet

Any hypergraph morphism f = (refer(f), sign(f)) : G, — G, defines a comediation quartet # = comed(f)
(Diagram 12). The commutativity case(f) - comed(G,) = comed(G,) - node(f) holds by a property of the
coproduct of arities (preservation of cotupling). Commutativity states that

dea(edge(f)(e))(name(f)(x)) = node(H)(de:(e)(x))

for any hyperedge € € edge(G)) and any name x € name(G,), which is true by preservation of hyperedge
signature.

(23) (SET.FTNSfunction comediation)
(SET.FTNS$source comediation) morphism)
(SET.FTNStarget comediation) set.gtt$Squartet)

forall (?f (morphism ?f))

(and (= (set.gttShorizontal-source (comediation ?f)) (hgph.obj$comediation (source ?f)))
(= (set.gttshorizontal-target (comediation ?f)) (hgph.obj$comediation (target ?f)))
(= (set.gttsvertical-source (comediation ?f)) (case ?f))
(= (set.gttsvertical-target (comediation ?f)) (node ?f))))
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Associated with any hypergraph morphism f'= {refer(f), sign(f)) : G; — G, is a spangraph morphism
SGPN(f) = {<sgonip(D; >sgpnin(Ds Lsgpnin(D) : SGPN(G1) — sgPh(G,) (Diagram 13),
indic(G) £ = comed(G))
edge(G,) <— case(G;) ——> node(G))

edge(f)l indic(f) cas\%(f) comed(f) J/node(f)

edge(G,) <— case(G,) —> node(G,)
indic(G,) gy = comed(G,)

Diagram 13: Spangraph Morphism
of a Hypergraph Morphism

whose vertex function is the case function, and whose three quartets (the 3™ is a fibration) are
<sgonp(F) = indlic(f),
»sgoh(n(H) = comed(f), and
L sapnin(H) = Proj(f).

(24) (SET.FINSfunction spangraph)

= (SET.FTNS$source spangraph) morphism)

= (SET.FTINStarget spangraph) sgph.morS$Smorphism)
forall (?f (morphism ?f))

(and (= (sgph.morSsource (spangraph ?f)) (hgph.objsobject (source ?f)))
(= (sgph.morS$target (spangraph ?f)) (hgph.objS$Sobject (target ?f)))
(= (sgph.mor$indication (spangraph ?f)) (indication ?f))
(= (sgph.mor$comediation (spangraph ?f)) (comediation ?f))
(= (

sgph.mor$projection (spangraph ?f)) (projection ?f))))
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Hypergraph Morphism Fibers
hgph. fbr.mor

For any set bijection & : X — Y representing a fixed function of names, we define the fiber for the name
class function, so that hgphmor(k) = name™'(h) < hgphmor = mor(Hypergraph) is the class of hyper-
graph morphisms whose name function is 4. Fibers over identities are used when modeling the name bijec-
tion is onerous. They are needed when axiomatizing limits and colimits. All of the terminology for hyper-
graph morphisms is used in the name fiber namespace.

(1) (SET.FTNS$function morphism)
SET.FINS$source morphism) set.mor$bijection)
SET.FTINStarget morphism) (SETS$Spower hgph.mor$morphism))

= morphism (SET.FINSfiber sgph.mor$name))

For any set bijection & : X — Y representing a fixed function of names, there is an inclusion function
incl(h) : hgphmor(k) — hgphmor
that injects the hypergraph morphism fiber class into the hypergraph morphism class.

(2) (KIFSfunction inclusion)
= (KIF$source inclusion) set.mor$bijection)
= (KIFS$target inclusion) SET.FTINS$function)
forall (?h (set.mor$bijection ?h))
(and (= (SET.FINS$source (inclusion ?h)) (morphism ?h))
(= (SET.FINStarget (inclusion ?h)) hgph.mor$morphism)
(= (inclusion ?h) (SET.FTN$inclusion [(morphism ?h) hgph.mor$morphism]))))

(
(
(
(

For any set bijection & : X — Y representing a fixed name function, there are source and target functions
src(h) : hgphmor(h) — hgph(src(h))
tgt(h) : hgphmor(h) — hgph(tgt(h)),
and reference, signature and edge arity functions
refer(h) = incl(h) - refer : hgphmor(h) — hgphmor — sqtt
sign(h) = incl(h) - sign : hgphmor(h) — hgphmor — qtt
edge-arity(h) = incl(h) - edge-arity . hgphmor(h) — hgphmor — bqtt.
(3)

KIFsSfunction source)
= (KIF$source source) set.morSbijection)
= (KIFStarget source) SET.FINSfunction)
forall (?h (set.mor$bijection ?h))
(and (= (SET.FINS$source (source ?h)) (morphism ?h))
(= (SET.FINStarget (source ?h)) (hgph.fbr.objSobject (set.mor$source ?h)))
(SET.FTNSrestriction (source ?h) hgph.mor$source)))

(
(
(
(

KIFS$function target)
= (KIF$source target) set.morSbijection)
= (KIFStarget target) SET.FINSfunction)
forall (?h (set.mor$bijection ?h))
(and (= (SET.FINS$source (target ?h)) (morphism ?h))
(= (SET.FINStarget (target ?h)) (hgph.fbr.objSobject (set.mor$target ?h)))
(SET.FTNSrestriction (target ?h) hgph.morS$target)))

(
(
(
(

KIFSfunction reference)

= (KIF$source reference) set.mor$bijection)

= (KIFStarget reference) SET.FINS$function)

forall (?h (set.mor$bijection ?h))

(SET.FTINS$source (reference ?h)) (morphism ?h))

(SET.FTNStarget (reference ?h)) set.sgtt$semiquartet)

(SET.FTNScomposition [(reference ?h) set.sgtt$sourcel)

(SET.FTNScomposition [(source ?h) (hgph.fbr.obj$reference (set.mor$Ssource ?h))]1))
(SET.FTNScomposition [(reference ?h) set.sqgttS$target])

(SET.FTNScomposition [(target ?h) (hgph.fbr.obj$reference (set.mor$Starget ?h))]1))
(reference ?h) (SET.FTNScomposition [(inclusion ?h) hgph.mor$referencel))
(SET.FTNSrestriction (reference ?h) hgph.morSreference)))

(6) (KIFSfunction signature)
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(= (KIFSsource signature) set.morSbijection)
(= (KIFsStarget signature) SET.FTNS$function)
(forall (?h (set.mor$bijection ?h))
(and (= (SET.FINS$source (signature ?h)) (morphism ?h))
(= (SET.FINStarget (signature ?h)) set.gttSquartet)
(= (SET.FINScomposition [(signature ?h) set.gttS$horizontal-source])
(SET.FTNScomposition [(source ?h) (hgph.fbr.objS$signature (set.mor$source ?h))]))
(= (SET.FINScomposition [(signature ?h) set.gttS$horizontal-target])
(SET.FTNScomposition [(target ?h) (hgph.fbr.obj$signature (set.morStarget ?h))]1))
(signature ?h) (SET.FTINScomposition [(inclusion ?h) hgph.morS$signaturel))
T.FTNSrestriction (signature ?h) hgph.mor$signature)))

(=
(SE

(7) (forall (?h (set.mor$bijection ?h))
(= (SET.FINScomposition [(signature ?h) set.gtt$vertical-target])
(SET.FTNScomposition [(reference ?h) set.sqgttS$Stuplel)))
(8) (KIFSfunction edge-arity)
= (KIFSsource edge-arity) set.morSbijection)
= (KIFStarget edge-arity) SET.FINSfunction)
forall (?h (set.mor$bijection ?h))
(and (= (SET.FTINS$source (edge-arity ?h)) (morphism ?h))
(= (SET.FINStarget (edge-arity ?h)) set.gttS$Squartet)
(= (SET.FINScomposition [(edge-arity ?h) set.gttsShorizontal-sourcel)
(SET.FTNScomposition [(source ?h) (hgph.fbr.obj$edge-arity (set.mor$source ?h))]))
(= (SET.FINScomposition [(edge-arity ?h) set.gttsShorizontal-target])
(
(
T

(
(
(
(

SET.FTNScomposition [(target ?h) (hgph.fbr.obj$edge-arity (set.mor$target ?h))]1))
edge-arity ?h) (SET.FINScomposition [(inclusion ?h) hgph.mor$edge-arityl))
.FTINSrestriction (edge-arity ?h) hgph.mor$edge-arity)))

(=
(SE

(9) (forall (?h (set.mor$bijection ?h))
(= (SET.FINScomposition [(edge-arity ?h) set.gttsSvertical-target])
(SET.FTNScomposition [ (SET.FTINScomposition
[ (reference ?h) set.sqgtt$functionl]) setSpower])))

We define terminology for the edge, node and name functions for hypergraph morphisms in the fiber of A:
edge(h) = incl(h) - edge : hgphmor(k) — hgphmor — ftn
node(h) = incl(h) - node : hgphmor(h) — hgphmor — ftn
name(h) = incl(h) - name : hgphmor(k) — hgphmor — ftn.

(10) (KIFsfunction edge)
(= (KIFssource edge) set.mor$bijection)
(= (KIFsStarget edge) SET.FTINSfunction)
(forall (?h (set.mor$bijection ?h))
(and (= (SET.FINS$source (edge ?h)) (morphism ?h))
(= (SET.FINStarget (edge ?h)) set.mor$morphism)
(= (edge ?h) (SET.FINScomposition [(inclusion ?h) hgph.morsedge]))
(SET.FTNSrestriction (edge ?h) hgph.morS$edge)))
(11) (KIFSfunction node)
(= (KIFsSsource node) set.mor$bijection)
(= (KIFsStarget node) SET.FTINSfunction)
(forall (?h (set.mor$bijection ?h))
(and (= (SET.FINS$source (node ?h)) (morphism ?h))
(= (SET.FINStarget (node ?h)) set.mor$morphism)
(= (node ?h) (SET.FINScomposition [(inclusion ?h) hgph.morsSnode]))
(SET.FTNSrestriction (node ?h) hgph.mor$node)))
(12)

KIFsSfunction name)
= (KIFSsource name) set.morsSbijection)
= (KIFStarget name) SET.FINSfunction)
forall (?h (set.mor$bijection ?h))
(and (= (SET.FINS$source (name ?h)) (morphism ?h))
(SET.FTNStarget (name ?h)) set.mors$bijection)
(name ?h) (SET.FTINScomposition [(inclusion ?h) hgph.mor$namel))
= (name ?h) ((SET.FINSconstant [(morphism ?h) set.mor$bijection]) ?h))
SET.FTNSrestriction (name ?h) hgph.morS$name)))

(
(
(
(

(
(
(
(

For any set bijection /2 : X — Y representing a fixed name function, there is a fiber class function
sgph(h) : hgphmor(h) — sgphmor(h)
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that restricts the spangraph morphism class function to hypergraph and spangraph morphism fibers.

(13) (KIFsfunction spangraph)
(KIF$Ssource spangraph) set.mor$bijection)
(KIFStarget spangraph) SET.FTINSfunction)
forall (?h (set.mor$bijection ?h))
(and (= (SET.FINSsource (spangraph ?h)) (morphism ?h))
(= (SET.FINStarget (spangraph ?h)) (sgph.fbr.morsSmorphism ?h))

(SET.FTINSrestriction (spangraph ?h) hgph.mor$spangraph)))

(
(
(
(

For any set bijection & : X — ¥ representing a fixed name function, a hypergraph morphism f: G — G’ in
the fiber of & is an isomorphism when all component functions are bijections.

(14) (KIFsfunction isomorphism)
(= (KIFSsource isomorphism) set.mor$bijection)
(= (KIFStarget isomorphism) SETS$Sclass)
(forall (?h (set.mor$bijection ?h))
(= (isomorphism ?h)
(SET$intersection (morphism ?h) hgph.mor$isomorphism)))
m
G — G
»u(G)) l J/ > i(Gr)
K (G) —> h™(G)
h+1(m)
Diagram 14a: Direct Image - abstract
id(X) edge(m)
X —> X edge(G)) ——> edge(G,)
refer(G,) rlffer(m) refer(G,)

node(G) node(G,)
refer(»( 1))" e(m) id(W, refer(> 4(G,))
Y —> Y edge(G)) —>\ edge(Gy)
. id tuple(refer(» ,(GY\)) ple(refer(> 4(G,)))
refer(h*'(G))) refer(h™ (m)) refer(h*'(G,)) sign(h*! 1))J/ sign(h™ (m sign(h*'(G))
node(G;) —> node(G,) tuple(refer(h™ (Gy))) — tuple(refer(h™(G)))
node(m) tuple(refer(h* (m)))

Diagram 14b: Direct Image - details

For any set bijection h: X — Y representing a fixed name function, the direct image fiber operator
h*' . hgphmor(idy) — hgphmor(idy) along h maps idy-hypergraph morphisms to idy-hypergraph mor-
phisms (Diagram 14). For any hypergraph morphism m : G; — G, with name function id(X), the direct
image h*'(m) has the same edge and node function as m, but has the name function id(¥). We use the di-
rect connection operator to define this via the abstract commuting Diagram 14. This is well defined, since
the direct connection is an isomorphism.
KIF$function direct-image)
= (KIF$source direct-image) set.mor$bijection)
= (KIFStarget direct-image) SET.FINsfunction)
forall (?h (set.mor$bijection ?h))

(and (= (SET.FTINS$source (direct-image ?h))

(
(morphism (set.mor$identity (set.morSsource ?h))))
(SET.FTINStarget (direct-image ?h))

(15)

(=
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(morphism (set.mor$identity (set.morsStarget ?h))))
(forall ?m ((morphism (set.mor$identity (set.morsSsource ?h))) ?m))
(= (hgph.mor$composition
[((direct-connection ?h)
((source (set.morSidentity (set.morS$source ?h))) ?m))
((direct-image ?h) 2m)])
(hgph.mors$composition
[?m
((direct-connection ?h)
((target (set.morsidentity (set.mor$source ?h))) 2m))])))))

The reference operator commutes with the direct image operator. For any set bijection & : X — ¥ represent-
ing a fixed name function and any hypergraph morphism m : G; — G, with name function id(X), the refer-
ence semiquartet of the direct image hypergraph morphism is the direct image semiquartet of the reference
semiquartet:
refer(h*'(m)) = h*\(refer(m)).
The commuting diagram used in the definition of direct image, defines a tuple reference quartet of a hyper-
graph morphism m along h, whose horizontal source is the tuple reference of the direct connection of the
source hypergraph »,(G)), whose horizontal target is the tuple reference of the direct connection of the tar-
get hypergraph »,(G,), whose vertical source is the tuple reference of m, and whose vertical target is the
tuple reference of the direct image h™'(m). The signature quartet of the direct image hypergraph morphism
is the vertical composition of the signature quartet with the tuple reference quartet.
(16) (forall (?h (set.morS$bijection ?h)
(= (SET.FTINScomposition
[(direct-image ?h)
(reference (set.mor$identity (set.morS$target ?h)))1)
(SET.FTNS$Scomposition

[ (reference (set.mor$identity (set.mor$source ?h)))
(spr.fbr.mor$direct-image ?h)]1)))

The direct image of a composition is the composition of the direct image operators of the components:
(f- " =f"-g" for any two composable bijections f: X — ¥ and g : ¥ — Z.

The direct image of an identity is the identity operator:
(idy)"" = id for any set X.

(17) (forall (?f (set.morSbijection ?f) ?g (set.mor$bijection ?g) (set.morS$composable ?f ?2g))

(= (direct-image (set.ftnScomposition [?f ?2g]))
(SET.FTNScomposition [(direct-image ?f) (direct-image ?2g)])))

(18) (forall (?x (set.objS$object ?x))
(= (direct-image (set.morS$identity ?x))
(SET.FTNSidentity (morphism (set.mor$identity ?x)))))

For any set bijection h: X — Y representing a fixed name function, the inverse image fiber operator
k™" : hgphmor(idy) — hgphmor(idy) along A maps idy-hypergraph morphisms to idy-hypergraph mor-
phisms. The inverse image operator is defined to the direct image along the inverse of the bijection.

(19) (KIFsfunction inverse-image)

= (KIFSsource inverse-image) set.mor$bijection)
= (KIFStarget inverse-image) SET.FINSfunction)
forall (?h (set.mor$bijection ?h))

(and (=

(
(
(
(

(SET.FTINS$source (inverse-image ?h))
(morphism (set.mor$identity (set.morsStarget ?h))))
(= (SET.FINStarget (inverse-image ?h))
(morphism (set.mor$identity (set.morSsource ?h))))
(inverse-image ?h) (direct-image (set.ftn$inverse ?h)))))

The direct and inverse image operators are inverse to each other: idngpnx) = A h'and idngph(r) = h'nt!
for any set bijectionh: X —> Y.

(20) (forall (?h
(and (=

(set.mor$bijection ?h))

(SET.FTNScomposition [(direct-image ?h) (inverse-image ?h)])
(SET.FTNS$identity (morphism (set.mor$Sidentity (set.morSsource ?h)))))
(= (SET.FINScomposition [(inverse-image ?h) (direct-image ?h)])
(SET.FTNSidentity (morphism (set.mor$identity (set.morStarget ?h)))))))
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For any two composable bijections f: X — ¥ and g : Y — Z representing two fixed name functions, there
are composition fiber class components:

comp-opspn([f, g]) c comp-opspn
cmpbl([f, g]) < hgphmor(f)xhgphmor(g)
comp([£. g1) : pIbk([£. g1) = hgphmor(f)xngonnhgphmor(g) — hgphmor(f- g).

(21) (KIFsfunction composable-opspan)
(= (KIFSsource composable-opspan) (RELSextent set.mor$composable))
(= (KIFsStarget composable-opspan) SET.LIM.PBKSopspan)
(forall (?f (set.mor$bijection ?f) ?g (set.morsbijection ?g) (set.mor$composable ?f ?g))
(and (= (SET.LIM.PBKS$Sclassl (composable-opspan [?f ?g])) (morphism ?f))
(= (SET.LIM.PBKS$class2 (composable-opspan [?f ?g])) (morphism ?9g))
(= (SET.LIM.PBKSopvertex (composable-opspan [?f ?g]))
(hgph. fbr.objsobject (set.morStarget ?f)))
(= (SET.LIM.PBKS$opfirst (composable-opspan [?f ?g])) (target ?f))
(= (SET.LIM.PBK$opsecond (composable-opspan [?f ?g])) (source ?9g))))
(22) (KIFsfunction composable)
(= (KIFsSsource composable) (RELSextent set.mor$Scomposable))
(= (KIFStarget composable) RELSrelation)
(forall (?f (set.mor$morphism ?f) ?g (set.mor$morphism ?g) (set.mor$composable ?f ?g))
(and (= (RELSclassl (composable [?f ?g])) (morphism ?f))
(= (RELS$class2 (composable [?f 2?g])) (morphism ?g))
(= (RELSextent (composable [?f ?g]))
(SET.LIM.PBKS$pullback (composable-opspan [?f ?g]l)))
(RELSabridgement (composable [?f ?g]) hgph.morsScomposable)))
(23)

KIF$function composition)
= (KIF$source composition) (RELSextent set.mor$composable))
= (KIFStarget composition) SET.FINS$function)
forall (?f (set.morsSbijection ?f) ?g (set.morSbijection ?g) (set.morScomposable ?f 2g))
(and (= (SET.FINS$source (composition [?f ?g])) (RELSextent (composable [?f ?g])))
= (SET.FTNStarget (composition [?f 2g]))
(morphism (set.ftn$composition [?f ?g])))
(SET.FINSrestriction (composition [?f ?g]) hgph.morS$composition)))

(
(
(
(

For any set X representing a fixed set of names, there is the following fiber class function.
idnode(X) : hgph(X) — hgphmor(idy)

(24) (KIFsfunction identity)
= (KIFSsource identity) set.objsobject)
= (KIFStarget identity) SET.FINSfunction)
forall (?x (set.objsSobject ?x))
(and (= (SET.FTINS$source (identity ?x)) (hgph.fbr.objsobject ?x))
(= (SET.FINStarget (identity ?x)) (morphism (set.morSidentity ?x)))
(SET.FTNSrestriction (identity ?x) hgph.mor$identity)))

(
(
(
(
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Colimits for Hypergraphs
hgph.col

Colimits of hypergraphs are basic. They underlie the colimit construction for languages, theories, models
and logics. Thus, they are used for constructing the type pole of object-level ontologies. As demonstrated
below, since Hypergraph(X) has all sums and coequalizers, it has all colimits — it is cocomplete. For any
set bijection & : X — Y representing a fixed function of names, the categories Hypergraph(X) and Hyper-
graph(Y) are isomorphic, and hence have isomorphic colimits. For any set X representing a fixed set of
names, the category Spangraph(X) is categorically equivalent to the category Hypergraph(X), and hence
is also cocomplete.

Table 2: Shapes for Diagrams

1 3
e | N
2 r P
empty two parallel pair span
(intitial) | (binary coproduct) (coequalizer) (pushout)

We axiomatize colimits for finite diagrams D : G — |Hypergraph(X)| of the following diagram shape
graphs G (Table 2): (i) empty, (ii) two, (iii) parallel-pair and (iv) span. These colimits are called (i) the
initial hypergraph, (ii) a binary coproduct (sum), (iii) a coequalizer, and

(iv) a pushout. path(G)
The extension functor of a diagram D of a particular shape G in the fiber D* i
category Hypergraph(X) can be composed with the case, edge and node

component functors, and also with the indication, comediation and pro- Hypergraph(X)

in Set, and indication, comediation and projection component diagram

morphisms. Composition with the name functor results in the constant

functor A(X): path(G) — Set. These components will be axiomatized

in the namespaces for each shape. The colimits of various shapes are

axiomatized both abstractly and concretely. The concrete axiomatization

is this component axiomatization. That is, colimits for hypergraphs are Figure 10: Component Diagrams
concrete, and defined in terms of colimits for their component diagrams and Diagram Morphisms

and diagram morphisms.

jection component natural transformations (Figure 10). These composi-
tions result in corresponding case, edge and node component diagrams edge(X)[ <kcas (X))x node(X)
=
&
Set

Initial Hypergraph

For any set X representing a fixed set of variables, there is a special hypergraph Oy (see Figure 11, where
arrows denote functions) called the initial hypergraph, which has the required set of variables X, but no

! X !tuple(refer(OX))
PX <— G —> tuple(refery(0y)) %] X
id J/ J/ lodge(c) \J/tuple(refer(!X,G)) !node/G\L idl/
PX <— edgex(G)—> tuple(refery(G)) nodex(G) X
#X,G aX,G

Figure 11: Initial Hypergraph and Counique Hypergraph Morphism
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edges and no nodes:

— the set of edges edge(0y) = J;

— the set of nodes node(0x) = J; and

— the set of names is name(Oy) = X.

It has the following reference set pair, and signature and edge arity functions:

— the reference set pair *gx = (X, J);

—  the signature function dox = tple(referiox)) : & — tuple(refer(0x)) = 1; and

— the edge-arity function #ox = !px : & — PX.

The initial hypergraph Oy in the fibered category Hypergraph(X) is the “first” hypergraph in the following
sense: for any hypergraph G' in Hypergraph(X) there is a (co) unique hypergraph morphism !y ¢ : Ox > G
in Hypergraph(X), (see Figure 1, where arrows denote functions) the unique hypergraph morphism from
Ox to G with identity name function on X. To express universality we need to know what a cocone is for the
empty graph shape. This is just an object in Hypergraph(X); that is, a hypergraph G with name set X. To

express universality, we need to axiomatize that !y ¢ : Ox — G is the unique hypergraph morphism in Hy-
pergraph(X) with these source and target hypergraphs. We use a definite description to express this.

The edge and node functions of this hypergraph morphism are the counique functions (the empty functions)
from the initial set & to the respective set edge(G) or node(G).

—  The counique (empty) edge function is edge('x. ¢) = leqge(c) : & — €dge(G); and
—  The counique (empty) node function is node(!x ¢) = !node(a) : @ — node(G).

The function tuple(refer(!x ¢)) : tuple(refer(Ox)) =1 — tuple(refer(G)) maps the single (empty) tuple in
tuple(refer(Ox)) to the empty tuple in tuple(refer(G)). The reference and signature quartets for the
counique hypergraph morphism are vacuous.

(1) (SET.FTNSfunction initial)
= (SET.FTNS$source initial) set.obj$object)
= (SET.FTNStarget initial) hgph.objsobject)
forall (?x (set.objsSobject ?x))
(and ((hgph.fbr.objsobject ?x) (initial ?x))
(hgph.objsedge (initial ?x)) set.col$initial)
hgph.obj$node (initial ?x)) set.col$initial)
hgph.objS$name (initial ?x)) ?x)
set.pr$setl (hgph.objsSreference (initial ?x))) ?x)
set.pr$set2 (hgph.objsSreference (initial ?x))) set.col$initial)
hgph.obj$signature (initial ?x))
set.col$counique (set.prS$Stuple (hgph.objS$reference (initial ?x)))))
hgph.obj$edge-arity (initial ?x))
set.col$counique (setSpower ?x)))))

(
(
(
(
(
(
(
(

(2) (KIFS$function counique)
= (KIF$source counique) set.objsSobject)
= (KIFStarget counique) SET.FINSfunction)
forall (?x (set.objsobject ?x))
(SET.FTNS$source (counique ?x)) (hgph.fbr.objsobject ?x))
(SET.FTNStarget (counique ?x)) (hgph.fbr.mor$morphism (set.mor$identity ?x)))
(SET.FTNScomposition [(counique ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])
((SET.FINsconstant [ (hgph.fbr.obj$object ?x) (hgph.fbr.objsobject ?x)]) (initial ?x)))
(= (SET.FINScomposition [(counique ?x) (hgph.fbr.morsStarget (set.morS$identity °?x))1]1)
(SET.FTNSidentity (hgph.fbr.obj$object ?x)))
(SET.FTNScomposition [(counique ?x) (hgph.fbr.mor$edge (set.mor$identity ?x))])
(SET.FTNScomposition [ (hgph.fbr.obj$edge ?x) set.colsScounique]))
(SET.FTNScomposition [(counique ?x) (hgph.fbr.mor$node (set.mor$identity ?x))])
(SET.FTNScomposition [ (hgph.fbr.obj$node ?x) set.colScounique]))
(forall (?g ((hgph.fbr.obj$object ?x) ?g))
(= ((counique ?x) ?9)
(the (?m ((hgph.fbr.morSmorphism (set.mor$identity ?x)) 2m))
(and (= ((hgph.fbr.mor$source (set.morsSidentity ?x)) ?m) (initial ?x))
(= ((hgph.fbr.morstarget (set.morsidentity ?x)) ?m) 2g)))))))
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Binary Coproducts
hgph.col.coprod2

Sums (binary coproducts) do not exist for an arbitrary pair of hypergraphs; instead, hypergraphs need to be
restricted to a subcategory of hypergraphs with name sets that are in bijection. For example, any two hy-
pergraphs in the subcategory with countable name sets can be summed. More precisely, the subcategory
Hypergraph(a) of all hypergraphs whose name set has cardinality o is cocomplete. We simplify the dis-
cussion of sums by assuming all hypergraphs under discussion have the same name set X; that is, instead of
considering Hypergraph(a), we only consider the fiber category Hypergraph(X) for some set of names X.
This is a subcategory Hypergraph(X) c Hypergraph(a) for ||X]| = o. For the countable case || X]| = X, the
set of natural numbers X = natno would work. We then argue that all Hypergraph(o) are partition into
isomorphic fiber categories.

U 1L
G —> G+G, <— G,

(1. f2
Si L2

G

Figure 12a: Binary Coproduct Hypergraph,
Injections, Cocone and Comediator — abstract

edge(G,)+edge(G,)
ign(G ign(G:
X sign(G+xG») Sgn(Gyeign(es)
rofer(GriGy) tuple(refef(G,))+tuple(refer(G,))
nodex(G,ynodex(G) [tuple(referx(in 1)), tuple(referx(iny, ¢2))]
tuple(refer(G,+xG))

Figure 12b: Binary Coproduct Hypergraph
— concrete version

Let X be any set representing a fixed set of names. Let G| and G, be two hypergraphs with common name
set X. The binary coproduct (sum) hypergraph G,+xG, is defined as follows (Figure 12b).

The edge and node sets are the sums or binary coproducts (disjoint unions) of their components
edgex(G+xG,) = edgex(G)+edgex(G,), and
nodex(G+xG,) = nodex(G))+nodex(G,).
The name set is the fixed set X,
namex(G+xG,) = namex(G,) = namex(G,) = X.
The reference set pair is
*x glexce = refery(G+xG,) = (X, nodex(G\)+nodex(G,)).
The signature function
dx, g1+xc2= [Ox,1 - tuple(referx(inx,e)), dx.q2 - tuple(referx(iny,»))]

= (dx,61 + Ix.c2) - [tuple(referx(inx.q:)), tuple(referx(inx,g2))]
: edgex(G))+edgex(G,) — tuple(refery(G\+xGy)),

The edge-arity function
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#x crxe2 = [#x,61, #x62] - edgex(G)+edgex(G,) — @ X.

The sum injection hypergraph morphism iny(G,) = (iedge(G1)> ifnode(c1)» idx) : Gy = G1+xG, from the first
component hypergraph G to the sum hypergraph G+xG, is described as follows.

The edge function is the sum injection

Neqge(cr) : €dgex(G) — edgex(G+xG,) = edgex(G)+edgex(G,);
the node function is the sum injection

iNnode(a) - NOAex(G,) — nodex(G+xG») = nodex(G))+nodex(G,); and
the name function is the identity

idyx: X — namex(G\+xG,) = X.

The sum G+xG; is a coproduct in the category Hypergraph(X). In summary, all sums exist in any fiber
name™'(X) = Hypergraph(X) of the name functor name : Hypergraph — Set. The hypergraph functor

hgph(X) : Spangraph(X) — Hypergraph(X)
and the spangraph functor

sgph(X) : Hypergraph(X) — Spangraph(X)
preserve sums.

A binary coproduct (sum) is a finite colimit in the category Hypergraph(X) for a diagram of shape two =
* . Such a diagram (of hypergraphs and hypergraph morphisms) is called a pair of hypergraphs. For any set
X representing a fixed set of names, a pair of hypergraphs consists of hypergraphs Aypergraphl and hyper-
graph2. We use either the generic term ‘diagram’ or the specific term ‘pair’ to denote the pair class. Pairs
are determined by their two component hypergraphs.

(1) (KIFS$function diagram)

KIF$function pair)

= (KIF$source diagram)
= (KIFStarget diagram)

set.obj$object)

(
(
(
(
( SETSclass)

IFS$Sfunction hypergraphl)

(KIF$source hypergraphl)
(KIFStarget hypergraphl)
orall (?x (set.objsobject
(and (= (SET.FTNSsource
(= (SET.FINStarget

(K
(=
(=
(f

IFSfunction hypergraph?2)
(KIF$source hypergraph?2)
(KIFStarget hypergraph2)

orall (?x (set.objsobject

(and (= (SET.FTNSsource
( (SET.FTNStarget

(4) (forall (2x
?2d1l

(and

(set.objsSobject
((diagram ?x)
(=
(=

(= 2d1 ?2d2)))

(=>

?2dl)
( (hypergraphl ?x)
( (hypergraph2 ?x)

set.obj$object)
SET.FTNSfunction)
?x))

(hypergraphl ?x))
(hypergraphl ?x))

(diagram ?x))
(hgph. fbr.objsobject ?x))))

set.obj$object)
SET.FTNSfunction)
?x))

(hypergraph2 ?x))
(hypergraph2 ?x))

(diagram ?x))
(hgph. fbr.objsobject ?x))))

?x)
?d2 ((diagram ?x)
?2d1)
?d1)

?2d2))
( (hypergraphl ?x)
( (hypergraph2 ?x)

?2d2))
?2d2)))

For any set X representing a fixed set of names, there is an edge pair or edge diagram function, which
maps a pair of hypergraphs to the underlying pair of edge sets. Similarly, there is a node pair or node dia-
gram function, which maps a pair of hypergraphs to the underlying pair of node sets.

(5) (KIFSfunction edge-diagram)
(KIF$Ssource edge-diagram)
(KIFStarget edge-diagram)

= set.obj$object)
forall

(
(
( SET.FTNSfunction)
(

(?x (set.objSobject ?x))
(and (= (SET.FINSsource (edge-diagram ?x)) (diagram ?x))
(= (SET.FINStarget (edge-diagram ?x)) set.col.coprd2$diagram)
(= (SET.FTINScomposition [(edge-diagram ?x) set.col.coprd2$setl])
(SET.FTNScomposition [ (hypergraphl ?x) (hgph.fbr.objsedge ?x)]))
(= (SET.FINScomposition [(edge-diagram ?x) set.col.coprd2$set2])



The IFF Namespace of Hypergraphs

Robert E. Kent Page 43 May 8§, 2003
(SET.FTNScomposition [ (hypergraph2 ?x) (hgph.fbr.objsedge ?x)]1))))

(6) (KIFSfunction node-diagram)

= (KIF$source node-diagram) set.objsSobject)

= (KIFStarget node-diagram) SET.FTINSfunction)

forall (?x (set.objsobject ?x))

(and (= (SET.FINS$source (node-diagram ?x)) (diagram ?x))
SET.FTINStarget (node-diagram ?x)) set.col.coprd2$diagram)
SET.FTINScomposition [(node-diagram ?x) set.col.coprd2S$setl])
SET.FTINScomposition [ (hypergraphl ?x) (hgph.fbr.objs$node ?x)
SET.FINScomposition [(node-diagram ?x) set.col.coprd2$set2])
SET.FINScomposition [ (hypergraph2 ?x) (hgph.fbr.obj$node ?x)1))))

(
(
(
(

(
(
(
( 1)
(
(

For any set X representing a fixed set of names, a binary coproduct cocone is the appropriate cocone for a
binary coproduct over X. A coproduct cocone (see Figure 7a, where arrows denote hypergraph morphisms)
consists of a pair of hypergraph morphisms called opfirst and opsecond. These are required to have a com-
mon target hypergraph called the opvertex of the cocone. Each binary coproduct cocone is under a pair of
hypergraphs.

(7) (KIFSfunction cocone)

(= (KIFSsource cocone) set.objS$Sobject)
(= (KIFstarget cocone) SETSclass)

(8) (KIFSfunction cocone-diagram)
(= (KIFSsource cocone-diagram) set.objsSobject)
(= (KIFStarget cocone-diagram) SET.FINSfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FTINSsource (cocone-diagram ?x)) (cocone ?x))
(= (SET.FINStarget (cocone-diagram ?x)) (diagram ?x))))
(9) (KIFS$function opvertex)
(= (KIFSsource opvertex) set.obj$object)
(= (KIFStarget opvertex) SET.FINS$function)
(forall (?x (set.objSobject ?x))
(and (= (SET.FTINS$source (opvertex ?x)) (cocone ?x))
(= (SET.FINStarget (opvertex ?x)) (hgph.fbr.objSobject ?x))))
(10) (KIFsfunction opfirst)
(= (KIFssource opfirst) set.objS$object)
(= (KIFstarget opfirst) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (opfirst ?x)) (cocone ?x))
(= (SET.FINStarget (opfirst ?x))
(hgph. fbr.morsSmorphism (set.mor$identity ?x)))
(= (SET.FTINsScomposition [(opfirst ?x) (hgph.fbr.mor$source (set.morSidentity ?x))1)
(SET.FTNScomposition [(cocone-diagram ?x) (hypergraphl ?x)]))
(= (SET.FINScomposition [(opfirst ?x) (hgph.fbr.mor$target (set.morsSidentity ?x))])
(opvertex ?x))))
(11)

KIF$function opsecond)
= (KIF$source opsecond) set.objsSobject)
= (KIFStarget opsecond) SET.FINSfunction)
forall (?x (set.objsobject ?x))
(and (= (SET.FINS$source (opsecond ?x)) (cocone ?x))
(= (SET.FINStarget (opsecond ?x))
(hgph. fbr.morSmorphism (set.mor$identity ?x)))
(= (SET.FINScomposition [(opsecond ?x) (hgph.fbr.morS$source (set.morS$identity °?x))1])
(
(
(

(
(
(
(

SET.FINScomposition [(cocone-diagram ?x) (hypergraph2 ?x)]))
SET.FINScomposition [(opsecond ?x) (hgph.fbr.mor$target (set.morSidentity ?x))1)
opvertex ?x))))

(=

For any set X representing a fixed set of names, there are edge cocone and node cocone functions, which
map a binary coproduct cocone to the underlying binary coproduct cocone of edge sets and edge functions
and node sets and node functions, respectively.

(12) (KIFsfunction edge-cocone)

= (KIF$source edge-cocone) set.objS$object)

= (KIFStarget edge-cocone) SET.FINS$function)
forall (?x (set.objsobject ?x))

(and (= (SET.FINS$source (edge-cocone ?x)) (cocone ?x))
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(SET.FTNStarget (edge-cocone ?x)) set.col.coprd2$Scocone)

(SET.FTNScomposition [(edge-cocone ?x) set.col.coprd2$cocone-diagram])

(SET.FTNScomposition [(cocone-diagram ?x) (edge-diagram ?x)]))

(SET.FTNScomposition [(edge-cocone ?x) set.col.coprd2$opvertex])

(SET.FTNScomposition [ (opvertex ?x) (hgph.fbr.obj$edge ?x)1))

(SET.FTNScomposition [(edge-cocone ?x) set.col.coprd2$Sopfirst])

(SET.FTNScomposition [(opfirst ?x) (hgph.fbr.morsedge (set.mor$identity ?x))1))

(SET.FTNScomposition [(edge-cocone ?x) set.col.coprd2$opsecond])

(SET.FTNScomposition [(opsecond ?x) (hgph.fbr.mor$Sedge (set.mor$identity ?x))1))))

(13) (KIFSfunction node-cocone)

= (KIFS$source node-cocone) set.objS$object)

= (KIFStarget node-cocone) SET.FINS$function)

forall (?x (set.objsobject ?x))

(and (= (SET.FTNSsource (node-cocone ?xX)) (cocone ?Xx))

(SET.FTINStarget (node-cocone ?x)) set.col.coprd2$cocone)
(SET.FTNScomposition [(node-cocone ?x) set.col.coprd2$cocone-diagram])
(SET.FTNS$Scomposition cocone-diagram ?x) (node-diagram ?x)]))

(= (SET.FTINScomposition node-cocone ?x) set.col.coprd2$opvertex])
(
(
(
(
(

(
(
(
(

[(
[(
SET.FTNScomposition [ (opvertex ?x) (hgph.fbr.obj$node ?x)1))

SET.FTNS$composition [(node-cocone ?x) set.col.coprd2$opfirst])
SET.FTNScomposition [(opfirst ?x) (hgph.fbr.morsnode (set.morSidentity ?x))]1))
SET.FTNScomposition [(node-cocone ?x) set.col.coprd2$opsecond])
SET.FTNScomposition [(opsecond ?x) (hgph.fbr.mor$node (set.mor$identity ?x))1))))

For any set X representing a fixed set of names, the colimiting cocone function that maps a pair of hyper-
graphs to its binary coproduct colimiting cocone. The totality of this function, along with the universality of
the comediator hypergraph morphism, implies that a binary coproduct exists for any pair of hypergraphs.
The opvertex of the binary coproduct colimiting cocone is a specific binary coproduct hypergraph. It
comes equipped with two injection hypergraph morphisms.

(14) (KIFsfunction colimiting-cocone)
(= (KIFSsource colimiting-cocone) set.objS$object)
(= (KIFsStarget colimiting-cocone) SET.FTNS$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINSsource (colimiting-cocone ?x)) (diagram ?x))
(= (SET.FINStarget (colimiting-cocone ?x)) (cocone ?x))
(= (SET.FINScomposition [(colimiting-cocone ?x) (cocone-diagram ?x)])
(SET.FTNS$identity (diagram °?x)))))
(15) (KIFSfunction colimit)
(KIFSfunction binary-coproduct)
(= binary-coproduct colimit)
(= (KIFsSsource colimit) set.objS$object)
(= (KIFstarget colimit) SET.FTNS$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (colimit ?x)) (diagram ?x))
(= (SET.FINStarget (colimit ?x)) (hgph.fbr.objsobject ?x))
(= (colimit 2x)
(SET.FTNScomposition [(colimiting-cocone ?x) (opvertex ?x)1))))
(16) (KIFsfunction injectionl)
(= (KIFSsource injectionl) set.obj$object)
(= (KIFStarget injectionl) SET.FTIN$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINSsource (injectionl ?x)) (diagram ?x))
(= (SET.FINStarget (injectionl ?x))
(sgph. fbr.mor$morphism (set.mor$identity ?x)))
(= (SET.FINScomposition [(injectionl ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])
(hypergraphl ?x))
(= (SET.FINScomposition [(injectionl ?x) (hgph.fbr.morsStarget (set.morS$identity °?x))1])
(colimit ?x))
(= (injectionl ?x)
(SET.FTNScomposition [(colimiting-cocone ?x) (opfirst ?x)]))))
(17)

KIFSfunction injection2)
= (KIFsSsource injection2) set.objsSobject)
= (KIFStarget injection2) SET.FINsfunction)
forall (?x (set.objsobject ?x))
(and (= (SET.FINS$source (injection2 ?x)) (diagram ?x))

(
(
(
(



The IFF Namespace of Hypergraphs
Robert E. Kent Page 45

SET.FTINStarget (injection2 ?x))
sgph. fbr.mor$morphism (set.mor$identity ?x)))

hypergraph2 ?x))

colimit ?x))
injection2 ?x)

SET.FINScomposition [(injection2 ?x) (hgph.fbr.mor$source

SET.FINScomposition [(injection2 ?x) (hgph.fbr.mors$target
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(set.morsidentity ?x))])

(set.mor$identity ?x))])

SET.FINScomposition [(colimiting-cocone ?x) (opsecond ?x)1))))

For any set X representing a fixed set of names, the binary coproduct and injections are expressed both ab-
stractly by their defining axioms and concretely by the following axioms. These axioms ensure that the
binary coproduct is specific. The following two axioms are the necessary conditions that the edge and node
functors preserve concrete colimits. These explicitly ensure that a binary coproduct of hypergraphs is spe-
cific — that its edge and node sets are exactly the disjoint unions of the corresponding sets of the pair of
hypergraphs. In addition, these explicitly ensure that the two coproduct injection hypergraph morphisms are
specific — that their edge and node functions are exactly the coproduct injections of the edge and node set

pairs of the pair of hypergraphs.

(18) (forall (?x
(and (=

(set.objSobject ?x))
(SET.FTNScomposition [(
(SET.FTNScomposition [(
(SET.FTNScomposition [(
(SET.FTNScomposition [(
(SET.FTNScomposition [(
(SET.FTNScomposition [(
(SET.FTNScomposition [(
(SET.FTNScomposition [(
(19) (forall (?x

(and (=

(set.objS$object ?x))
(SET.FTNScomposition
(SET.FTNS$Scomposition
(SET.FTNScomposition
(SET.FTNS$Scomposition
(SET.FTNS$Scomposition
(SET.FTNS$Scomposition
(SET.FTNS$Scomposition
(

[(
[(
[(
[(
[(
[(
[(
SET.FTNScomposition [(

colimiting-cocone ?x) (edge-cocone ?x)])
edge-diagram ?x) set.col.coprod2$colimiting-conel))
colimit ?x) (hgph.fbr.objsSedge ?x)])

edge-diagram ?x) set.col
injectionl ?x) (hgph.fbr.
edge-diagram ?x) set.col
injection2 ?x) (hgph.fbr.
edge-diagram ?x) set.col

.coprod2$colimit]))
(set.mor$identity ?x))])
.coprod2sinjectionl]))
(set.mor$identity ?x))])
.coprod2$projection2]))))

colimiting-cocone ?x) (node-cocone ?x)])
node-diagram ?x) set.col.coprod2$colimiting-conel))
colimit ?x) (hgph.fbr.objs$node ?x)])

node-diagram ?x) set.col
injectionl ?x) (hgph.fbr.
node-diagram ?x) set.col
injection2 ?x) (hgph.fbr.
node-diagram ?x) set.col

.coprod2$colimit]))
(set.mor$identity ?x))])
.coprod2$injectionl]))
(set.mor$identity ?x))])
.coprod2$projection2]))))

For any set X representing a fixed set of names and for any binary coproduct cocone, there is a comediator
hypergraph morphism [f}, 5] : G+G, — G (see Figure 7a, where arrows denote hypergraph morphisms)
from the binary coproduct of the underlying diagram (pair of hypergraphs) to the opvertex of the cocone.
This is the unique hypergraph morphism, which commutes with the opfirst f; and the opsecond f,. We de-
fine this by using the comediators of the underlying edge and node cocones. Existence and uniqueness

represents the universality of the binary coproduct operator.

(20) (KIFSfunction comediator)

= (KIF$source comediator) set.objsSobject)

= (KIFStarget comediator) SET.FINSfunction)
forall (?x (set.objsobject ?x))

(and (= (SET.FTNSsource (comediator ?x)) (cocone ?Xx))

opvertex ?x))

SET.FTINScomposition
SET.FTINScomposition
SET.FTINScomposition

(
(
(
(
(
(
(
(
(
(SET.FTNScomposition

[(
[(
[(
[(

SET.FINStarget (comediator ?x)) (hgph.fbr.morS$Smorphism
SET.FINScomposition [(comediator ?x) (hgph.fbr.mor$source
SET.FTINScomposition [(cocone-diagram ?x) (colimit ?x)]1))

SET.FINScomposition [(comediator ?x) (hgph.fbr.mor$target

comediator ?x) (hgph.fbr.mor$edge
edge-cocone ?x) set.col.coprd2$comediator]))
comediator ?x) (hgph.fbr.mor$node
node-cocone ?x) set.col.coprd2$Scomediator]))))

(set.morS$identity ?x)))
(set.mor$identity ?x))])

(set.morsidentity ?x))])
(set.mor$identity ?x))])

(set.morsidentity ?x))])

It can be verified that the comediation is the unique hypergraph morphism that makes the diagram in Figure

7a commutative. We use a definite description to express this fact.

(21) (forall (?x (set.objsobject ?x)
?s ((cocone ?x) ?s))
(= ((comediator ?x) ?s)

(the (?f ((hgph.fbr.morSmorphism (set.morS$identity ?x))
(and (= ((hgph.fbr.mor$composition [(set.morSidentity ?x)
[((injectionl ?x) ((cocone-diagram ?x)

(set.mor$identity ?x)1)
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((opfirst ?x) ?s))
(= ((hgph.fbr.morScomposition [(set.mor$identity ?x) (set.mor$identity ?x)])
[((injection2 ?x) ((cocone-diagram ?x) ?s)) ?fl])
((opsecond ?x) ?s))))))
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Endorelations and Quotients
hgph.col.endo
name(f) edge(f)
name(G,) —> name(Gy) edge(G,) ——> edge(G»)
refer(G,) refer(f) refer(G,) sign(G,) J/ sign(f) l sign(G,)
node(G,) ——> node(G,) tuple(refer(G,)) —— tuple(refer(G,))
node(f) tuple(refer(f))

Figure 13: Hypergraph Morphism

Endorelations are definable on fibers of the category Hypergraph. Let X be any set representing a fixed set
of names. Let endo(X) denote the class of all hypergraph endorelations at X. A hypergraph endorelation is
a triple J = (hgphx(J), edgex(J), nodex(J)) consisting of a hypergraph hgphx(J) = G with name set X, a
binary endorelation edgex(J) = Ex C edgex(G)xedgex(G) on edges of G, and a binary endorelation
nodex(J) = Nx < nodex(G)xnodex(G) on nodes of G, that satisfy the following constraints on arity and
signature functions of G. Here = is the equivalence relation generated by edgex(J) and =y is the equiva-
lence relation generated by nodex(J).

— |arity/signature constraints] for any pair of edges ¢, &, € edge(G),
if (1, &) € edgex(J), then

*  arityx(G)(g,) = arityx(G)(g;) and
*  Sighx(G)(g) = Signx(G)(s,), where =, C sign(refer(G))xsign(refer(G)) is the equivalence rela-
tion on tuple defined as follows: (ty, T,) € =) when

arity(refer(G))(t ) = arity(refer(G))(t,), and
T1(x1) =y Ta(x) for all x € arity(refer(G))(t ) = arity(refer(G))(t ).

The hypergraph G is called the base hypergraph of J — the hypergraph on which J is based. A hypergraph
endorelation is determined by the triple consisting of its base hypergraph and two endorelations. A hyper-
graph endorelation on G determines a spangraph endorelation on its associated spangraph hgph(G).

(1) (KIF$function endorelation)
(= (KIFsSsource endorelation) set.obj$object)
(= (KIFstarget endorelation) SETS$Sclass)

KIF$function hypergraph)
KIFsfunction base)
= base hypergraph)
= (KIFSsource hypergraph) set.objsobject)
= (KIFStarget hypergraph) SET.FINSfunction)
forall (?x (set.objsSobject ?x))

(and (= (SET.FINS$source (hypergraph ?x)) (endorelation ?x))

(= (SET.FINstarget (hypergraph ?x)) (sgph.fbr.obj$object ?x))))

(
(
(
(
(
(

KIFS$function edge)
= (KIF$source edge) set.objsobject)
= (KIFStarget edge) SET.FINsSfunction)
forall (?x (set.objsobject ?x))
(SET.FTNS$source (edge ?x)) (endorelation ?x))
= (SET.FTNStarget (edge ?x)) rel.endoSendorelation)
= (SET.FTNScomposition [(edge ?x) rel.endo$set])
(SET.FTNScomposition [ (hypergraph ?x) (hgph.fbr.obj$edge ?x)1))))
KIFsSfunction node)
= (KIFSsource node) set.objsobject)
= (KIFStarget node) SET.FINsSfunction)
forall (?x (set.objsobject ?x))
(and (= (SET.FTNSsource (node ?x)) (endorelation ?x))
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(SET.FTNStarget (node ?x)) rel.endo$Sendorelation)
(SET.FTNScomposition [(node ?x) rel.endoSsetl])
(SET.FTNScomposition [ (hypergraph ?x) (hgph.fbr.obj$node ?x)1))))

(5) (forall (?x (set.obj$object ?x)
?j ((endorelation ?x) ?j))
(forall (?el (((hgph.fbr.objs$edge ?x) ((hypergraph ?x) ?j)) ?2el)

?e2 (((hgph.fbr.objs$edge ?x) ((hypergraph ?x) ?j)) ?e2))
(=> (((edge ?x) ?3j) 2el ?e2)
(and (= (((hgph.fbr.objsSedge-arity ?x) ((hypergraph ?x) ?j)) ?el)
(((hgph.fbr.objsedge-arity ?x) ((hypergraph ?x) ?j)) ?e2))
(forall (?x ((((hgph.fbr.objs$edge-arity ?x) ((hypergraph ?x) ?j)) ?el)

((rel.endoS$equivalence-closure ((node ?x) ?3j))
((((hgph.fbr.obj$signature ?x) ((hypergraph ?x) ?j)) ?el) ?x)

((((hgph.fbr.obj$signature ?x) ((hypergraph ?x) ?j)) ?e2) ?x)))))))

Let X be any set representing a fixed set of names. The class endo(X) of endorelations at X is ordered. For
any two endorelations Ji, J, € endo(X), J; is a subrelation of J>, J; < J,, when

—  hgphx(J\) = hgphx(J>),

— edgex(J)) c edgex(J,), and

— nodex(J,) c hodex(J>).

(6) (KIFSfunction subrelation)
(= (KIFsSsource subrelation) set.objS$Sobject)
(= (KIFstarget subrelation) ORDS$partial-order)
(forall (?x (set.objS$object ?x))

(and (= (ORDSclass (subrelation ?x)) (endorelation ?x))
(forall (?j1 ((endorelation ?x) ?j1)
?j2 ((endorelation ?x) ?3j2))
(<=> ((subrelation ?x) ?jl1 ?3j2)
(and (= ((hypergraph ?x) ?jl1) ((hypergraph ?x) ?j2))
(ord$suborder ((edge ?x) ?jl1l) ((edge ?x) ?3j2))
(ord$suborder ((node ?x) ?jl1) ((node ?x) ?32)))))))
Tx, J
G —> G/J
77X
f
N

K

Diagram 15: Canonical Morphism
and Universality of the Quotient

edge(ty ) =
id canon(edgex(J))
X — X edgex(G) ——> edgex(G)/=¢
refery(G) refer(ty ;) refery(G/J) Sig"x(G)J/ sign(ty ) J/ signx(G/J)
nodex(G) —— nodex(G)/i=y tuple(refery(G)) —— tuple(referx(G/J))
nodex(ty, ) tuple(refery(ty, ,))

Figure 14: Hypergraph Quotient and Canonical Morphism - details

Often, the endorelations Ex and Ny are equivalence relations on the edges and nodes, respectively. How-
ever, it is not only convenient but also very important not to require this. In particular, the endorelations
defined by parallel pairs of hypergraph morphisms (coequalizer diagrams) do not have component equiva-
lence relations. For any edge € € edgex(G), write [g]g for the E-equivalence class of €. Same for nodes.
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Given any fixed set of names X, a simple inductive proof shows that the triple J = (G, =, =) is also an
endorelation.

Quotient

Given any fixed set of variables X, the quotient G/J of an endorelation J = (G, Ex, Nx) =
(hgphx(J), edgex(J), nodex(J)) on a variable set X (see Figure 14, where arrows denote set functions; or
Diagram 1, where arrows denote hypergraph morphisms) is the hypergraph defined as follows:

— The set of edges is edgex(G/J) = edgex(G)/=g.
—  The set of nodes is nodex(G/J) = nodex(G)/=y.
—  The set of names is namex(G/J) = namex(G) = X.
The following definitions follow the diagrams above.
—  The reference set pair
*x gy = refery(GlJ) = (X, nodex(G)/=y).
—  The edge arity function
gy = edge-arityx(G/J) : edgex(G)/=g - X
is defined pointwise as follows
#x,cu(lele) = #xc(e) for all edges € € edgex(G).
—  The signature function
dx.qir = Signx(G/J) : edgex(G)/=¢ — tuple(referx(G/J))
is defined pointwise as follows
dgi([e]lp)(x) = [d6(€)(x)]x for all edges € € edgex(G) and names x € #4(€).

Canon

There is a canonical quotient hypergraph morphism

Txs = (referx(tx,), edge-arityx(tx.s), Signx(tx.s)) : G — LIJ
whose edge function is the canonical surjection

edgex(ty,) = canon(edgex(J)) = [-1¢ : edgex(G) — edgex(G)/=g, and
whose node function is the canonical surjection

nodex(ty.) = canon(nodex(J)) = [-]y : nodex(G) — nodex(G)/=y.

The fundamental property for this hypergraph morphism is trivial, given the definition of the quotient hy-
pergraph above.

(7) (KIFSfunction quotient)
(KIF$Ssource quotient) set.objS$object)
(KIFStarget quotient) SET.FTNS$Sfunction)

forall (?x (set.objsobject ?x))

(and (= (SET.FTINSsource (quotient ?x)) (endorelation ?x))
(= (SET.FINStarget (quotient ?x)) (hgph.fbr.obj$object ?x))
(forall (?j ((endorelation ?x) ?3j))
(and (= ((hgph.fbr.obj$node ?x) ((quotient ?x) ?3j))

rel.endo$quotient (rel.endoSequivalence-closure ((node ?x) ?j))))

(= ((hgph.fbr.objsedge ?x) ((quotient ?x) ?3j))

rel.endoSquotient (rel.endoSequivalence-closure ((relation ?x) ?3j))))
(= (set.pr$setl ((hgph.fbr.objs$reference ?x) ((quotient ?x) ?3j))) ?x)
(= (set.pr$set2 ((hgph.fbr.objsSreference ?x) ((quotient ?x) ?3j)))

(hgph. fbr.objsnode ?x) ((quotient ?x) ?j)))
set.ftn$composition
[(rel.endo$canon ((edge ?x) ?3))
((hgph.fbr.obj$edge-arity ?x) ((quotient ?x) ?3j))1)
((hgph.fbr.objS$edge-arity ?x) ((hypergraph ?x) ?2j)))
(= (set.ftnScomposition
[(rel.endo$canon ((edge ?x) ?3))
((hgph.fbr.objssignature ?x) ((quotient ?x) ?23j))1)
(set.ftn$Scomposition
[ ( (hgph.fbr.objs$signature ?x) ((hypergraph ?x) ?3j))

(
(
(
(
(
(
(
(
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(set.sqgttstuple
((hgph.fbr.mor$reference (set.mor$identity ?x))
((canon ?x) ?23)))1))))))
(8) (KIFS$function canon)
= (KIFSsource canon) set.objS$object)
= (KIFStarget canon) SET.FTNS$Sfunction)
forall (?x (set.objsSobject ?x))
(and (= (SET.FTNS$source (canon ?x)) (endorelation ?x))
SET.FTINStarget (canon ?x)) (hgph.fbr.mor$morphism (set.mor$identity ?x)))
SET.FINScomposition [(canon ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])
hypergraph ?x))
SET.FTINScomposition [(canon ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])
quotient ?x))
SET.FINScomposition [(canon ?x) (hgph.fbr.mor$Sedge (set.morS$identity ?x))])
SET.FTINScomposition (SET.FTINScomposition
[ (edge ?x) rel.endoSequivalence-closure]) rel.endoS$canon]))
(= (SET.FINScomposition [(canon ?x) (hgph.fbr.mor$node (set.mor$identity ?x))])
(SET.FTNScomposition [ (SET.FINScomposition
[ (node ?x) rel.endo$equivalence-closure]) rel.endoS$canon]))))

Any hypergraph morphism f = {e, n, id) = {edgex(f), nodex(f), idx) : G — G’, whose name function is the
identity on X, defines a hypergraph endorelation J; = (G, E, N) over X called the kernel of f, where the
base hypergraph is the source hypergraph, the edge endorelation is the kernel of the edge function, and the
node endorelation is the kernel of the node function:

T
~ hgphx(J) = G; G —> LyJ
- edgex(J) = E¢= {(e1, &) | edgex(f)(e1) = edgex(f)(¢2)}; and \
—  nodex(J) = N;={(&1, &) | nodex(f)(&) = nodex(f)(s2)}. & l f Jo l X
Let us verify the arity/signature constraints. Let g, &, € edge(D) be any pair \

of edges in the destination hypergraph, and assume that (g, &) € edgex(Jx, y); Ly —>» @
that is, assume that edge(f)(s,) = edge(f)(¢;). The commuting diagrams for Hy

the edge-arity and signature quartets of f imply the required constraints: ari-
tyx(G)(e1) = arityx(G)(&2) and signx(G)(e1) =5 SIgNx(G)(&2)-

This notion of a hypergraph morphism kernel gives a canonical approach (Figure 15) for an epi-mono fac-
torization system for hypergraph morphisms. By definition, any language morphism respects its kernel. Let
gr denote the canonical morphism of the kernel of £, and let pr denote the unique mediating morphism such
that g7 ° py= f. This is an “image factorization” of f. The kernel of any language morphism f'is the “largest”
hypergraph endorelation that f respects. If f respects a hypergraph endorelation J, then there is a unique
language morphism f; : Lx/J — Ly/Jgsuch that Ty, ° f; = gcand fj ° pj-:fx.

(9)

Figure 15: Factorization

KIFsSfunction kernel)
= (KIF$source kernel) set.objsSobject)
= (KIFStarget kernel) SET.FINsSfunction)
forall (?x (set.objsobject ?x))
(and (= (SET.FINS$source (kernel ?x)) (hgph.fbr.mor$morphism (set.mor$identity ?x)))
(= (SET.FINsStarget (kernel ?x)) (endorelation ?x))
(forall (?f ((hgph.fbr.mor$morphism (set.mors$identity ?x)) ?£f))

(
(
(
(

(and (= ((hypergraph ?x) ((kernel ?x) ?f))
((hgph.fbr.mor$source (set.mor$identity ?x)) ?f))
(= ((edge ?x) ((kernel ?x) ?f))
(set.ftnSkernel ((hgph.fbr.mor$edge (set.morsidentity ?x)) ?f))
(= ((node ?x) ((kernel ?x) ?f))
(

set.ftnskernel ((hgph.fbr.morsnode (set.morSidentity ?x)) ?£f))))

Let X be any fixed set of names, and let J = (G, E, N) = (hgphx(J), edgex(J), nodex(J)) be a hypergraph
endorelation on X. A hypergraph morphism f = {edgex(f), nodex(f), idy) : G — K in the fibered category
Hypergraph(X) respects J when:
— if(eg, €)) € edgex(J) then edgex(f)(e o) = edgex(f)(e ), for any two edges &, €, € edgex(G); and
— if (ag, ay) € nodex(J) then nodex(f)(ay) = nodex(f)(a,), for any two nodes ay, o; € nodex(G).

(10) (KIFsfunction matches-opspan)
(= (KIFsSsource matches-opspan) set.objsSobject)
(= (KIFstarget matches-opspan) SET.LIM.PBKSopspan)
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(11)

Proposition. For every endorelation J on name set X and every X-fibered hypergraph morphism f: G — K
that respects J, there is a unique comediating X-fibered hypergraph morphism f* : G/J — K such that
Tx,J ° f
If f: G — K respects J, then it factors uniquely through the quotient: there is a unique hypergraph mor-
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(hgph. fbr.morsmorphism ?x))
(endorelation ?x))

(hgph. fbr.objslanguage ?x))

(hgph. fbr.morsSsource ?x))

(language ?x))))

(matches-opspan ?x)))))

(forall (?x (set.objS$object ?x))
(and (= (SET.LIM.PBKS$classl (matches-opspan ?x))
(= (SET.LIM.PBKSclass2 (matches-opspan ?x))
(= (SET.LIM.PBKSopvertex (matches-opspan ?x))
(= (SET.LIM.PBKSopfirst (matches-opspan ?x))
(= (SET.LIM.PBKSopsecond (matches-opspan ?x))
(KIFSfunction matches)
(= (KIFsSsource matches) set.objS$object)
(= (KIFsStarget matches) RELSrelation)
(forall (?x (set.objS$object ?x))
(and (= (RELSclassl (matches ?x)) (hgph.fbr.mor$Smorphism ?x))
(= (RELSclass2 (matches ?x)) (endorelation ?x))
(= (RELSextent (matches ?x)) (SET.LIM.PBKSpullback
(KIFSfunction respects)
(= (KIFSsource respects) set.obj$object)
(= (KIFsStarget respects) RELSrelation)
(forall (?x (set.objS$Sobject ?x))
(and (= (RELSclassl (respects ?x)) (hgph.fbr.morsmorphism ?x))
(= (RELSclass2 (respects ?x)) (endorelation ?x))
(RELSsubrelation (respects ?x) (matches ?x))
(forall (?f ((hgph.fbr.mor$morphism ?x) ?f)

?]J
(<=>

fr=r

((endorelation ?x)
((respects ?x)
((subrelation ?x)

?3)
2f 29)
?J

((kernel ?x) ?f)

((matches ?x)

?f ?5))

)))))

phism f* : Ly/J — K in the fibered category Hypergraph(X) such that Ty, ° £ =f This means that:
[ -edgex(f ) = edgex(f), or edgex(f *)([elr) = edgex(f)(¢) for all edges £ € edgex(G); and
[z -nodex(f *) = nodex(f), or nodex(f *)([alr) = nodex(f)(a) for all nodes o € nodex(Gy).

The respectful constraints on fimply that the components of £~ are a well defined.

The canonical quotient hypergraph morphism tx,: G — G/J respects J, and its unique morphism is the
identity. Based on this proposition, a definite description is used to define a comediator function (Diagram
1) that maps a pair (f; J) consisting of an endorelation and a respectful hypergraph morphism to their co-

mediator f.

(13)

KIFSfunction comediator)
= (KIFS$source comediator)
= (KIFStarget comediator)
forall

(?x (set.objSobject ?x))
(and (= (SET.FTNS$source (comediator ?x)) (RELSextent
(= (SET.FINStarget (comediator ?x))
(forall (?f ((hgph.fbr.mor$morphism ?x) ?f)
?j ((endorelation ?x) ?7j)
((respects ?x) ?f ?3j))
(= ((comediator ?2x) [?f ?j])

(the (?ft

(and

set.obj$object)
SET.FTNSfunction)

( (hgph.fbr.mor$morphism ?x) ?

( (hgph.fbr.mor$source ?x)

((hgph.fbr.mor$target ?x)

( (hgph.fbr.mor$composition
[(set.ftnsidentity ?x)
[((canon ?x) ?3j) ?2ftl])

(
(
(

(respects ?x)))

(hgph. fbr.morsmorphism ?x))

ft))
?ft) ((quotient ?x) ?3j))
?ft) ((hgph.fbr.morStarget ?x)

(set.ftn$identity ?x)1)
?£)))))))

?f))
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Coequalizers

hgph.col.coeq fi Tx.f

coequalizer is a finite colimit in the category Hypergraph for a - s —> llxy

diagram of shape parallel-pair = + 3 «. Such a diagram is called a 5

parallel pair of hypergraph morphisms. J/ g
4

Let X be any fixed set of names, a parallel pair f={f1,f>) : O — D

of hypergraph morphisms is a pair of hypergraph morphisms shar- G

ing a common origin hypergraph O and a common destination hy- Diagram 16: Coequalizer

pergraph D. See Diagram 16, where arrows denote hypergraph of a Parallel Pair

morphisms.

Let X be any fixed set of names, a parallel pair f= {f1, f>) : O — D of hypergraph morphisms is the appro-
priate base diagram for a coequalizer. Each parallel pair consists of a pair of hypergraph morphisms called
morphisml and morphism2 with the identity name function X that share the same origin and destination
hypergraphs. We use either the generic term ‘diagram’ or the specific term ‘parallel-pair’ to denote the
parallel pair class. Parallel pairs are determined by their two component hypergraph morphisms.

(1) (KIFSfunction diagram)
KIF$function parallel-pair)

(
(
(= parallel-pair diagram)
(
(

(KIFStarget diagram) SETS$class)

(KIF$Ssource diagram) set.objSobject)

(diagram ?x))
(hgph. fbr.objsobject ?x))))

(diagram ?x))
(hgph. fbr.objsobject ?x))))

(diagram ?x))

(set.mor$identity ?x)))

[ (morphisml ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])

[ (morphisml ?x) (hgph.fbr.mor$Starget (set.mor$identity ?x))])

(2) (KIFS$function origin)
(= (KIFSsource origin) set.objS$object)
(= (KIFStarget origin) SET.FTINS$Sfunction)
(forall (?x (set.objS$Sobject ?x))
(and (= (SET.FTINS$source (origin ?x))
(= (SET.FINStarget (origin °?x))
(3) (KIFSfunction destination)
(= (KIFsSsource destination) set.objS$Sobject)
(= (KIFsStarget destination) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FTNSsource (destination ?x))
(= (SET.FINStarget (destination ?x))
(4) (KIFSfunction morphisml)
(= (KIFSsource morphisml) set.objS$object)
(= (KIFsStarget morphisml) SET.FTNS$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FIN$source (morphisml ?x))
(= (SET.FINStarget (morphisml ?x))
(hgph. fbr.morsSmorphism
(= (SET.FINScomposition
(origin ?x))
(= (SET.FINScomposition
(destination ?x))))
(5) IF$Sfunction morphism2)

orall (?x (set.objS$object ?x))

hgph. fbr.mor$morphism

(
(
(
(SET.FTNS$Scomposition

K

= (KIFS$source morphism2) set.obj$object)

= (KIFStarget morphism2) SET.FINS$function)
£

SET.FINS$source (morphism2 ?x))
SET.FINStarget (morphism2 ?x))
(set.mor$identity ?x)))

(diagram ?x))

[ (morphism2 ?x) (hgph.fbr.mor$source (set.morS$identity ?x))])

(origin ?x))
(= (SET.FINScomposition

[ (morphism2 ?x) (hgph.fbr.mor$Starget (set.mor$identity ?x))])

(destination ?x))))
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(6) (forall (?x (set.obj$object ?x)
?p ((diagram ?x) ?p) ?q ((diagram ?x) ?2q))
(=> (and (= ((morphisml ?x) ?p) ((morphisml ?x) ?2q))
(= ((morphism2 ?x) ?p) ((morphism2 ?x) ?2q)))
(= ?p ?9)))

There are case, edge and node diagram functions, which map parallel pairs of hypergraph morphisms to the
underlying case, edge and node parallel pairs of set functions, respectively. When the diagram is regarded
as a graph morphism or functor, these are the object part of the compositions of the diagram with the case,
edge and node set functors (Figure 10). In addition, there are indication, comediation and projection dia-
gram morphism functions, which map parallel pairs of hypergraph morphisms to the underlying indication,
comediation and projection morphism of parallel pairs, respectively. The source of indication is the case
diagram and the target of indication is the edge diagram. The source of comediation is the case diagram and
the target of comediation is the node diagram. The source of projection is the case diagram and the target of
projection is the constant diagram for X. When the diagram is regarded as a graph morphism or functor,
these are the morphism part of the compositions of the diagram with the indication, comediation and pro-
jection set natural transformations.

(7) (KIFSfunction case-diagram)
(= (KIFSsource case-diagram) set.objS$object)
(= (KIFStarget case-diagram) SET.FINSfunction)
(forall (?x (set.obj$object ?x))
(and (= (SET.FINSsource (case-diagram ?x)) (diagram ?x))
(= (SET.FINStarget (case-diagram ?x)) set.col.coeg$diagram)
(= (SET.FTINScomposition [(case-diagram ?x) set.col.coeg$origin])
(SET.FTNScomposition [(origin ?x) (hgph.fbr.obj$case ?x)]1))
(= (SET.FINScomposition [(case-diagram ?x) set.col.coeg$destination])
(SET.FTNScomposition [(destination ?x) (hgph.fbr.objscase ?x)]))
(= (SET.FINScomposition [(case-diagram ?x) set.col.coeg$functionl])
(SET.FTNS$Scomposition
[ (morphisml ?x) (hgph.fbr.mor$Scase (set.mor$identity ?x))]))
(= (SET.FINScomposition [(case-diagram ?x) set.col.coeg$function2])
(SET.FTNScomposition
[ (morphism2 ?x) (hgph.fbr.morScase (set.mor$identity ?x))]1))))
(8) (KIFSfunction edge-diagram)
(= (KIFSsource edge-diagram) set.objS$object)
(= (KIFstarget edge-diagram) SET.FINSfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINSsource (edge-diagram ?x)) (diagram ?x))
(= (SET.FINStarget (edge-diagram ?x)) set.col.coeg$diagram)
(= (SET.FTINScomposition [(edge-diagram ?x) set.col.coeg$origin])
(SET.FTNScomposition [(origin ?x) (hgph.fbr.obj$edge ?x)1))
(= (SET.FINScomposition [(edge-diagram ?x) set.col.coeg$destination])
(SET.FTNScomposition [(destination ?x) (hgph.fbr.objsedge ?x)]))
(= (SET.FINScomposition [(edge-diagram ?x) set.col.coeg$functionl])
(SET.FTNScomposition
[ (morphisml ?x) (hgph.fbr.morSedge (set.mor$identity ?x))]))
(= (SET.FINScomposition [(edge-diagram ?x) set.col.coeg$function2])
(SET.FTNS$Scomposition
[ (morphism2 ?x) (hgph.fbr.morSedge (set.mor$identity ?x))]1))))
(9)

KIF$function node-diagram)
= (KIF$source node-diagram) set.objsSobject)
= (KIFStarget node-diagram) SET.FINsSfunction)
forall (?x (set.objsobject ?x))

(and (= (SET.FINS$source (node-diagram ?x)) (diagram ?x))
SET.FINStarget (node-diagram ?x)) set.col.coeg$diagram)
SET.FINScomposition [(node-diagram ?x) set.col.coegS$origin])
SET.FTINScomposition origin ?x) (hgph.fbr.objsnode ?x)]))
SET.FTINScomposition node-diagram ?x) set.col.coeg$destination])
SET.FTINScomposition destination ?x) (hgph.fbr.obj$node ?x)1))
SET.FTINScomposition node-diagram ?x) set.col.coeg$functionl])
SET.FTINScomposition

[ (morphisml ?x) (hgph.fbr.mor$Snode (set.mor$identity ?x))]))
(= (SET.FTINScomposition [(node-diagram ?x) set.col.coeg$function2])

(SET.FTNScomposition

[ (morphism2 ?x) (hgph.fbr.morS$Snode (set.mor$identity ?x))]1))))

(
(
(
(

(
(
(
( [(
( [(
( [(
( [(
(
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(10) (KIFS$function indication)

(= (KIFSsource indication) set.obj$object)
(= (KIFStarget indication) SET.FTIN$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (indication ?x)) (diagram ?x))
SET.FTINStarget (indication ?x)) set.col.coeq.morsdiagram-morphism)
SET.FINScomposition [(indication ?x) set.col.coeg.morS$source])
case-diagram ?x))
SET.FTINScomposition [(indication ?x) set.col.coeg.morStarget])
edge-diagram ?x))
SET.FTINScomposition
SET.FTINS$Scomposition
SET.FTINS$Scomposition
SET.FTINScomposition

(=

indication ?x) set.col.coeqg.mor$origin])

origin ?x) (hgph.fbr.obj$indication ?x)1))
indication ?x) set.col.coegSdestination])
destination ?x) (hgph.fbr.obj$indication ?x)1))))

[(
[(
[(
[(

(11) (KIFSfunction comediation)
(= (KIFsSsource comediation) set.objS$object)
(= (KIFsStarget comediation) SET.FTNS$function)
(forall (?x (set.objS$Sobject ?x))
(and (= (SET.FINS$source (comediation ?x)) (diagram ?x))
(= (SET.FINStarget (comediation ?x)) set.col.coeq.mor$diagram-morphism)
(= (SET.FINScomposition [(comediation ?x) set.col.coeqg.morS$Ssource])
(case-diagram ?x))
(= (SET.FTINScomposition [(comediation ?x) set.col.coeg.morS$Starget])
(node-diagram ?x))
(= (SET.FINScomposition [(comediation ?x) set.col.coeqg.morSorigin])
(SET.FTNScomposition [(origin ?x) (hgph.fbr.obj$comediation ?x)]))
(= (SET.FINScomposition [(comediation ?x) set.col.coeg$destination])
(SET.FTNScomposition [(destination ?x) (hgph.fbr.objscomediation ?x)1))))
(12) (KIFsfunction projection)
(= (KIFSsource projection) set.obj$object)
(= (KIFStarget projection) SET.FTINS$function)
(forall (?x (set.objSobject ?x))
(and (= (SET.FINSsource (projection ?x)) (diagram ?x))
(= (SET.FINStarget (projection ?x)) set.col.coeqg.mor$diagram-morphism)
(= (SET.FINScomposition [(projection ?x) set.col.coeqg.mor$sourcel])
(case-diagram ?x))
(= (SET.FTINScomposition [(projection ?x) set.col.coeq.morS$target])
(edge-diagram ?x))
(= (SET.FINScomposition [(projection ?x) set.col.coeq.mor$origin])
(SET.FTNScomposition [(origin ?x) (hgph.fbr.obj$projection ?x)]1))
(= (SET.FTINScomposition [(projection ?x) set.col.coeg$destination])
(SET.FTNScomposition [(destination ?x) (hgph.fbr.obj$projection ?x)1))))
N
0_—=D
f
Figure 16a: Parallel Pair
— abstract
id edge(f))
—
X ? X edge(0) 3 edge(D)
edge(fs) _
refer(0) refer(D) sign(0) \L J/ sign(D)
node(f,) tuple(refer(f)))
node(0) ? node(D) tuple(refer(0)) ? tuple(refer(D))
node(f>) tuple(refer(f,))

Figure 16b: Parallel Pair
— details

Let X be any fixed set of names, and let f= (f}, f>)) : O — D (Figure 16) be a coequalizer diagram or paral-
lel pair of hypergraph morphisms. The information in f'is equivalently expressed as an endorelation Jx s =
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(D, E, N) = (D, edgex(Jy, p), nodex(Jy ;) based at the destination hypergraph of the parallel pair. The edge
endorelation is the coequalizer endorelation of the edge diagram

edgex(Jx, y) = {(edge(fi)(c), edge(f2)(e)) | € € edge(0)}, and
the node endorelation is the coequalizer endorelation of the node diagram

nodex(Jx ;) = {(node(f)(v), node(f;)(v)) | v e node(0)}.

The commuting diagrams for the edge-arity and signature quartets of f; and f; imply the arity/signature
constraints for the endorelation Jy g arityx(G)(edge(fi)(g)) = arityx(G)(edge(f>)(g)) and
signx(G)(edge(f1)(¢)) =, signx(G)(edge(f>)(¢))-

(13) (KIFS$function endorelation)
= (KIFSsource endorelation) set.objsSobject)
= (KIFStarget endorelation) SET.FTINsSfunction)
forall (?x (set.objsSobject ?x))

(and (= (SET.FINSsource (endorelation ?x)) (diagram ?x))
SET.FTINStarget (endorelation ?x)) (hgph.col.endoSendorelation ?x))
SET.FINScomposition [(endorelation ?x) (hgph.col.endoShypergraph ?x)1)
destination ?x))
SET.FTINScomposition
SET.FTINScomposition
SET.FTINScomposition
SET.FTINS$Scomposition

endorelation ?x
edge-diagram ?x
endorelation ?x
node-diagram ?x

(hgph.col.endo$edge ?x)1)
set.col.coeg$Sendorelation]))
(hgph.col.endo$node ?x)1)
set.col.coeg$endorelation]))))

)
)
)
)

[(
[(
[(
[(

The notion of a coequalizer cocone is used to specify and axiomatize

coequalizers. Each coequalizer cocone (see Figure 17, where arrows fi
denote hypergraph morphisms) is situated under a coequalizer diagram B 3 A
or parallel pair of hypergraph morphisms. Each coequalizer cocone has 5 \J/ f
an opvertex hypergraph C, and a hypergraph morphism f: A — C, U \
whose source hypergraph is the target hypergraph of the hypergraph L f C

morphisms in the underlying cocone diagram (parallel-pair) and whose Figure 17: Coequalizer Cocone
target hypergraph is the opvertex. Since Figure 17 is a commutative

diagram, the composite hypergraph morphism is not needed.

(14) (KIFSfunction cocone)

(= (KIFSsource cocone) set.objS$Sobject)
( (KIFStarget cocone) SETSclass)

(15) (KIFsfunction cocone-diagram)
(= (KIFSsource cocone-diagram) set.objsSobject)
(= (KIFsStarget cocone-diagram) SET.FINSfunction)
(forall (?x (set.objSobject ?x))
(and (= (SET.FTINS$source (cocone-diagram ?x)) (cocone ?x))
(= (SET.FINStarget (cocone-diagram ?x)) (diagram ?x))))
(16) (KIFsfunction opvertex)
(= (KIFSsource opvertex) set.objS$object)
(= (KIFStarget opvertex) SET.FINS$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FTINS$source (opvertex ?x)) (cocone ?x))
(= (SET.FINStarget (opvertex ?x)) (hgph.fbr.objSobject ?x))))
(17) IFS$Sfunction morphism)

(KIFStarget morphism) SET.FTNS$Sfunction)
orall (?x (set.objsobject ?x))
(and (=

K
= (KIFS$source morphism) set.objsSobject)
£

SET.FTINS$source (morphism ?x)) (cocone ?x))
SET.FTNStarget (morphism ?x))
hgph.fbr.mor$morphism (set.mor$identity ?x)))
SET.FTINScomposition
[ (morphism ?x) (hgph.fbr.mor$source (set.morsSidentity ?x))])
(SET.FTNScomposition [(cocone-diagram ?x) (destination ?x)]1))
(= (SET.FINScomposition
[ (morphism ?x) (hgph.fbr.mor$target (set.morsSidentity ?x))])
(opvertex ?x))))

(
(
(
(

(18) (forall (?x (set.objsobject ?x)
?s ((cocone ?x) ?s))



The IFF Namespace of Hypergraphs
Robert E. Kent Page 56 May 8§, 2003

(= ((hgph.fbr.morScomposition [(set.mor$identity ?x) (set.mor$identity ?x)])
[ ( (morphisml ?x) ((cocone-diagram ?x) ?s)) ((morphism ?x) ?s)])
((hgph.fbr.mor$Scomposition [(set.mor$identity ?x) (set.mor$Sidentity ?x)])
[ ((morphism2 ?x) ((cocone-diagram ?x) ?s)) ((morphism ?x) ?s)l)))

The case coequalizer cocone function maps a coequalizer cocone of hypergraphs and hypergraph mor-
phisms to the underlying coequalizer cocone of case sets and case set functions. The edge coequalizer co-
cone function maps a coequalizer cocone of hypergraphs and hypergraph morphisms to the underlying co-
equalizer cocone of edge sets and edge set functions. The node coequalizer cocone function maps a co-
equalizer cocone of hypergraphs and hypergraph morphisms to the underlying coequalizer cocone of node
sets and node set functions.

(19) (KIFSfunction case-cocone)
(= (KIFSsource case-cocone) set.objS$Sobject)
(= (KIFStarget case-cocone) SET.FTNS$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FTNSsource (case-cocone ?X)) (cocone ?Xx))
(= (SET.FINStarget (case-cocone ?x)) set.col.coeg$cocone)
(= (SET.FINScomposition [(case-cocone ?x) set.col.coeg$Scocone-diagram])
(SET.FTNScomposition [(cocone-diagram ?x) (case-diagram ?x)]))
(= (SET.FINScomposition [(case-cocone ?x) set.col.coegS$opvertex])
(SET.FTNScomposition [(opvertex ?x) (hgph.fbr.obj$case ?x)1))
(= (SET.FINScomposition [(case-cocone ?x) set.col.coeg$function])
(SET.FTNS$Scomposition
[ (morphism ?x) (hgph.fbr.mor$case (set.morsidentity ?x))1))))
(20) (KIFsfunction edge-cocone)
(= (KIFssource edge-cocone) set.objS$Sobject)
(= (KIFStarget edge-cocone) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINSsource (edge-cocone ?x)) (cocone ?x))
(= (SET.FINStarget (edge-cocone ?x)) set.col.coeg$cocone)
(= (SET.FINScomposition [(edge-cocone ?x) set.col.coeg$cocone-diagram])
(SET.FTNScomposition [(cocone-diagram ?x) (edge-diagram ?x)]))
(= (SET.FINScomposition [(edge-cocone ?x) set.col.coegSopvertex])
(SET.FTNScomposition [ (opvertex ?x) (hgph.fbr.obj$edge ?x)1))
(= (SET.FINsScomposition [(edge-cocone ?x) set.col.coeg$function])
(SET.FTNS$Scomposition
[ (morphism ?x) (hgph.fbr.mor$edge (set.morsSidentity ?x))1))))
(21)

KIFSfunction node-cocone)
= (KIFSsource node-cocone) set.objS$Sobject)
= (KIFStarget node-cocone) SET.FINS$function)
forall (?x (set.objsobject ?x))

(and (= (SET.FTNS$source (node-cocone ?x)) (cocone ?x))
SET.FTINStarget (node-cocone ?x)) set.col.coegS$cocone)
SET.FINScomposition [(node-cocone ?x) set.col.coeg$cocone-diagram])
SET.FTINScomposition cocone-diagram ?x) (node-diagram ?x)]))
SET.FTINScomposition node-cocone ?x) set.col.coeg$Sopvertex])
SET.FTINScomposition opvertex ?x) (hgph.fbr.objsnode ?x)]))
SET.FTINScomposition node-cocone ?x) set.col.coeg$function])
SET.FTINScomposition

[ (morphism ?x) (hgph.fbr.mor$node (set.morsidentity ?x))1))))

(
(
(
(

(=

(
(
(
( [(
( [(
( [(
( [(
(

It is important to observe that the hypergraph morphism in a cocone respects the endorelation of the
underlying diagram of the cocone. This fact is needed to help define the comediator of a cocone.

(22) (forall (?x (set.obj$object ?x)
?s ((cocone ?x) ?s))
( (hgph.col.endoSrespects ?x)
( (morphism ?x) ?s)
(endorelation ((cocone-diagram ?x) ?s))))

There is a class function ‘colimiting-cone’ that maps a parallel pair of h
hypergraph morphisms to its coequalizer (colimiting coequalizer cocone) B 3 A
(see Figure 18, where arrows denote hypergraph morphisms). The total- £ .
ity of this function, along with the universality of the comediator hyper- \ \l/
graph morphism, implies that a coequalizer exists for any parallel pair of A

hypergraph morphisms. The opvertex of the colimiting coequalizer co-
Figure 18: Colimiting Cocone
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cone is a specific coequalizer hypergraph. It comes equipped with a canon hypergraph morphism. The co-
equalizer and canon are expressed both abstractly, and, in the last axiom, concretely as the quotient and

canon of the endorelation of the diagram.

(23) (KIFsfunction colimiting-cocone)
(= (KIFSsource colimiting-cocone) set.objS$object)
(= (KIFsStarget colimiting-cocone) SET.FTNS$Sfunction)
(forall (?x (set.objSobject ?x))
(and (= (SET.FINS$source (colimiting-cocone ?x))
(= (SET.FINStarget (colimiting-cocone ?x))
(= (SET.FINScomposition [(colimiting-cocone ?x)
(SET.FTINSidentity (diagram ?x)))))
(24) (KIFSfunction colimit)
(KIFS$Sfunction coequalizer)
(= coequalizer colimit)
(= (KIFsSsource colimit) set.objS$object)
(= (KIFstarget colimit) SET.FTNS$function)
(forall (?x (set.objSobject ?x))
(and (= (SET.FINS$source (colimit ?x)) (diagram ?x))
(= (SET.FINStarget (colimit ?x))
(= (colimit ?2x)
(SET.FTNScomposition [(colimiting-cocone ?x)
(25) (KIFS$function canon)
(= (KIFSsource canon) set.objS$object)
(= (KIFstarget canon) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (canon ?x)) (diagram ?x))
(= (SET.FINStarget (canon ?x))
(hgph. fbr.mor$morphism (set.mor$identity ?x)))
(= (SET.FTINScomposition
[ (canon ?x) (hgph.fbr.mor$source
(destination °?x))
(= (SET.FTINScomposition
[ (canon ?x) (hgph.fbr.mor$Starget
(colimit ?x))
(= (canon °?x)
(SET.FTNScomposition [(colimiting-cocone ?x)
(26) (forall (?x (set.objS$object ?x))
(and (= (colimit ?x)

canon ?x)

(
(
(SET.FTNScomposition [(endorelation ?x)
(
(SET.FTNScomposition [(endorelation ?x)

(diagram ?x))
(cocone ?x))
(cocone-diagram ?x)1)

(hgph. fbr.objsobject ?x))

(opvertex ?x)1))))

(set.mor$identity ?x))])

(set.morsidentity ?x))])

(morphism ?x)1))

(hgph.col.endo$Squotient ?x)]1))

(hgph.col.endoScanon ?x)]))))

The following three axioms are the necessary conditions that the case, edge and node functors preserve
concrete colimits. These, in addition to the endorelation axiom above, ensure that both this coequalizer hy-

pergraph and its canon hypergraph morphism are specific.

(27) (forall (?x (set.objS$object ?x))
(and (= (SET.FINScomposition [(colimiting-cocone ?x)
(SET.FTNScomposition [(case-diagram ?x)
(= (SET.FINScomposition [(colimit ?x)
(SET.FTNScomposition [(case-diagram ?x)
(= (SET.FTINScomposition [(canon ?x)
(SET.FTNScomposition [(case-diagram ?x)
(28) (forall (?x (set.objS$object ?x))
(and (= (SET.FINScomposition [(colimiting-cocone ?x)
(SET.FTNScomposition [(edge-diagram ?x)
(= (SET.FINScomposition [(colimit ?x)
(SET.FTNScomposition [(edge-diagram ?x)
(= (SET.FTINScomposition [(canon ?x)
(SET.FTNScomposition [(edge-diagram ?x)
(29) (forall (?x (set.objS$object ?x))
(and (= (SET.FINScomposition [(colimiting-cocone ?x)
(SET.FTNScomposition [(node-diagram ?x)
(= (SET.FINScomposition [(colimit ?x)

(case-cocone x)1])
set.col.coeg$colimiting-cocone]))
(hgph.fbr.objsScase ?x)])
set.col.coeg$colimit]))

(hgph. fbr.morScase
set.col.coegS$canon]))))

(set.morsidentity ?x))])

(edge-cocone x)])
set.col.coeg$colimiting-cocone]))
(hgph. fbr.obj$edge ?x)1)
set.col.coeg$colimit]))

(hgph. fbr.morsSedge
set.col.coeg$canon]))))

(set.morsidentity ?x))])

(node-cocone x)1)
set.col.coeg$colimiting-cocone]))
(hgph. fbr.objsnode ?x)])
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(SET.FTNScomposition [(node-diagram ?x) set.col.coeg$colimit]))
(= (SET.FINScomposition [(canon ?x) (hgph.fbr.mor$node (set.mor$identity ?x))])
(SET.FTNScomposition [(node-diagram ?x) set.col.coeg$canon]))))

The comediator hypergraph morphism, from the coequalizer of a parallel pair Figure 19: Comediator
of hypergraph morphisms to the opvertex of a cocone under the parallel pair f
. . . . 1 Y
(see Figure 19, where arrows denote hypergraph morphisms), is the unique B—=4 i
hypergraph morphism that commutes with cocone hypergraph morphisms. —
This is defined abstractly by using a definite description, and is defined con- 12 ‘g\ l/ m
C

cretely as the comediator of the associated (morphism, endorelation) pair.
(30) (KIFSfunction comediator)
= (KIF$source comediator) set.objsobject)
= (KIFStarget comediator) SET.FINSfunction)
forall (?x (set.objsobject ?x))

(and (=

(
(
(
(

(SET.FTNSsource (comediator ?x)) (cocone ?x))
(SET.FTNStarget (comediator ?x)) (hgph.fbr.morSmorphism (set.mor$identity ?x)))
(= (SET.FINScomposition [(comediator ?x) (hgph.fbr.morSsource (set.mor$identity °?x))1])
(SET.FTNScomposition [(cocone-diagram ?x) (colimit ?x)]1))

(SET.FTNScomposition [(comediator ?x) (hgph.fbr.mor$target (set.morsSidentity ?x))]1)
(opvertex ?x))
(forall (?s ((cocone ?x) ?s))
(= ((comediator ?x) ?s)

(the (?m ((hgph.fbr.morSmorphism (set.mor$identity ?x)) 2m))

(= ((hgph.fbr.morScomposition [(set.mor$identity ?x) (set.mor$identity ?x)])
[((canon ?x) ((cocone-diagram ?x) ?s)) ?m])
( (morphism ?x) ?s)))))))

(31) (forall (?x (set.obj$object ?x)
?s ((cocone ?x) ?s))
(= ((comediator ?x) ?s)
( (hgph.col.endoScomediator ?x)
[ ((morphism ?x) ?s) ((endorelation ?x) ((cocone-diagram ?x) ?s))])))
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Pushouts
hgph.col.psh

B
A pushout is a finite colimit in the category Hypergraph for a diagram of f 7
shape span =+ « « = < Such a diagram of hypergraphs and hypergraph mor- : / \2
phisms is called a span (see Figure 20, where arrows denote hypergraph mor-
phisms) l 4,

A span of hypergraphs and hypergraph morphisms is the appropriate base Figure 20: Pushout Diagram
diagram for a pushout. Each span consists of a pair of hypergraph morphisms = Span

called first and second. These are required to have a common source hyper-

graph called the vertex. The target hypergraphs for first and second are given

the names hypergraph, and hypergraph,. We use either the generic term ‘diagram’ or the specific term
‘span’ to denote the span class. A span is the special case of a general diagram whose shape is the span
graph. Spans are determined by their pair of component hypergraph morphisms.

(1) (KIFSfunction diagram)

(KIFSfunction span)

(=

(= (KIFssource diagram) set.objS$object)
(= (KIFsStarget diagram) SETS$Sclass)

(2) (KIFS$function hypergraphl)
(= (KIFsSsource hypergraphl) set.objS$object)
(= (KIFsStarget hypergraphl) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FTINS$source (hypergraphl ?x)) (diagram ?x))
(= (SET.FINStarget (hypergraphl ?x)) (hgph.fbr.objsobject ?x))))
(3) (KIFS$function hypergraph?2)
(= (KIFssource hypergraph2) set.objS$Sobject)
(= (KIFStarget hypergraph2) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (hypergraph2 ?x)) (diagram ?x))
(= (SET.FINStarget (hypergraph2 ?x)) (hgph.fbr.objsobject ?x))))
(4) (KIFSfunction vertex)
(= (KIFSsource vertex) set.objSobject)
(= (KIFStarget vertex) SET.FTINSfunction)
(forall (?x (set.obj$object ?x))
(and (= (SET.FINS$source (vertex ?x)) (diagram ?x))
(= (SET.FINStarget (vertex ?x)) (hgph.fbr.objSobject ?x))))
(5) (KIFS$function first)
(= (KIFS$source first) set.objsSobject)
(= (KIFstarget first) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINSsource (first ?x)) (diagram ?x))
(= (SET.FINStarget (first ?x)) (hgph.fbr.mor$Smorphism (set.mor$identity ?x)))
(= (SET.FINsScomposition [(first ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])
(vertex °?x))
(= (SET.FINScomposition [(first ?x) (hgph.fbr.mor$target (set.mor$identity ?x))])
(hypergraphl ?x))))
(6) IFS$Sfunction second)

(KIFStarget second) SET.FTNS$Sfunction)
orall (?x (set.objS$object ?x))
(and (=

(K
(= (KIFsSsource second) set.obj$object)
(=
(£

SET.FTINS$source (second ?x)) (diagram ?x))
SET.FTINStarget (second ?x)) (hgph.fbr.morSmorphism (set.mor$identity ?x)))

vertex ?x))

hypergraph2 ?x))))

(7) (forall (?x (set.objS$object ?x)
?dl ((diagram ?x) ?dl) ?d2 ((diagram ?x) ?2d2))

SET.FTINScomposition [(second ?x) (hgph.fbr.mor$source (set.morsidentity ?x))1)

SET.FTINScomposition [(second ?x) (hgph.fbr.mor$target (set.morSidentity ?x))1)
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(=> (and (= ((first ?x) 2d1l) ((first ?x) ?2d2))
(= ((second ?x) ?2dl) ((second ?x) ?2d2)))
(= ?2d1 2d2)))

The pair of target hypergraphs (suffixing discrete diagram) underlying any span of hypergraphs is named.
This construction is derived from the fact that the pair shape is a subshape of the span shape.

(8) (KIFS$function pair)
= (KIFSsource pair) set.objsobject)
= (KIFStarget pair) SET.FINSfunction)
forall (?x (set.objsSobject ?x))

(and (= (SET.FINSsource (pair ?x)) (diagram ?x))
SET.FTNStarget (pair ?x)) (hgph.col.coprd2$diagram ?x))
SET.FTNScomposition [(pair ?x) (hgph.col.coprd2shypergraphl ?x)])
hypergraphl ?x))
SET.FTNScomposition [(pair ?x) (hgph.col.coprd2$hypergraph2 ?x)])
hypergraph2 ?x))))

(
(
(
(

(=

(
(
(
(
(= (
(

Every span has an opposite.

(9) (KIFSfunction opposite)
= (KIF$source opposite) set.objsSobject)
(KIFStarget opposite) SET.FTNS$Sfunction)

(
(
(=
(forall (?x (set.objS$object ?x))

(and (= (SET.FINS$source (opposite ?x)) (diagram ?x))
(= (SET.FINStarget (opposite ?x)) (diagram ?x))
(= (SET.FINScomposition [ (opposite ?x) (hypergraphl ?x)]) (hypergraph2 ?x))
(= (SET.FINScomposition [ (opposite ?x) (hypergraph2 ?x)]) (hypergraphl ?x))
(= (SET.FINScomposition [ (opposite ?x) (vertex ?x)]) (vertex ?x))
(= (SET.FTINScomposition [ (opposite ?x) (first ?x)]) (second ?x))
(= (SET.FINScomposition [(opposite ?x) (second ?x)]) (first ?x))))

The opposite of the opposite is the original opspan — the following theorem can be proven.

(10) (forall (?x (set.objS$object ?x))
(= (SET.FTINScomposition [ (opposite ?x) (opposite ?x)1)
(SET.FTINS$identity (diagram ?x))))

The case span or case diagram function maps a diagram of hypergraphs and hypergraph morphisms to the
underlying set colimit pushout diagram of case sets and set functions. The edge span or edge diagram func-
tion and the node span or node diagram function are similar.

(11) (KIFsfunction case-diagram)
(= (KIFSsource case-diagram) set.objS$object)
(= (KIFsStarget case-diagram) SET.FINSfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINSsource (case-diagram ?x)) (diagram ?x))
(= (SET.FINStarget (case-diagram ?x)) set.col.pshS$diagram)
(= (SET.FINScomposition [(case-diagram ?x) set.col.psh$setl])
(SET.FTNScomposition [ (hypergraphl ?x) (hgph.fbr.objscase ?x)]))
(= (SET.FINScomposition [(case-diagram ?x) set.col.pshS$set2])
(SET.FTNScomposition [ (hypergraph2 ?x) (hgph.fbr.objscase ?x)]))
(= (SET.FINScomposition [(case-diagram ?x) set.col.pshS$vertex])
(SET.FTINScomposition [(vertex ?x) (hgph.fbr.obj$case ?x)]1))
(= (SET.FINScomposition [(case-diagram ?x) set.col.pshsfirst])
(SET.FTNScomposition [(first ?x) (hgph.fbr.morsScase (set.morSidentity ?x))1))
(= (SET.FINScomposition [(case-diagram ?x) set.col.psh$second])
(SET.FTNScomposition [(second ?x) (hgph.fbr.mor$case (set.mor$identity ?x))1))))
(12)

KIF$function edge-diagram)

= (KIF$source edge-diagram) set.objsSobject)

= (KIFStarget edge-diagram) SET.FTINSfunction)

forall (?x (set.objsobject ?x))
(and (= (SET.FINSsource (edge-diagram ?x)) (diagram ?x))
(SET.FTNStarget (edge-diagram ?x)) set.col.psh$diagram)
(SET.FTNScomposition [(edge-diagram ?x) set.col.psh$setl])
(SET.FTNS$Scomposition hypergraphl ?x) (hgph.fbr.obj$edge ?x)1))

(= (SET.FINScomposition edge-diagram ?x) set.col.pshS$set2])
(
(
(
(

(
(
(
(

(=

[(
[(
SET.FTNScomposition [ (hypergraph2 ?x) (hgph.fbr.objsedge ?x)]))
SET.FTNScomposition [(edge-diagram ?x) set.col.psh$vertex])

SET.FTNScomposition [(vertex ?x) (hgph.fbr.obj$edge ?x)1))
SET.FTNScomposition [(edge-diagram ?x) set.col.psh$first])
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(SET.FTNScomposition [(first ?x) (hgph.fbr.morsedge (set.morSidentity ?x))1))
(= (SET.FINScomposition [(edge-diagram ?x) set.col.pshS$second])
(SET.FTNScomposition [

(13) (KIFsfunction node-diagram)
= (KIFSsource node-diagram) set.objsSobject)
= (KIFStarget node-diagram) SET.FTINSfunction)
forall (?x (set.objsSobject ?x))

(and (= (SET.FINSsource (node-diagram ?x)) (diagram ?x))
SET.FTINStarget (node-diagram ?x)) set.col.psh$Sdiagram)
SET.FTINScomposition [(node-diagram ?x) set.col.pshS$setl])
SET.FINScomposition [ (hypergraphl ?x) (hgph.fbr.obj$node ?x)1))
SET.FTINScomposition [(node-diagram ?x) set.col.pshSset2])
SET.FINScomposition [ (hypergraph2 ?x) (hgph.fbr.obj$node ?x)1))
SET.FINScomposition [(node-diagram ?x) set.col.psh$vertex])
SET.FINScomposition [(vertex ?x) (hgph.fbr.obj$node ?x)]1))
[(
[(
[(
[(

(
(
(
(

(=

(
(
(
(
(
(
(
(
(SET.FTNS$Scomposition node-diagram ?x) set.col.psh$first])
(SET.FTNS$Scomposition first ?x) (hgph.fbr.morsnode (set.morSidentity ?x))1))
(SET.FTNS$Scomposition node-diagram ?x) set.col.psh$second])
(SET.FTNScomposition

The parallel pair or coequalizer diagram function maps a hypergraph

pushout diagram to the associated hypergraph coequalizer diagram. See Fig- B

ure 21, where arrows denote hypergraph morphisms. The parallel pair of hy- f/ l/l/ \fz
pergraph morphisms in this coequalizer diagram is the composite of the first

and second hypergraph morphisms of the pushout diagram with the coproduct A1 —> A+A, < A
injection hypergraph morphisms for the binary coproduct of the pair of com- b L

(second ?x) (hgph.fbr.mor$Sedge (set.morS$identity ?x))]))))

second ?x) (hgph.fbr.mor$node (set.mor$identity ?x))1))))

ponent hypergraphs in the pushout diagram. The coequalizer and canon of the Figure 21: Coequalizer Diagram

coequalizer diagram will be used to give a specific definition for the pushout.

(14) (KIFsfunction coequalizer-diagram)

KIFS$function parallel-pair)

= parallel-pair coequalizer-diagram)

= (KIFSsource coequalizer-diagram) set.obj$object)

= (KIFS$target coequalizer-diagram) SET.FINS$function)
forall (?x (set.objsSobject ?x))

(and (= (SET.FINSsource (coequalizer-diagram ?x)) (diagram ?x))
(SET.FTNStarget (coequalizer-diagram ?x)) (hgph.col.coeg$Sdiagram ?x))
(= (SET.FINScomposition [(coequalizer-diagram ?x) (hgph.col.coeg$origin ?x)])

(

(

vertex ?x))
(=

(SET.FINScomposition [(pair ?x) (hgph.col.coprd2$binary-coproduct ?x)]))
(forall (?d ((diagram ?x) ?2d))

(and (= ((hgph.col.coeg$morphisml ?x) ((coequalizer-diagram ?x) ?2d))
( (hgph.mor$composition [(set.mor$identity ?x) (set.morSidentity °?x)])
[((first ?x) ?d) ((hgph.col.coprd2$injectionl ?x) ((pair ?x) ?2d))]))
(= ((hgph.col.coeg$morphism2 ?x) ((coequalizer-diagram ?x) ?d))

SET.FTINScomposition [(coequalizer-diagram ?x) (hgph.col.coegSdestination ?x)])

( (hgph.morS$composition [(set.mor$identity ?x) (set.mor$identity ?x)])
[((second ?x) ?d) ((hgph.col.coprd2$injection2 ?x) ((pair ?x) 2d))1))))))

Here we assert three important categorical identities (not just isomorphisms). For any pushout diagram (in
Hypergraph), these relate the case, edge or node diagrams (in Set) of the coequalizer diagram (in Hyper-
graph) to the coequalizer diagram (in Set) of the vertex, edge or node diagrams of the pushout diagram,
respectively. These identities are assumed in the definition of the colimiting cocone below.

(15) (forall (?x
(and (=

(set.objS$object ?x))

(SET.FTNScomposition

(SET.FTNS$Scomposition case-diagram ?x) set.col.coegScoequalizer-diagram]))
(= (SET.FTINScomposition

(SET.FTNS$Scomposition

(SET.FTNS$Scomposition

(SET.FTNS$Scomposition

[(
[(
[(
[ (edge-diagram ?x) set.col.coeg$coequalizer-diagram]))
[ (coequalizer-diagram ?x) (hgph.col.coeg$node-diagram])
[(
(16) (forall (?x (set.objS$object ?x))
(and (= (SET.FTINScomposition [ (SET.FINScomposition
[ (coequalizer-diagram ?x)
(hgph.col.coeg$colimiting-cocone ?x)])
(hgph.col.coeg$case-diagram ?x)])
(SET.FTNScomposition [ (SET.FTINScomposition

coequalizer-diagram ?x) (hgph.col.coeg$case-diagram ?x)])

coequalizer-diagram ?x) (hgph.col.coeg$edge-diagram ?x)])

node-diagram ?x) set.col.coegScoequalizer-diagram]))))
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[ (case-diagram ?x)
set.col.psh$coequalizer-diagram])
set.col.coeg$colimiting-cocone]))

(= (SET.FINScomposition [(SET.FTN$Scomposition

[ (coequalizer-diagram ?x)
(hgph.col.coeg$colimiting-cocone ?x)])
(hgph.col.coeg$edge-diagram ?x)])

(SET.FTNScomposition [ (SET.FTINScomposition

[ (edge-diagram ?x)
set.col.psh$coequalizer-diagram])
set.col.coeg$colimiting-cocone]))

(= (SET.FINScomposition [(SET.FTN$Scomposition

[ (coequalizer-diagram ?x)
(hgph.col.coeg$colimiting-cocone ?x)])
(hgph.col.coeg$node-diagram ?x)])

(SET.FTNScomposition [ (SET.FTINScomposition

[ (node-diagram ?x)
set.col.psh$coequalizer-diagram])
set.col.coeg$colimiting-cocone]))))

Pushout cocones are used to specify and axiomatize pushouts. Each
pushout cocone (see Figure 22, where arrows denote hypergraph mor-
phisms) has the following constituents:

— an overlying diagram (the shaded part of Figure 22),
— an opvertex hypergraph A, and
— apair of hypergraph morphisms called opfirst and opsecond.

The common target hypergraph of opfirst and opsecond is the opvertex.
The source hypergraphs of opfirst and opsecond are the target hypergraphs
of the hypergraph morphisms in the pushout diagram. The opfirst and op-
second hypergraph morphisms form a commutative diagram with the over-

May 8, 2003

B
/g
Ay A
op;:>\& k{/g;an
A

Figure 22: Pushout Cocone

lying pushout diagram. A pushout cocone is the very special case of a colimiting cocone under a pushout
diagram. The term ‘cocone’ denotes the pushout cocone class. The term ‘cocone-diagram’ represents the

underlying pushout diagram.

(17) (KIFSfunction cocone)
(= (KIFsSsource cocone) set.obj$object)
(= (KIFstarget cocone) SETS$Sclass)

(18) (KIFsfunction cocone-diagram)
(= (KIFsSsource cocone-diagram) set.objsobject)
(= (KIFsStarget cocone-diagram) SET.FINSfunction)
(forall (?x (set.objS$Sobject ?x))
(and (= (SET.FTINS$source (cocone-diagram ?x)) (cocone ?x))
(= (SET.FINStarget (cocone-diagram ?x)) (diagram ?x))))
(19) (KIFsfunction opvertex)
(= (KIFSsource opvertex) set.objS$object)
(= (KIFsStarget opvertex) SET.FTNSfunction)
(forall (?x (set.objSobject ?x))
(and (= (SET.FINS$source (opvertex ?x)) (cocone ?x))
(= (SET.FINStarget (opvertex ?x)) (hgph.fbr.objSobject ?x))))
(20) (KIFsfunction opfirst)
(= (KIFssource opfirst) set.objS$object)
(= (KIFstarget opfirst) SET.FTNS$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FTINSsource (opfirst ?x)) (cocone ?x))
(= (SET.FINStarget (opfirst ?x)) (hgph.fbr.morsmorphism (set.mor$Sidentity °?x)))
(= (SET.FTINsScomposition [(opfirst ?x) (hgph.fbr.mor$source (set.mor$Sidentity ?x))1)
(SET.FTNScomposition [(cocone-diagram ?x) (hypergraphl ?x)]))
(= (SET.FINsScomposition [(opfirst ?x) (hgph.fbr.mor$target (set.morsSidentity ?x))])
(opvertex ?x))))
(21)

(KIFSfunction opsecond)

(=

(=

(forall (?x (set.objsSobject

(KIF$Ssource opsecond) set.objS$object)
(KIFStarget opsecond) SET.FTNS$Sfunction)

?x))
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(and (= (SET.FTINS$source (opsecond ?x)) (cocone ?x))
(= (SET.FINStarget (opsecond ?x)) (hgph.fbr.mor$morphism (set.mor$identity ?x)))

SET.FINScomposition [(opsecond ?x) (hgph.fbr.mor$source (set.morSidentity ?x))1)
SET.FINScomposition [(cocone-diagram ?x) (hypergraph2 ?x)]))

SET.FINScomposition [(opsecond ?x) (hgph.fbr.mor$target (set.morsSidentity ?x))]1)
opvertex ?x))))

(
(
(
(
(
(

(22) (forall (?x (set.obj$object ?x)

?s ((cocone ?x) ?s))
(= ((hgph.morsScomposition [(set.mor$identity ?x) (set.mor$identity ?x)])
[((first ?x) ((cocone-diagram ?x) ?s)) ((opfirst ?x) ?s)])
( (hgph.mor$composition [(set.mor$identity ?x) (set.mor$identity ?x)])
[((second ?x) ((cocone-diagram ?x) ?s)) ((opsecond ?x) ?s)])))

The binary-coproduct cocone underlying any cocone (pushout diagram) is named.

(23) (KIFsfunction binary-coproduct-cocone)
= (KIFS$source binary-coproduct-cocone) set.objS$object)
= (KIFS$target binary-coproduct-cocone) SET.FINS$function)
forall (?x (set.objsobject ?x))
(and (= (SET.FINS$source (binary-coproduct-cocone ?x)) (cocone ?x))
(SET.FTINStarget (binary-coproduct-cocone ?x)) (hgph.col.coprd2$cocone ?x))
(SET.FTNScomposition [ (binary-coproduct-cocone ?x) (hgph.col.coprd2$cocone-diagram ?x)])
(SET.FTNScomposition [(cocone-diagram ?x) (pair ?x)]))
(= (SET.FINScomposition [(binary-coproduct-cocone ?x) (hgph.col.coprd2$opvertex ?x)])
(
(
(
(
(

(=

opvertex ?x))

SET.FINScomposition [(binary-coproduct-cocone ?x) (hgph.col.coprd2sopfirst ?x)1)
opfirst ?x))

SET.FTINScomposition [ (binary-coproduct-cocone ?x) (hgph.col.coprd2sopsecond ?x)])
opsecond ?x))))

The coequalizer cocone function maps a hypergraph pushout cocone to the

associated hypergraph coequalizer cocone. See Figure 23, where arrows B

denote hypergraph morphisms. The diagram overlying the coequalizer co- fi bH
cone is the coequalizer diagram associated with the overlying pushout dia- / \
gram. The opvertex of the coequalizer cocone is the opvertex. The hyper- A —> A+A, < A,
graph morphism of the coequalizer cocone is the binary coproduct come- U v ;
diator of the opfirst and opsecond hypergraph morphisms with respect to opl S\ \J/ Y/ op2"
the binary coproduct pair diagram of the cocone. 4

This is the first step in the definition of the pushout of a cocone. The fol-
lowing string of equalities using the notation in Figure 23 demonstrates
that this cocone is well defined.

firusy=fiopl"=frrop2"=f; -y
(24)

Figure 23: Coequalizer Cocone

KIF$function coequalizer-cocone)
= (KIFSsource coequalizer-cocone) set.objsSobject)
= (KIFS$target coequalizer-cocone) SET.FINSfunction)
forall (?x (set.objsSobject ?x))
(and (= (SET.FINSsource (coequalizer-cocone ?x)) (cocone ?x))
(SET.FTNStarget (coequalizer-cocone ?x)) (hgph.col.coeg$cocone ?x))
(SET.FTNScomposition [(coequalizer-cocone ?x) (hgph.col.coeg$cocone-diagram ?x)])
(SET.FTNScomposition [(cocone-diagram ?x) (coequalizer-diagram ?x)]))
(= (SET.FINScomposition [(coequalizer-cocone ?x) (hgph.col.coeg$Sopvertex ?x)])
(
(
(

(=

opvertex ?x))
SET.FINScomposition [(coequalizer-cocone ?x) (hgph.col.coeg$Smorphism ?x)])
SET.FINScomposition [ (binary-coproduct-cocone ?x) (hgph.col.coprd2sScomediator ?x)]))))

The case cocone function maps a hypergraph pushout cocone to the underlying set pushout cocone. The
edge cocone function and the node cocone function are defined similarly.

(25) (KIFS$function case-cocone)
= (KIF$source case-cocone) set.objS$Sobject)
= (KIFStarget case-cocone) SET.FINS$function)
forall (?x (set.objsSobject ?x))
(and (= (SET.FTNS$source (case-cocone ?X)) (cocone ?x))
SET.FTINStarget (case-cocone ?x)) set.col.psh$cocone)
SET.FTINScomposition [(case-cocone ?x) set.col.pshS$cocone-diagram])

SET.FINScomposition [(cocone-diagram ?x) (case-diagram ?x)]1))

(
(
(= (
(
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(= (SET.FINScomposition [(case-cocone ?x) set.col.pshS$Sopvertex])
(SET.FTNScomposition [(opvertex ?x) (hgph.fbr.obj$case ?x)1))
(= (SET.FINScomposition [(case-cocone ?x) set.col.psh$Sopfirst])
(SET.FTNScomposition [(opfirst ?x) (hgph.fbr.morScase (set.mor$identity ?x))1))
(= (SET.FINScomposition [(case-cocone ?x) set.col.pshS$opsecond])
(SET.FTNScomposition [(opsecond ?x) (hgph.fbr.mor$case (set.mor$identity ?x))]1))))
(26) (KIFsfunction edge-cocone)
(= (KIFssource edge-cocone) set.objS$Sobject)
(= (KIFsStarget edge-cocone) SET.FTNS$Sfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (edge-cocone ?x)) (cocone ?x))
(= (SET.FINStarget (edge-cocone ?x)) set.col.pshScocone)
(= (SET.FINScomposition [(edge-cocone ?x) set.col.psh$cocone-diagram])
(SET.FTNScomposition [(cocone-diagram ?x) (edge-diagram ?x)]))
(= (SET.FINScomposition [(edge-cocone ?x) set.col.pshS$Sopvertex])
(SET.FTNScomposition [(opvertex ?x) (hgph.fbr.obj$edge ?x)1))
(= (SET.FINScomposition [(edge-cocone ?x) set.col.pshSopfirst])
(SET.FTNScomposition [(opfirst ?x) (hgph.fbr.morsedge (set.mor$identity ?x))1))
(= (SET.FINScomposition [(edge-cocone ?x) set.col.pshS$Sopsecond])
(SET.FTNScomposition [(opsecond ?x) (hgph.fbr.mor$Sedge (set.mor$identity ?x))]1))))
(27)

KIFsSfunction node-cocone)
= (KIFS$source node-cocone) set.objS$object)
SET.FTNSfunction)

?X))

= (KIFS$target node-cocone)
forall (?x (set.objS$object
(and (= (SET.FTNS$source (node-cocone ?xX)) (cocone ?x))

SET.FINStarget (node-cocone ?x)) set.col.psh$cocone)
SET.FINScomposition [(node-cocone ?x) set.col.pshS$cocone-diagram])
SET.FTINScomposition [(cocone-diagram ?x) (node-diagram °?x)]))
SET.FTINScomposition [(node-cocone ?x) set.col.pshSopvertex])
SET.FINScomposition [(opvertex ?x) (hgph.fbr.obj$node ?x)1))
SET.FINScomposition [(node-cocone ?x) set.col.pshS$Sopfirst])
[(
[(
[(

(
(
(
(
(=

SET.FTINScomposition opfirst ?x) (hgph.fbr.mor$node
SET.FTINScomposition node-cocone ?Xx)
SET.FTINScomposition opsecond ?x)

(
(
(
(
(
(
(
(
( set.col.psh$opsecond])
(

(hgph. fbr.mor$node

1N 1N

(set.mor$identity ?x))]))

(set.mors$identity ?x))1))))

A —=> A+A, < A,

1 1L
NV

A+p A,

A —=> A+A, < A,
1 1
NA

A+pA,>

oplst op2nd
J/v
A

Figure 24: Colimiting Cocone Figure 25: Comediator

The colimiting cocone function maps a pushout diagram to its pushout (colimiting pushout cocone). See
Figure 24, where arrows denote hypergraph morphisms. For convenience of reference, we define three
terms that represent the components of this colimiting pushout cocone. The opvertex of the pushout cocone
is a specific pushout hypergraph, which comes equipped with two injection hypergraph morphisms. The
last axiom expresses concreteness of the colimit — it expresses pushouts in terms of coproducts and co-
equalizers (Figure 25): the colimit of the coequalizer diagram is (not just isomorphic but) equal to the
pushout; likewise, the compositions of the binary coproduct injections of the binary coproduct pair diagram
with the canon of the coequalizer diagram are equal to the pushout injections.

(28) (KIFsfunction colimiting-cocone)
= (KIF$source colimiting-cocone)
= (KIFStarget colimiting-cocone)
forall (?x (set.objsobject ?x))

(and (= (SET.FINS$source (colimiting-cocone ?x))

set.obj$object)
SET.FTNSfunction)

(diagram ?x))
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(= (SET.FINStarget (colimiting-cocone ?x)) (cocone ?x))
(= (SET.FINScomposition [(colimiting-cocone ?x) (cocone-diagram °?x)])
(SET.FTNS$identity (diagram ?x)))))

(29) (KIFS$function colimit)
(KIFS$Sfunction pushout)
(= pushout colimit)
(= (KIFsSsource colimit) set.objS$object)
(= (KIFsStarget colimit) SET.FTNS$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (colimit ?x)) (diagram ?x))
(= (SET.FINStarget (colimit ?x)) (hgph.fbr.objsobject ?x))
(= (colimit ?x) (SET.FTINScomposition [(colimiting-cocone ?x) (opvertex ?x)]))
(30) (KIFsfunction injectionl)
(= (KIFSsource injectionl) set.obj$object)
(= (KIFStarget injectionl) SET.FTN$function)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (injectionl ?x)) (diagram ?x))
(= (SET.FINStarget (injectionl ?x)) (hgph.fbr.mor$Smorphism (set.mor$identity ?x)))
(= (SET.FINScomposition [(injectionl ?x) (hgph.fbr.morSsource (set.morS$identity °?x))1])
(hypergraphl ?x))
(= (SET.FINScomposition [(injectionl ?x) (hgph.fbr.morsStarget (set.mor$identity ?x))])
(colimit ?x))
(= (injectionl ?x) (SET.FTNScomposition [(colimiting-cocone ?x) (opfirst ?x)1))))
(31)

KIF$function injection2)
= (KIF$source injection2) set.objsSobject)
= (KIFStarget injection2) SET.FINSfunction)
forall (?x (set.objsobject ?x))
(and (= (SET.FINSsource (injection2 ?x)) (diagram ?x))
SET.FTNStarget (injection2 ?x)) (hgph.fbr.mor$morphism (set.mor$identity ?x)))

(
(
(
(

(=

(
(
(
(hypergraph2 ?x))
(
(colimit ?x))
(injection2 ?x) (SET.FINScomposition [(colimiting-cocone ?x) (opsecond ?x)1))))
(32) (forall (?x
2d
(and (=

set.obj$object ?x)
(diagram ?x) ?2d))
colimit ?2d)
(hgph.col.coeg$coequalizer ?x) ((coequalizer-diagram ?x) ?2d)))
(injectionl ?x) ?2d)
(hgph. fbr.morScomposition [(set.mor$identity ?x) (set.mor$identity ?x)])

[ ((hgph.col.coprd2$injectionl ?x) ((pair ?x) ?2d))

( (hgph.col.coegScanon ?x) ((coequalizer-diagram ?x) 2d))]1))

(= ((injection2 ?x) ?2d)

((hgph.fbr.mor$Scomposition [(set.mor$identity ?x) (set.mor$identity ?x)])
[ ((hgph.col.coprd2$injection2 ?x) ((pair ?x) ?2d))
((hgph.col.coeg$canon ?x) ((coequalizer-diagram ?x) 2d))]))))

The following three axioms are the necessary conditions that the case, edge and node functors preserve
concrete colimits. These, in addition to the coequalizer axiom above, ensure that both this pushout and its
two pushout injection hypergraph morphisms are specific.

(33) (forall (?x
(and (=

set.obj$object ?x))
SET.FTNScomposition
SET.FTNScomposition
SET.FTNScomposition

(

( colimiting-cocone ?x) (case-cocone ?x)])
(

(

(SET.FTNS$Scomposition

(

(

(

(

case-diagram ?x) set.col.pshS$colimiting-cocone]))
colimit ?x) (hgph.fbr.objsScase ?x)])

case-diagram ?x) set.col.psh$colimit]))
SET.FTNScomposition
SET.FTNScomposition
SET.FTNS$composition
SET.FTNS$composition

[(
[(
[(
[(
[(
[ (case-diagram ?x) set.col.psh$injectionl]))
[(

[ (case-diagram ?x) set.col.pshSinjection2]))))

(34) (forall (?x
(and (=

set.obj$object ?x))
SET.FTNScomposition [(colimiting-cocone ?x) (edge-cocone ?x)])
SET.FTNScomposition [(edge-diagram ?x) set.col.psh$colimiting-cocone]))
SET.FTNScomposition [(colimit ?x) (hgph.fbr.objs$edge ?x)])
SET.FTNScomposition [(edge-diagram ?x) set.col.psh$colimit]))
SET.FTNS$Scomposition [(

SET.FTNScomposition [(injection2 ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])

SET.FTNScomposition [(injection2 ?x) (hgph.fbr.mor$target (set.mor$identity ?x))])

injectionl ?x) (hgph.fbr.morS$case (set.mor$identity ?x))])

injection2 ?x) (hgph.fbr.mor$case (set.mor$identity ?x))])

injectionl ?x) (hgph.fbr.mor$edge (set.mor$identity ?x))])
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(SET.FTNScomposition [(edge-diagram ?x) set.col.psh$injectionl]))
(= (SET.FINScomposition [(injection2 ?x) (hgph.fbr.morsedge (set.morS$identity °?x))]1)
(SET.FTNScomposition [(edge-diagram ?x) set.col.psh$injection2]))))

(35) (forall (?x
(and (=

set.obj$object ?x))
SET.FTNS$composition
SET.FTNScomposition
SET.FTNScomposition

(

( colimiting-cocone ?x) (node-cocone ?x)])
(

(

(SET.FTNS$Scomposition

(

(

(

(

node-diagram ?x) set.col.psh$colimiting-coconel]))

colimit ?x) (hgph.fbr.objs$node ?x)])

node-diagram ?x) set.col.psh$colimit]))

injectionl ?x) (hgph.fbr.mor$node (set.mor$identity ?x))])
node-diagram ?x) set.col.psh$Sinjectionl]))

injection2 ?x) (hgph.fbr.mor$node (set.mor$identity ?x))])
node-diagram ?x) set.col.pshSinjection2]))))

[(
[(
[(
[(
SET.FTNS$Scomposition [(
SET.FTNScomposition [(
SET.FTNScomposition [(
SET.FTNS$composition [(

The comediator hypergraph morphism, from the colimit of the overlying diagram of a pushout cocone to
the opvertex of the cocone (see Figure 25, where arrows denote hypergraph morphisms), is the unique hy-
pergraph morphism that commutes with opfirst and opsecond. This is defined abstractly by using a definite
description, and is defined concretely as the comediator of coequalizer cocone.

(36) (KIFSfunction comediator)
= (KIF$source comediator) set.objsSobject)
= (KIFStarget comediator) SET.FINSfunction)
forall (?x (set.objsobject ?x))
(and (= (SET.FTNSsource (comediator ?x)) (cocone ?Xx))
SET.FTNStarget (comediator ?x)) (hgph.fbr.mor$morphism (set.mor$identity ?x)))

(
(
(= (SET.FINScomposition [(comediator ?x) (hgph.fbr.morSsource (set.morS$identity °?x))1])
(
(

SET.FTNScomposition [(cocone-diagram ?x) (colimit ?x)]))
SET.FTNScomposition [(comediator ?x) (hgph.fbr.morS$Starget (set.mor$identity ?x))])
(opvertex ?x))
(forall (?s ((cocone ?x) ?s))
(= ((comediator ?x) ?s)
(the (?m ((hgph.fbr.mor$morphism (set.morS$identity ?x)) ?2m))

(and (= ((hgph.fbr.mor$composition
[ (set.morsidentity ?x) (set.mor$identity ?x)1])
[((injectionl ?x) ((cocone-diagram ?x) ?s)) ?m])

((opfirst ?x) ?s))
(= ((hgph.fbr.mor$Scomposition
[ (set.morsidentity ?x) (set.mor$identity ?x)1])
[((injection2 ?x) ((cocone-diagram ?x) ?s)) ?m])
((opsecond ?x) ?s))))))))

(37) (forall (?x (set.objS$object ?x))
(= (comediator ?x)
(SET.FTNScomposition [(coequalizer-cocone ?x) (hgph.col.coegScomediator ?x)])))
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Limits for Hypergraphs
hgph.lim

Limits of hypergraphs are basic. They underlie the colimit construction for models and logics. Thus, they
are used for constructing the instance pole of object-level ontologies. As demonstrated below, since Hy-
pergraph(X) has all products and equalizers, it has all limits — it is complete. For any set bijection
h : X — Y representing a fixed function of names, the categories Hypergraph(X) and Hypergraph(Y) are
isomorphic, and hence have isomorphic limits. For any set X representing a fixed set of names, the category
Spangraph(X) is categorically equivalent to the category Hypergraph(X), and hence is also complete.

Table 3: Shapes for Diagrams

1
° 1 2
. t}} 2 .
e 1 2
2 L]
3
empty two parallel pair opspan
(terminal) (binary product) (equalizer) (pullback)

We axiomatize limits for finite diagrams D : G — |Hypergraph(X)| of the following diagram shape graphs
G (Table 3): (i) empty, (ii) two, (iii) parallel-pair and (iv) opspan. These limits are called (i) the final (ter-
minal) hypergraph, (ii) a binary product, (iii) an equalizer, and (iv) a pullback.

The extension functor of a diagram D of a particular shape G in the fiber category Hypergraph(X) can be
composed with the case, edge and node component functors, and also with the indication, comediation and
projection component natural transformations. These compositions result in corresponding case, edge and
node component diagrams in Set, and indication, comediation and projection component diagram mor-
phisms. Composition with the name functor results in the constant functor A(X): path(G) — Set. These
components will be axiomatized in the namespaces for each shape. The limits of various shapes are axio-
matized both abstractly and concretely. The concrete axiomatization is this component axiomatization. That
is, limits for hypergraphs are concrete, and defined in terms of limits for their component diagrams and
diagram morphisms.
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Final (Terminal) Hypergraph
#xc Ix¢
P X <— edgex(G) —> tuple(referyG)) nodex(G) X
id J/ l/#x’ G \J/tuple(refer(!x,c)) ! node,ml/ idl/
PX <— X —> tuple(refery1y)) = pX 1 X

id tuple('y)

Figure 26: Final (Terminal) Hypergraph and Unique Hypergraph Morphism

For any set X representing a fixed set of variables, there is a special hypergraph 1x (see Figure 26, where
arrows denote functions) called the terminal (final) hypergraph, which has the required set of variables X,
the power set X as edges and one node:

the set of edges edge(1x) = 90X,
the set of nodes node(1x) = 1; and

In the set pair namespace:
Add the two bijections, arity and signature,

the set of names is name(1x) = X.
It has the following reference set pair, and si

the reference set pair *y = (X, 1);

which establish the isomorphism
tuple(refer(1y)) = pX.
One of these functions

Oix : X — tuple(refer(1y))
serves as signature function for the terminal
hypergraph.

where tuple(!y)(Y)(y) = 'W(y) for
the edge-arity function #1x = id,x :
The terminal hypergraph 1y in the fibered category Hypergraph(X) is the “last” hypergraph in the follow-
ing sense: for any hypergraph G in Hypergraph(X) there is a unique hypergraph morphism !y ¢: G — 1y
in Hypergraph(X), (see Figure 1, where arrows denote functions) the unique hypergraph morphism from G
to 1x with identity name function on X. The edge function of this hypergraph morphism is the edge arity
function of the hypergraph G. The node function of this hypergraph morphism is the unique function (the
constant function) from the node set node(G) to the terminal set 1.
The unique (empty) edge function is edge('x ¢) = #x¢ : €dge(G) — $X; and
The unique (empty) node function is node(!x, ¢) = !node(q) : N0de(G) — 1.

the signature function (bijection) oy : J
all

The function tuple(refer(x ¢)) : tuple(refer(G)) — tuple(refer(1x)) = X maps any tuple to the tuple
with the same arity, which is constant at all components. This function is isomorphic to the tuple-arity func-
tion tuple(refer(G)) — X, which maps a tuple to its arity; in fact, it is the composition of the tuple-arity
function with the signature bijection diy. The reference and signature quartets for the counique hypergraph
morphism are trivial.

(1) (SET.FTINSfunction terminal)
(SET.FTNSfunction final)
(= final terminal)
(= (SET.FINSsource terminal) set.obj$object)
(= (SET.FINStarget terminal) hgph.objS$Sobject)
(forall (?x (set.objS$object ?x))
(and ((hgph.fbr.objsobject ?x) (terminal ?x))

(hgph.objsedge (terminal ?x))
hgph.objS$node

hgph.objS$name

(set$power ?x))

(terminal ?x)) set.limSterminal)
(terminal ?x)) ?x)
set.pr$setl (hgph.objsreference (
set.pr$set2 (hgph.objsreference (
hgph.obj$signature (terminal ?x))
hgph.objS$edge-arity (terminal ?x))
set.mor$identity (setSpower ?x)))))

terminal ?x))) ?x)
terminal ?x))) set.limSterminal)
(set.prssignature ?x))

(
(
(
(
(
(
(

(KIFS$Sfunction unique)
(= (KIFssource unique)
(= (KIFstarget unique)

set.obj$object)
SET.FTNSfunction)
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(forall (
(and

X (set.objSobject ?x))

SET.FTINSsource (unique ?x)) (hgph.fbr.objSobject ?x))

—~ o~ —~ )

(
(
(
(SET.FTNScomposition [(unique ?x) (hgph.fbr.mor$source
(SET.FTNSidentity (hgph.fbr.objsSobject ?x)))
(= (SET.FINScomposition [(unique ?x) (hgph.fbr.morStarget
(terminal ?x))

(

(

(

(

hgph.fbr.obj$edge-arity ?x))

May 8, 2003

SET.FINStarget (unique ?x)) (hgph.fbr.mor$Smorphism (set.morS$identity ?x)))
(set.morsidentity ?x))])

(set.mor$identity ?x))])
SET.FINScomposition [(unique ?x) (hgph.fbr.mor$edge (set.morSidentity ?x))])

SET.FTINScomposition [(unique ?x) (hgph.fbr.mor$node (set.morsidentity ?x))])

SET.FINScomposition [ (hgph.fbr.obj$node ?x) set.col$couniquel))))
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Binary Products
hgph.lim.prd2

Binary products do not exist for an arbitrary pair of hypergraphs; instead, hypergraphs need to be restricted
to a subcategory of hypergraphs with name sets that are in bijection. For example, any two hypergraphs in
the subcategory with countable name sets can be producted. More precisely, the subcategory Hyper-
graph(a) of all hypergraphs whose name set has cardinality o is complete. We simplify the discussion of
products by assuming all hypergraphs under discussion have the same name set Xj that is, instead of con-
sidering Hypergraph(a), we only consider the fiber category Hypergraph(X) for some set of names X.
This is a subcategory Hypergraph(X) c Hypergraph(a) for ||X]| = o. For the countable case || X]| = X, the
set of natural numbers X = natno would work. We then argue that all Hypergraph(o) are partition into
isomorphic fiber categories.

The following goes just after the limiting cone section, in order to

aid in the concrete specification of the limit. G JGI G x\G nGZ; G,
There is a pairing hypergraph morphism

nGl\L NG1x62) \L Ne2

Preic : tuple(Gy)xxtuple(G,) — tuple(GxxG>) tuple(re) tuple(nie,)
from the product of the tuples of two hypergraphs to the tuple of the tuple(G,) <—tuple(G\xxG,) —> tuple(G,)
product of the two hypergraphs. =
Th . . . Tctuple(% prGl’Gz/]\ \l/unprm'mﬂttuple(m)
€re 1S an unpairing tup/e(Gl)xXtupIe(Gz)

unprg, ¢, - tuple(GxxG>) — tuple(G,)xxtuple(G,)

hypergraph morphism from the tuple of the product of the two hy-
pergraphs to the product of the tuples of two hypergraphs.

Figure 27: Binary Product & Tuple

Pairing is inverse to unpairing (Figure 27).
(--) (KIFsfunction pairing)

= (KIF$source pairing) set.objS$Sobject)

= (KIFStarget pairing) SET.FINS$function)

forall (?x (set.objsobject ?x))

SET.FTINSsource (pairing ?x)) (diagram ?x))

SET.FINStarget (pairing ?x)) (hgph.fbr.mor$morphism (set.mor$identity ?x)))
SET.FINScomposition [(pairing ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])
SET.FINScomposition [(tuple-diagram ?x) (binary-product ?x)]))
SET.FTINScomposition [(pairing ?x) (hgph.fbr.mor$Starget (set.mor$identity ?x))])
SET.FINScomposition [(binary-product ?x) (hgph.fbr.objs$tuple ?x)]1))
(
(

(
(
(
(

[
[
[
SET.FINScomposition [(pairing ?x) (hgph.fbr.mor$Sreference (set.morsidentity ?x))1)
SET.FINScomposition [ (SET.FINScomposition [

(reference-diagram ?x)

(set.sgtt.lim.prd2$binary-product ?x)])

(set.sgtt.fbr.mor$identity ?x)1))))

(
(
(
(
(
(
(
(

(--) (KIFsfunction unpairing)

= (KIFS$source unpairing) set.obj$object)

= (KIFS$target unpairing) SET.FTINS$function)
forall (?x (set.objsSobject ?x))

(and (=

(
(
(
(

(SET.FTNS$source (unpairing ?x)) (diagram ?x))
(SET.FTNStarget (unpairing ?x)) (hgph.fbr.mor$morphism (set.mor$identity ?x)))
(SET.FTNScomposition [(pairing ?x) (hgph.fbr.mor$source (set.morS$identity ?x))])
(SET.FTNScomposition [ (binary-product ?x) (hgph.fbr.obj$tuple ?x)]))
(SET.FINScomposition [(pairing ?x) (hgph.fbr.mor$Starget (set.mor$identity ?x))])
(SET.FTNScomposition [(tuple-diagram ?x) (binary-product ?x)1))))
(--) (forall (?x (set.obj$object ?x)

?p ((diagram ?x) °?p))

(and (= ((hgph.fbr.mor$composition [(set.morsSidentity ?x) (set.morSidentity °?x)])
[((pairing ?x) ?p) ((unpairing ?x) ?p)])
((hgph.fbr.mor$identity ?x)
((binary-product ?x) ((tuple-diagram ?x) ?p))))

(= ((hgph.fbr.morScomposition [(set.mor$identity ?x) (set.mor$identity ?x)])
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[ ((unpairing ?x) ?p) ((pairing ?x) ?p)])

((hgph.fbr.mor$identity ?x)
((hgph.fbr.objs$tuple ?x) ((binary-product ?x) ?p))))))

May 8, 2003

G
fi f
/ J/ IBN
G1 — G1XXG% GZ
Y91 1%

Figure 28a: Binary Product Hypergraph,
Projections, Cone and Mediator — abstract version

edge(G))®edge(G,)
ign(G,)®sign(G:

oG ls:gn( )®sign(G)
refer(G xxG,) tuple(refen G,))®tuple(refer(G,))

nodex(G,)xnodex(G,) l (tuple(referx(iny, 1)), tuple(referx(iny, ¢»)))

tuple(refer(GxxG-))

Figure 28b: Binary Product Hypergraph
— concrete version

Let X be any set representing a fixed set of names. Let G| and G, be two hypergraphs with common name

set X. The binary product hypergraph G xxG, is defined as follows (Figure 7b).
The node set is the binary Cartesian product of its components
nodex(GxxG,) = nodex(G\)xnodex(G,).
The edge set is the pullback of the component edge arity functions
edgex(GxxGy)

= edgex(G)®edgex(G2) = {(1, &) | &1 € edgex(G)), &, € edgex(Gy), arityx(e)) = arityx(e2)},
which is the subset of those pairs of edges that have the same arity. Denote the inclusion function into the

Cartesian product by
edgex(G))®edgex(G,)

y N \th sign(G,)®sign(G,)
edgex(G,) edgex(G»)

tuplex(referx(G,)) tuplex(refery(G,))

id
! (‘(OX) #X, re ((N /ix, referX(G2)
X

2
Figure 28c: Signature as Pullback Mediator
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inc : edge(A)®edge(A’) — edge(A)xedge(A").
The name set is the fixed set X,
namex(GxxG,) = namex(G,) = namex(G,) = X.
The reference set pair is
*y, (G1xxa2) = refery(GxxG,) = (X, nodex(G))xnodex(Gy)).
The signature function
dx, (G1xxe2) = SIGNY(G1xxG>) : edge(A)®edge(A’) — tuple(referx(G,xxG»)),

is defined componentwise by dy, (Gixxa2)(€1, €2)x = (Ox,61(81)s Ox,62(€2),) for any variable x € arityx(G1)(e) =

arityx(G»)(¢,).
We will define this pointwise. However, it may be helpful to define a notion of binary product in the fiber
category of set semi-pairs based at first set X. Then define an analogous pullback for tuple arity.

The edge-arity function
#x, (cxe2 = T - #x, 1 = edge-arityx(GxxG,) : edgex(G,)®edgex(G,) — pX.
maps a pullback pair to their common arity.
The product projection hypergraph morphism pry(G,) = (1, Ty, idy) : G1xxG> — G from the product hy-
pergraph G +xG; to the first component hypergraph G|is described as follows.
—  The edge function is the edge pullback projection
T = Predge(a1) - €09ex(G1XxG>) = edgex(G,)®edgex(G,) — edgex(G);
— the node function is the node product projection
T = PFrode(cr) - NOdex(G)xnodex(G,) = nodex(GxxG,) — nodex(G)); and
— the name function is the identity
idyx: X — namex(G,xxG>) = X.

The hypergraph morphism condition holds, since dg(prgi(inc(e;, €)))s = dgi1(€1), = tuple(prg)(dgi(e1, €)):
for any variable x € arityx(s;).

nodex(G) edgex(G)

nofdex(G,)xnode edgex(G,)®edgexiG,)

v N VYN

nodex(G\) nodex(G,) edgex(G,) edgex(G»)

Diagram 17: Product Hypergraph #X’& ﬁ % G2
PX

and Product Pairing Hypergraph Morphism

no%x(f) edgex(f)
nodex(f;) nodex(f,) edgex(f)) edgex(f)
2)
2

(??) (KIFsfunction hypergraph-pair)
= (KIF$source hypergraph-pair)
= (KIFStarget hypergraph-pair)
forall (?x (set.objsobject ?x))
(and (= (SET.LIM.PRD2Sclassl (hypergraph-pair ?x)) (hgph.fbr.obj$object ?x))
(= (SET.LIM.PRD2Sclass2 (hypergraph-pair ?x)) (hgph.fbr.objSobject ?x))))

set.obj$object)
SET.LIM.PRD2Sdiagram)

(SET.LIM.PRD2Sbinary-product (hypergraph-pair ?x))
(SET.LIM.PRD2Sprojectionl (hypergraph-pair ?x))
(SET.LIM.PRD2Sprojection2 (hypergraph-pair ?x))
(??) (KIFsfunction arity-opspan)
= (KIF$source arity-opspan) set.objsSobject)
= (KIFStarget arity-opspan) SET.FINSfunction)
forall (?x (set.objsobject ?x))

(and (= (SET.FTINS$source (arity-opspan ?x))
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SET.LIM.PRD2Sbinary-product (hypergraph-pair °?x)))
SET.FTINStarget (arity-opspan ?x)) set.lim.pbkS$Sdiagram)
SET.FTINScomposition [(arity-opspan ?x) set.lim.pbkS$setl])
SET.FTINScomposition
[(SET.LIM.PRD2Sprojectionl (hypergraph-pair ?x)) (hgph.fbr.obj$edge ?x)1))
(= (SET.FINScomposition [(arity-opspan ?x) set.lim.pbkS$set2])
(SET.FTNS$Scomposition
[ (SET.LIM.PRD2Sprojection2 (hypergraph-pair ?x)) (hgph.fbr.objSedge ?x)1))
(= (SET.FINScomposition [(arity-opspan ?x) set.lim.pbkSopvertex])
( (SET.FTNSconstant
[ (SET.LIM.PRD2Sbinary-product (hypergraph-pair ?x)) set.objS$object]) (set$power

?x))
(= (SET.FINScomposition [(arity-opspan ?x) set.lim.pbkSopfirst])
(SET.FTNS$Scomposition
[ (SET.LIM.PRD2Sprojectionl (hypergraph-pair ?x)) (hgph.fbr.objSedge-arity ?x)1))
(= (SET.FINScomposition [(arity-opspan ?x) set.lim.pbkS$Sopsecond])
(SET.FTNS$Scomposition
[ (SET.LIM.PRD2Sprojection2 (hypergraph-pair ?x)) (hgph.fbr.objSedge-arity ?x)1))))

(SET.FTNScomposition [(arity-opspan ?x) set.lim.pbkS$pullbackl])
(SET.FTNScomposition [(arity-opspan ?x) set.lim.pbk$projectionl])
(SET.FTNScomposition [(arity-opspan ?x) set.lim.pbk$projection2])

(set.lim.pbkSopfirst (arity-opspan ?x))
((hgph.fbr.objS$edge-arity ?x) ?gl))
(set.lim.pbkS$Sopsecond (arity-opspan ?x))
((hgph.fbr.objS$edge-arity ?x) ?g2))

(set.lim.pbk$pullback ((arity-opspan ?x) [?gl ?g2]))
(set.lim.pbk$projectionl ((arity-opspan ?x) [?gl ?g2]))
(set.lim.pbkS$projection2 ((arity-opspan ?x) [?gl ?g2]))

Let fi = (referx(f)), signx(f1)) : G — G, and f, = (referx(f:), Signx(f>)) : G — G, be any two hypergraph
morphisms with a common source. Define the mediator (product pairing) hypergraph morphism
f=1fi. ol = referx(f), sign(f)) : G — GixxG>

as follows:

nodex(f) = (nodex(f,), nodex(f>)) is the node Cartesian product pairing; and

edgex(f) = (edgex(f1), edgex(f>)) is the edge pullback pairing.
The commuting diagram, edgex(f) - dx, Gixxe2) = Ox, ¢ * tuple(refery(f)), in the signature quartet of f holds
since the definition of the product signature map implies

dx, (1xxc2(edgex(f)(e)).

= (dx, gi(edgex(f1)(e)), dx, c2(edgex(f2)(e))x)

= (nodex(f1)(9x, 6().), nodex(f2)(dx, 6(€).))

= tuple(referx(f))(dx, ¢(€))x
for any name x € arityx(G)(g). This is the unique mediating hypergraph morphism satisfying f° pry, g1 = fi
andfOer,Gz:fz.

The product G xxG; is a product in the category Hypergraph(X). In summary, all products exist in any

fiber name™'(X) = Hypergraph(X) of the name functor name : Hypergraph — Set. The hypergraph
functor

hgph(X) : Spangraph(X) — Hypergraph(X)
and the spangraph functor

sgph(X) : Hypergraph(X) — Spangraph(X)
preserve products.

A binary product is a finite limit in the category Hypergraph(X) for a diagram of shape two = ¢ . Such a
diagram (of hypergraphs and hypergraph morphisms) is called a pair of hypergraphs. For any set X repre-
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senting a fixed set of names, a pair of hypergraphs consists of hypergraphs hypergraphl and hypergraph?.

We use either the generic term ‘diagram’ or the specific term ‘pair’ to denote the pair class. Pairs are de-
termined by their two component hypergraphs.

(1) (KIFSfunction diagram)
KIFS$function pair)

= pair diagram)

= (KIFS$source diagram)
= (KIFStarget diagram)

set.obj$object)

(
(
(
(
( SETSclass)

KIF$function hypergraphl)
= (KIFS$source hypergraphl)
= (KIFStarget hypergraphl)
forall (?x (set.obj$object
(and (= (SET.FTNSsource
(= (SET.FINStarget

(
(
(
(

KIF$function hypergraph2)
= (KIF$source hypergraph2)
= (KIFStarget hypergraph2)
forall (?x (set.objS$object
(and (= (SET.FTNSsource

(
(
(
(

set.obj$object)
SET.FTNS$function)
?x))

(hypergraphl ?x))
(hypergraphl ?x))

(diagram ?x))
(hgph. fbr.objsobject ?x))))

set.obj$object)
SET.FTNS$function)
?x))

(hypergraph2 ?x))

(diagram ?x))

(= (SET.FINStarget (hypergraph2 ?x)) (hgph.fbr.objsobject ?x))))

(4) (forall (?x (set.obj$object ?x)
?dl ((diagram ?x) ?2d1l)
(and (= ((hypergraphl ?x)

(= ((hypergraph2 ?x)

(= 2d1 2d2)))

?d2 ((diagram ?x) ?2d2))
?d1l) ((hypergraphl ?x)
?dl) ((hypergraph2 ?x)

(=> ?2d2))

?2d2)))

For any set X representing a fixed set of names, there is an edge pair or edge diagram function, which
maps a pair of hypergraphs to the underlying pair of edge sets. Similarly, there is a node pair or node dia-
gram function, which maps a pair of hypergraphs to the underlying pair of node sets.

(5) (KIFSfunction edge-diagram)
(= (KIFsSsource edge-diagram) set.obj$object)
(= (KIFsStarget edge-diagram) SET.FINSfunction)
(forall (?x (set.objS$object ?x))
(and (= (SET.FINS$source (edge-diagram ?x)) (diagram ?x))
(= (SET.FINStarget (edge-diagram ?x)) set.col.coprd2$diagram)
(= (SET.FINScomposition [(edge-diagram ?x) set.col.coprd2$setl])
(SET.FTNScomposition [ (hypergraphl ?x) (hgph.fbr.objsedge ?x)]))
(= (SET.FTINScomposition [(edge-diagram ?x) set.col.coprd2$set2])
(SET.FTNScomposition [ (hypergraph2 ?x) (hgph.fbr.objsedge ?x)]))))
(6)

KIFS$function node-diagram)
= (KIF$source node-diagram) set.objsSobject)
(KIFStarget node-diagram) SET.FTNS$Sfunction)

(
(
(=
(forall

(?x (set.objSobject ?x))
(and (= (SET.FINS$source (node-diagram ?x)) (diagram ?x))
(= (SET.FINStarget (node-diagram ?x)) set.col.coprd2$diagram)
(= (SET.FINScomposition [(node-diagram ?x) set.col.coprd2$setl])
(SET.FTNScomposition [ (hypergraphl ?x) (hgph.fbr.objsnode ?x)]))
(= (SET.FINScomposition [(node-diagram ?x) set.col.coprd2$set2])
(SET.FTNScomposition [ (hypergraph2 ?x) (hgph.fbr.objsnode ?x)]))))

There is a reference diagram function, which maps a diagram to the binary product diagram of reference
set pairs.

(--) (KIFsfunction reference-diagram)

= (KIFSsource reference-diagram)

= (KIFStarget reference-diagram)

forall (?x (set.objsSobject ?x))

(and (= (SET.FINS$source (reference-diagram ?x))

(SET.FTINStarget (reference-diagram ?x))

(= (SET.FINScomposition

(

(

(

(
( set.obj$object)

( SET.FTNS$function)

(

(diagram ?x))
(set.pr.lim.prd2$diagram ?x))

[ (reference-diagram ?x) (pairl ?x)])

[ (hypergraphl ?x) (hgph.fbr.obj$reference ?x)]))

[ (reference-diagram ?x) (pair2 ?x)])

[ (hypergraph2 ?x) (hgph.fbr.obj$reference ?x)]))))

SET.FTINScomposition
SET.FTINScomposition
SET.FTINScomposition

There is a tuple diagram function, which applies the tuple operator to each component of a hypergraph pair.
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(
(
(=
(forall (?x
(and (=

(=

(=
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KIF$function tuple-diagram)
= (KIFSsource tuple-diagram) set.obj$Sobject)
(KIFStarget tuple-diagram) SET.FTINS$function)

(set.objS$object ?x))

SET.FTNS$source (tuple-diagram ?x)) (diagram ?x))

SET.FTNStarget (tuple-diagram ?x)) (diagram ?x))
SET.FTNScomposition [(tuple-diagram ?x) (hypergraphl ?x)])
SET.FTNScomposition [ (hypergraphl ?x) (hgph.fbr.objstuple ?x)]1))
SET.FTNScomposition [(tuple-diagram ?x) (hypergraph2 ?x)])
[(

(
(
(
(
(
(SET.FTNS$Scomposition hypergraph2 ?x) (hgph.fbr.objS$tuple ?x)]1))))

For any set X representing a fixed set of names, a binary product cone is the appropriate cone for a binary
product over X. A product cone (see Figure 7a, where arrows denote hypergraph morphisms) consists of a
pair of hypergraph morphisms called first and second. These are required to have a common source hyper-
graph called the vertex of the cone. Each binary product cone is over a pair of hypergraphs.

(7)

(KIFSfunction cone)
(= (KIFsSsource cone) set.obj$object)
(= (KIFsStarget cone) SETS$class)

(
(
(=
(forall (?x
(and (=

(=

(
(
(=
(forall (?x
(and (=

(=

(
(
(=
(forall (?x
(and (=

(=

(=

(=

(
(
(=
(forall (?x
(and (=

(=

KIF$function cone-diagram)
= (KIFSsource cone-diagram) set.objsSobject)
(KIFStarget cone-diagram) SET.FTNS$function)

(set.objSobject ?x))
(SET.FTNS$source (cone-diagram ?x)) (cone ?x))
(SET.FTNStarget (cone-diagram ?x)) (diagram ?x))))

KIFsfunction vertex)
= (KIF$source vertex) set.objSobject)
(KIFStarget vertex) SET.FTNS$Sfunction)

(set.objS$object ?x))
(SET.FTNSsource (vertex ?x)) (cone ?Xx))
(SET.FTINStarget (vertex ?x)) (hgph.fbr.objsobject ?x))))

KIFS$function first)
= (KIF$source first) set.objS$object)
(KIFStarget first) SET.FINS$function)

(set.objS$object ?x))

(SET.FTNSsource (first ?x)) (cocone ?x))

(SET.FTNStarget (first ?x))

(hgph. fbr.mor$morphism (set.mor$identity ?x)))

(SET.FTNScomposition [(first ?x) (hgph.fbr.morSsource (set.morS$identity ?x))])
(vertex ?x))

(SET.FTNScomposition [(first ?x) (hgph.fbr.morsStarget (set.morS$identity °?x))])
(SET.FTNScomposition [(cone-diagram ?x) (hypergraphl ?x)]1))))

KIFSfunction second)
= (KIFSsource second) set.objsobject)
(KIFStarget second) SET.FTNS$Sfunction)

(set.objsobject ?x))

(SET.FIN$source (PPEEEORd >x)) (cocone ?x))

(SET.FTNStarget (opsecond ?x))

(hgph. fbr.mor$morphism (set.mor$identity ?x)))

(SET.FTNScomposition [(opsecond ?x) (hgph.fbr.mor$source (set.mor$identity ?x))])
(SET.FTNScomposition [(cocone-diagram ?x) (hypergraph2 ?x)]))
(SET.FTNScomposition [(opsecond ?x) (hgph.fbr.mor$target (set.mor$identity ?x))])
(opvertex ?x))))
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